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FIG. 1: Characteristic of the studied stellar models. On the bottom

they are reported asM vs εc. On the top they are reported as T/|W |
vsM/R.

FIG. 2: Initial profiles of the rest mass density ρ of the angular veloc-
ity Ω for models A8,A9,A10,S2,U1,U3,U11 andU13. Indicated with
a thick dashed line is the profile for the first unstable model (U1) with

β = 0.255.

tified in terms of the distortion[65] parameters [21]:

η+ =
Ixx − Iyy

Ixx + Iyy

η× =
2 Ixy

Ixx + Iyy
(4.2)

η =
√

η2
+ + η2

×

Clearly these quantities present the advantage that for their

evaluation isn’t needed the execution of any numerical deriva-

tive and for this reasons they are usually preferred to the al-

most equivalent size of h for determination of the parameters
of the BAR instability. It is, in fact, possible to quantify the

growth time τB and the oscillation frequency fB of the un-

stable BAR mode by a non linear least square fit to the trial

form:

η×(t) = η0 et/τB cos(2π fB t + φ0) . (4.3)

Notice that in Eq. 4.3, and in the whole paper, t is the coordi-
nated time, and so the frequancies we obtain are approximate

frequencies with an expected error of the order of the relative

deviation of the lapse from 1. In our simulation the lapse (α) is
of order 1 within a few % at the border of the simulation grid

while at the center of the grid is of order 0.68 for simulation

of D’s models and of order 0.85 for all the other models.

In our evoultion scheme the simulated stars are not con-

strained to be centered at the origin of the coordinate system.

To monitor the movement of the star with respect to the Carte-

sian grid used the first momentum of the density distribution:

X i
cm =

1
M̃

∫
d3x ρ(x) xi (4.4)

where M̃ =
∫

d3x ρ(x). These quantities represent a sort
of center-of-mass of the Star but, since they are coordinate

dependent, they do not represent the physical position of the

star at the given time and there is no reason to be conserved.

This definition of the center-of-mass may be defined, in prin-

ciple, using either ρ, ρ∗ or the energy density T00 but there is

no reason to prefer one with respect to the other. We didn’t

noticed any real difference between these possible alternative

definition and this support the idea that this definition of the

center-of-mass is a good indicator on how well the coordinate

system is centered with respect to the star.

In order to make meaningful comparison we have indeed to

normalize this effect chosing a suitable comparison time-shift

and and angle. Indeed to make a superposition of η+(t) be-
tween two different simulation of the same model we should

chose a time shift ∆t and and angular shift∆φ in such a way
to have a maximal superposition of the two distortion param-

eters:

η(R)
+ (t) " αη+(t + ∆t) + βη×(t + ∆t) (4.5)

where α = cos(∆φ), β = sin(∆φ) and ηR
+(t) is the distortion

patameter of the reference model.

Simulated models .....

[2] Stergioulas, Apostolatos, Font: Mon. Not. R. Astron. Soc. 352(2004) 1089--1101

M0≅1.5M⊙
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Γ=2
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[1] Shibata, Baumgarte, Shapiro, ApJ. 542,(2000)453.
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chose a time shift ∆t and and angular shift∆φ in such a way
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Simulation Ub11
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Simulation Ub13
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(Movies: http://www.fis.unipr.it/numrel/)
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First Method 

5.4.2 Models on the threshold

Model S1 δ = .04

Right fits bases on distorsion paramters

Below fit based on mode 2.

! " # $ % & ' ( ) *
!"!

!*

!)

!(

!'

!&

!%

!$

+",,-.%/,"!#),01234,15,!6&!!,778,9:;3<;,=>?@,+A0B,,,,C,;
:
,D,$,,;

E
,D,*,F

G=
#
-;
/G

835-G=
#
-;/G/,D,!6!%*%'$,,,,,,H0@,G=

#
-;/GD,257-;,I,-*6("%/,/,J,-!6!#!**$/

! " # $ % & ' ( ) * "!
!"

!!6&

!

!6&

"

K
:<
-!
#
/,
D
,K
:<
-3
LM
-=
#
-;
//
/

H0@N,,,K:<-!
#
-;///D,OPK-"!,Q,##,E/,,ED&((6&)'),!,!6#")&)

! " # $ % & ' ( ) *
!"!

!)

!'

!%

!#

+",-.%/,"!#),01234,15,!6&!!,778,9:;3<;,=>?@,+A0B,,,,C,;
:
,D,$,,;

E
,D,*,F

RD4<-$
"

#
,Q,$

Q

#
/
"I#
,,,,835-$/,D,!6!)&"$#,,,,,,H0@,$D,257-;,I,-*6%(%$/,/,J,-!6!$&$$/

! "!!! #!!! $!!!
!

&!

"!!

"&!

#!!

EE;,;L3<KEPL8,PE,$
"
,-;/,3<1,$

Q
-;/

!6&-,E
Q

835
,Q,E

"

835
/,D,%**6*)&),AS

! "!!! #!!! $!!! %!!!
!

&!

"!!

"&!

#!!

#&!

EE;,;L3<KEPL8,PE,$
"
,-;/,3<1,R

Q
-;/

T35,3;,ED,&%"6%!"$,AS

! " # $ % & ' ( ) * "!
!!6"

!!6!&

!

!6!&

!6"

$
Q
,-;/,D,$

Q

-!/
,2
;I;
M,Q,OPK-##,E,;,Q,"!/

H0@N,,,,;
M
D,!#%#"*!'%6"!)&!,-!6%"##)/,,,E,D&((6($&*,!,-!6%"##)/,

Model U1 δ = .04

Right fits bases on distorsion paramters

Below fit based on mode 2.
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5.4 Fits used in the main extrapolation

5.4.1 Stable models

Model S6 δ = .04

Right fits bases on distorsion paramters

Below fit based on mode 2.
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Right fits bases on distorsion paramters

Below fit based on mode 2.
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S6

U1
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FIG. 17: Effect of the position of borders on the dynamics of the

deformation parameter η(t) and modes P2(t) P1(t) for model U11.

tempi o alla scielta di diverse coordinate? meglio fare un

check veloce

VII. DETERMINATION OF THE THRESHOLD

A. First method: exponential grow of the distortion parameter

The first method we used to find the threshold is the fol-

lowing: we performed the set of 10 ms simulations of the

perturbed models S6, S5, S4, U1 reported in table III that

are characterized by values of β between β = 0.240 and
β = 0.255 where we expected the instability to be located.
In fact, from [19–21] we should expect that the critical value

for the onset of the instability should be located at βdyn =
0.24 . . .0.25.
We assumed as a criteria for instability that the distortion

parameter has an exponential growth like in eq. (4.3) with a

possible saturation stage during all the 10 ms.

For simulation near the threshold as it is possible to notice

frommodelU3 the suppression of the bar isn’t immediate and

this make this criterion meaningful.

Near the threshold only a stable enough star should show

a diminishing eta in a short time-scale related to its coming

back to the axisymmetric stable configuration. Provided that

the perturbation is small enough the star should reach the sta-

ble axisymmetric configuration without needing to emit angu-

lar momentum and energy throwgh the gravitational radiation

and without needing nonlinear coupling between the modes

or viscosity. ricordare se il caso che l’ HRSC introduce poca

viscosit

We imposed a perturbation with δ = 0.04 in such a way
that the modulus of mode 2 are above of discretization mode

4 already at the beginning of the simulation. We observed that

the only model where the mode 2 was growing for all the du-

Model β notes ti tf η τB fB

ms ms (max) (ms) Hz

S6 0.240 δ = .04 3 9 0.02 —– 740

S5 0.245 δ = .04 3 9 0.02 —– 705

S4 0.250 δ = .04 3 9 0.03 —– 656

S3 0.252 δ = .04 3 9 0.04 —– 611

S2 0.253 δ = .04 3 9 0.05 —– 588

S1 0.254 δ = .04 3 9 0.09∗ 9.71 578

U1 0.255 δ = .04 3 9 0.15∗ 5.26 567

S1 0.254 45 63 0.02 —– 599

U1 0.255 45 63 0.13∗ 22.1 588

TABLE III: Maximum distortion, grow rate and frequency of the Bar

mode during the initial part of the instability for the models with

dx=0.5 and without π-sym utilized to determine the threshold. The
grow times τB and the frequency fB of the BAR mode are obtained

making a least square fit of lnP2(t) (eq.4.6) and sin(φ2) (eq. 4.7).
Here the maximum values of η signed with * are maximum just be-
cause the evolution was stopped.

ration of the simulation was model U1. We refined our search

with the intermediate models S3, S2, S1 that are characterized

by the values of β equal to 0.252, 0.253, 0.254, respectively.
We observed that the only model with a growing mode 2 for

all the 10msec simulation time was model S1. However it
was apparent the mode 2 growing rate was decreasing at the

end of the simulation.

However it is not possible to classify these models as un-

stable but models S1 and U1.

We indeed performed two unperturbed long simulations of

models S1 and U1.

As it is possible to see from Fig. 18 in the second case only

the mode 2 is able to get separated from other modes, among

which we reported only mode 1.

B. Second method: critical fit

Attenzione alle unità di misura: Gπ ρ.

B11 =
3 e − 5 e3 + 2 e5 +

√
1 − e2

(
−3 + 4 e2

)
arcsin(e)

4 e5

Ω2 =
−6

(
1 − e2

)

e2
+

2
(
3 − 2 e2

) √
1 − e2 arcsin(e)
e3

Commenti: le simulazioni sono con π − symmetry e non
vicino alla soglia, qui non si sono mai notate differenze sui

tempi di crescit dovute alla presenza o meno della simme-

tria. Inoltre durante la crescita anche l’effetto della discretiz-

zazione sembra trascurabile (vedi invarianza per rotazioni e

risoluzione). La teoria di Chandrasekhar predice un certo

5

FIG. 2: Initial profiles of the rest-mass density ρ (left panel) and of the angular velocity Ω (right panel) for models S8, S7, S2, U1, U3, U11
and U13. Indicated with a dot-dashed line is the profile for the first unstable model (U1) with β = 0.255. Note that this is not the first model
have a toroidal topology.

tations. In order to determine the effect of the introduction
of perturbation on the barmode evolution and the determina-
tion of the characteristic time and frequency of the barmode
instability and a precise measurement of the critical value βc

we have also considered in some cases initial density pertur-
bations of the type

δρ2(x, y, z) = δ2

(
x2 − y2

r2
e

)
ρ , (3.9)

where δ2 is the magnitude of the m = 2 perturbation (which
we usually set to be δ2 = 0.01 − 0.3) and re is the radial co-
ordinate on the equatorial plane. This perturbation has then
the effect of superimposing on the axially symmetryc ini-
tial model a barmode deformation perturbations that is much
larger than the (unavoidable) m = 4-mode perturbation in-
troduced by the Cartesian grid discretization. In addition to a
barmode deformation and in order to test the effect of a pre-
existing m = 1-mode perturbation we also used in some case
discussed in Section ??? m = 1-mode density perturbation of
the type

δρ1(x, y, z) = δ1 sin
(

φ± n
2π&

re

)
ρ , (3.10)

with δ1 = 0.01. Finally, we note that in all those cases when
a perturbation of the type (3.9) or (3.10), we have then solved
the Hamiltonian and momentum constraints equations have
been solved to to enforce that the constraint violation is at the
truncation-error level.

IV. METHODOLOGY OF THE ANALYSIS

A number of different quantities are calculated during the
evolution to monitor the dynamics of the instability. Among
them is the quadrupole moment of the matter distribution,
which we compute in terms of the conserved density D rather
than of the rest-mass density ρ or of the tt-component of the
stress energy momentum tensor

Ijk =
∫

d3x D xjxk . (4.1)

Of course, the use of D in place of ρ or of T00 is arbitrary and
all of the three expressions would have the same Newtonian
limit. However, we priviledge the form (4.1) because D is a
quantity whose conservation is guaranteed by the form chosen
for the hydrodynamic equations (2.17).

Once the quadrupole moment distribution is known, the
presence of a bar and its size may be usefully quantified in
terms of the distortion parameters [21]

η+ =
Ixx − Iyy

Ixx + Iyy
(4.2)

η× =
2 Ixy

Ixx + Iyy
(4.3)

η =
√

η2
+ + η2

× , (4.4)

whose time variation (most notably, suitable combinations of
their second time derivatives) will then be used in Section ???
to characterize the gravitational-wave emission from the insta-
bility. In addition, the quantity (4.2) can be conveniently used
to quantify both the growth-time τB of the instability and the

40
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Un-perturbate dynamics at the threshold 

β = 0.254
β = 0.255

Unperturbed dynamics

Different value of β

Importance of non linear 
coupling at the threshold
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Second Method
Model U6 π-sym dx = .625

Right fits bases on distorsion paramters

Below fit based on mode 2.
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η(t) = η0 et/tg sin(2πf t + φ)
tg = 1.5774(msec) f = 528Hz

U6  dx=0.625

6

FIG. 1: Characteristic of the studied stellar models. On the bottom

they are reported asM vs εc. On the top they are reported as T/|W |
vsM/R.

FIG. 2: Initial profiles of the rest mass density ρ of the angular veloc-
ity Ω for models A8,A9,A10,S2,U1,U3,U11 andU13. Indicated with
a thick dashed line is the profile for the first unstable model (U1) with

β = 0.255.

tified in terms of the distortion[65] parameters [21]:

η+ =
Ixx − Iyy

Ixx + Iyy

η× =
2 Ixy

Ixx + Iyy
(4.2)

η =
√

η2
+ + η2

×

Clearly these quantities present the advantage that for their

evaluation isn’t needed the execution of any numerical deriva-

tive and for this reasons they are usually preferred to the al-

most equivalent size of h for determination of the parameters
of the BAR instability. It is, in fact, possible to quantify the

growth time τB and the oscillation frequency fB of the un-

stable BAR mode by a non linear least square fit to the trial

form:

η×(t) = η0 et/τB cos(2π fB t + φ0) . (4.3)

Notice that in Eq. 4.3, and in the whole paper, t is the coordi-
nated time, and so the frequancies we obtain are approximate

frequencies with an expected error of the order of the relative

deviation of the lapse from 1.

We saw in our simulations maximumdeviations of the lapse

from 1 of the order of xx% .

Rimangono da controllare le deviazioni da 1 del lapse (ma

lo shift? pi o meno stessa incertezza? entra a correggere le

velocita’ che determinano i periodi, vedi corotazione)

cmq in [22] del tutto evidente che c’e’ poca differenza,

inoltre essendo la barra un fenomeno globale la differenza

dovrebbe essere la differenza da 1 del lapse mediata su tutta

la stella

However we have noticed no difference in using the ηs or
the hs for the determination of the BAR mode parameters τB

and fB .

In our evoultion scheme the simulated stars are not con-

strained to be centered at the origin of the coordinate system.

To monitor the movement of the star with respect to the carte-

sian grid used the first momentum of the density distribution:

X i
cm =

1
M̃

∫
d3x ρ(x) xi (4.4)

where M̃ =
∫

d3x ρ(x). These quantities represent a sort
of center-of-mass of the Star but, since they are coordinate

dependent, they do not represent the physical position of the

star at the given time and there is no reason to be conserved.

This definition of the center-of-mass may be defined, in prin-

ciple, using either ρ, ρ∗ or the energy density T00 but there is

no reason to prefer one with respect to the other. We didn’t

noticed any real difference between these possible alternative

definition and this support the idea that this definition of the

center-of-mass is a good indicator on how well the coordinate

system is centered with respect to the star.

In order to make meaningful comparison we have indeed to

normalize this effect chosing a suitable comparison time-shift

and and angle. Indeed to make a superposition of η+(t) be-
tween two different simulation of the same model we should

42

42



Roberto De Pietri: Introduction to Numerical RelativityParma International School of Theoretical Physics, September 8 - 13, 2008

Instability Diagram in full GR

1
τ

=
√

k(β − βc)

Ω = fc + f ′
c(β − βc) + f ′′

c (β − βc)2

16

FIG. 20: Critical diagram: in red the unperturbed models of the Us

series reported in Table IV, in blue the perturbed models reported in

Table III. The continuos lines represent the fits, the dotted lines the

extrapolations below the threshold.

Model β ti tf η τB fB

ms ms (max) (ms) Hz

U2 0.2581 16.9 22.4 0.3734 3.438 552

U3 0.2595 19.9 24.2 0.4241 2.678 544

U4 0.2621 15.3 18.3 0.5496 1.854 540

U5 0.2631 16.2 19.0 0.5788 1.748 538

U6 0.2651 14.5 17.1 0.6305 1.574 528

U7 0.2671 14.2 16.4 0.6694 1.408 522

U8 0.2686 12.2 14.3 0.7027 1.319 518

U9 0.2701 13.2 15.2 0.7223 1.269 512

U10 0.2721 13.7 15.6 0.7482 1.184 503

U11 0.2743 12.9 14.7 0.7749 1.116 493

U12 0.2761 12.0 13.7 0.7999 1.066 486

U13 0.2812 11.2 12.7 0.8551 0.952 453

TABLE IV: Maximum distortion and grow rate of the Bar mode dur-

ing the initial part of the instability for the models at dx=0.625 with

pi-sym utilized to determine the threshold. The grow times τB of

the BAR instability is obtained computing the mean value of the first

derivative of the natural logarithm of the η of eq. (4.2) on the interval
[ti, tf ] where it is between the 5% and the 25% of its first maximum.

the four unstable models U3, U11, U13 and D2. As it can be

seen the expected GW signal is of the form of a gravitational-

wave burst whose intesity and frequency depend on the mass

of the star end the instability parameter β.
A convenient measure of the strength of the signal is given

by the root-sum-square amplitude of the plus polarization

hrss =
[∫ +∞

−∞
dth2

+(t)
]1/2

. (8.1)

FIG. 21: Comparison between durations, forms, frequencies, lumi-

nosity of various models.

FIG. 22: Comparison between ‖h̃(f)‖f1/2 and the square-root of

the power spectrum of the noise of Virgo (continue), 4km (dotted)

and Advanced Ligo (dashed) when the designed sensitivity will be

reached.

In table V we reported the size of hrss for a signal coming

from a distance of the source of the same order of magnitude

of our distance from the center of the milky-way, i.e., 10 kpar-
sec.

The hrss has the same units as the strain noise amplitude

spectrum of the detectors and so it is possible to obtain a rough

estimation of the signal to noise ratio (SNR) dividing it by

spectrum of the noise at the frequency of the obtained signal:

this ratio is now about 10 and should become 130 when the

designed sensitivity will be reached. It is worth to note that

the signals are narrow-band.

..... event rate, upper limits from Ligo and Tama .....
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Extending parameter space
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Dynamical non-axisymmetric instabilities in rotating relativistic stars S173

Figure 1. Position on the (M/Re, β) plane of the considered stellar models. Indicated respectively
with stars and filled circles are the m = 2-stable and m = 2-unstable models belonging to the four
sequences of constant rest mass. Triangles refer instead to models where the m = 3 deformation
is the fastest growing one. Indicated with a solid line is the threshold of the bar-mode instability,
while the dashed region represents the region of our estimated error-bars.

where

T µν = ρ

(
1 + ε +

p

ρ

)
uµuν + pgµν, (2)

and uµ is the fluid 4-velocity, p is the fluid pressure, ε the specific internal energy and
ρ the rest-mass density, so that e = ρ(1 + ε) is the energy density in the rest frame of
the fluid. The evolution of the spacetime must be supplemented by the evolution of the
relativistic hydrodynamics equations: the conservation laws for the energy–momentum tensor
∇µT µν = 0 and the baryon number ∇µ(ρuµ) = 0, complemented with an equation of state
(EOS) of type p = p(ρ, ε).

The initial data for our simulations are computed as stationary equilibrium solutions for
axisymmetric and rapidly rotating relativistic stars in polar coordinates [7]. In generating
these equilibrium models the metric describing an axisymmetric relativistic star is assumed to
have the form

ds2 = −eµ+ν dt2 + eµ−νr2 sin2 θ(dφ − ω dt)2 + e2ξ (dr2 + r2 dθ2), (3)

where µ, ν, ω and ξ are space-dependent metric functions. As in paper I, we assume the
matter to be characterized by a non-uniform angular-velocity distribution of the form

)c − ) = r2
e

Â2

[
() − ω)r2 sin2 θ e−2ν

1 − () − ω)2r2 sin2 θ e−2ν

]
, (4)

where re is the coordinate equatorial stellar radius and the coefficient Â is a measure of the
degree of differential rotation, which we set to Â = 1. All the equilibrium models considered
here have been calculated using the relativistic polytropic EOS (p = Kρ*) with K = 100
and * = 2 and are members of four sequences having a constant rest mass M∗ equal to
1.0M$, 1.51M$, 2M$ and 2.5M$, respectively. The main properties of the four sequences
are reported in tables 1–4. The baryonic mass M∗, the gravitational mass M, the angular
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Conclusions
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Numerical relativity is ready to simulate real 
physics

A lot of work to do:
NS-NS merger with realistic EOS
MAGNETO-HYDRODYNAMICS
INSTABILITIES of isolated stars 
Accretion driven collapse (of a NS to a BH)
.........
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