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The spherical collapse model

According to Birkhoff’s theorem, a spherical density overdense
perturbation departs from the background evolution and  behaves 

in exactly the same way as part of of a closed Universe
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∆ � 178 corresponds
to a linear contrast δc � 1.68



Press-Schecther theory (1974)

• Identify the preferential sites for halo formation in 
Lagrangian space: at any given cosmic time haloes 
will form preferably in those regions where  the 
initial linear density field is larger than some  critical 
value 

It deals with the clustering problem 
in the following way: 



Press-Schecther theory
and the collapse barrier

• It is assumed that initial linear perturbations are 
gaussian distributed:             

• Virialized objects at a given radius form if the 
density contrast is larger than the collapse barrier δc

→ 1.68 D(z) for ΛCDM
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Cloud-in-cloud problem

In the hierarchical models, the variance           diverges at small radii:
all mass in the Universe must be finally contained in virlialized objects:    

σ2(R)

FPS(R = 0) = 1/2

instead    

The PS procedure misses the cases in which, one a given smoothing 
scale     , the smoothed density contrast            is below threshold, 

but still it happened to be above threshold at some scale    
            .The missing factor of two is put by hand
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The excursion 
set method

Bond, Cole, Efstathiou, Kaiser (1991)



The smoothed density contrast performs a random walk 
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The smoothed density contrast performs a random walk 
as a function of the pseudo-time S

MARKOVIAN DYNAMICS  &  NO MEMORY EFFECTS: 
the conditional probability depends on the latest step
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The normalization of the PS theory is not correct
because it does not discard multiple crossings



The problem of finding the probability of 
halo formation can be matched 

into the so-called

FIRST-PASSAGE TIME PROBLEM

find the probability that a particle subject 
to a random walk passes for the first time 

through  a given point

Very well-known problem for markovian dynamics;
application in chemical kinetics, biology, etc. 

(for a textbook, see Redner, 2001)



A markovian random walk
with diffusion coefficient             D:

�δ2(S)� = D S

satisfies a Fokker-Planck (diffusion) equation             

with boundary conditions:             

δ(S = 0) = δD(δ)
Π(δc, S) = 0 (absorbing barrier)
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The probability is given by 

The first-passage time probability is 
inferred from the survival probability 

⇓
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The PS prediction  is recovered with the missing factor of two
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f(ν) = 2σ2(dF/dS)

ν = δc/S = δc/σ2

Tinker et al., 2008

At large masses, the PS theory underestimates the dark 
matter halo mass function by a factor ~ 10; 

at small halo masses it overestimates it by a factor ~ 2



The diffusing 
barrier



The collapse is not spherical

In fact, the formation of dark matter haloes does not take place through 
a spherical collapse, but through an ellipsoidal collapse along each 
of the principal ellipsoidal axes under the action of external tides

 

∇i∇j Φ⇒ {λi} (i = 1, 2, 3) such that δ = (λ1 + λ2 + λ3)

The collapse barrier must be fuzzy to encode the 
randomness of the initial conditions



Robertson et al., 2009

For each halo identified, the center-of-mass of the halo particles is computed 
from their positions in the linear density field at z ~ 100 and use the window-

smoothed field to compute the overdensity within the lagrangian radius R 
about this location. This overdensity is then linearly extrapolated to z=0 



Robertson et al., 2009

The distribution of the smoothed linear overdensity is 
approximately log-normal in shape with a width

ΣB � 0.3 σ(M)



The scatter in the collapse barrier reflects the intrinsic 
scatter in the linear overdensity of collapsed regions 

introduced by the smoothing process  

The collapse barrier moves stochastically with 
a diffusion coefficient  

DB � (0.3 δc)2 � 0.25
It encodes in an effective way the properties of the ellipsoidal collapse model (like the shear) 

M. Maggiore, C. Porciani, R. Sheth and A.R., in prep.
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The first-passage time problem becomes the well-known 
problem of the ``diffusing cliff ’’  

The first-passage time problem of two particles with diffusion 
coefficients             and                     is mapped into a one-

degree problem of a stochastic particle with effective coefficient
D = 1 DB = 0.25

Deff = 1 + DB = 1.25



N-body data from Porciani et al., 2008



C. Frenk, ENTAap DM meeting, CERN, Feb. 2009



The Halo Model

1-halo 2-haloes
P (k) = P1h(k) + P2h(k)
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Despite the 
Dark Puzzles, 
the future is

brighter


