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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 2(1-V1)—(W°V1)+2(1-V2)—(W-V2) 4+ (21 —w) - (vy + va)
dodldz n (41’1’1(2) — Wz) dodz dodl d1d2
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {Z(I-Vl)—(w-vl)+2(1-V2)—(W'V2) 4+(21—w)-(vl+vZ)}.

d0d1d2 B (4m(2) — Wz) d0d2 d()dl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}

Exercise:

Any N-point scalar one-loop integrand function, for N > D, where D is the dimensionality of
space-time, can be written as a linear combination of the D-point scalar and vector integrand
functions.
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Example 2.: Reduction of a rank-two two point function in D=2-2¢
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(f-1)2
d.;d, ’

Z(k,m;, msy) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

I(kv mj, m2) —

Our aim is to reduce it using VN method.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

Z(kv mj, mZ) —

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,m;, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

% k” 2 1, n“n” + A*h
n" = n° = n“n” + n"n” = A
VK2’ = 8(2); (A-1)% =1% — (n-)* =1%) -

(1-k)*
k2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k+ 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
W= e T Lt =g, (812 =18 = (n-1)® = 1) — 5
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k# 2

nt — . n2 =1, n"n’ +d"a’ = g'¥ ) (1-k)
Vi ne BT = g (8-1)% =1f) — (n- )% = 1) — 55—
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—21-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,my, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

kH 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
e T T = ey (812 =1 — (n-1)? = 1% — 5~
¥ = (1-n)n” + (1-2)d* +n”(1-n,) 1%) =dy +mi —p*, 21-k=dy—dy —ri,
Mzz(ne'l)z

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—zl-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.

2 _ 1.2 2 2 2 _ 1.2 2 2
ri =k“4+mj—m5, r5=k*+m;—m7,

k® — 2k*(mf + m3) + (m} — m3)*
4k?

A2 =
It follows the parametrization:

(fl . 1)2 - b() -+ bl(fl . 1) -+ bz(ne . 1)2 _'_8170 —+ al,l(n . l) -+ al’z(ﬁ . l) _|_3_270 -+ 3271(n . l) -+ 3272(f1 . 1)
didy did2 d; d2 |
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} —+ [&170 -+ al,l(%—F al’z(ﬁ . 1)] d2 + [32,0 + 3.2,1(1’1><|- 8.2,2(ﬁ . 1)] dl
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} -+ [&170 -+ a1,1(><+ al’g(ﬁ . 1)] d2 + [32,0 + 32,1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l) =d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2

Calculate by assuming di;(l)=d2()=0 and 1-n=0
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo=-)2,b; =0
¢ — ) ﬁc = A 0 ’ 1
2v k2
Calculate by assuming di;(l)=d2()=0 and 1-n=0

_ 2

lf = aen tif:n, 0= (1+b2)\
by, = —1
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [32,0 -+ 3.271(H><|- 8.2’2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
Ol — ’ ﬁc = A 0 ’ 1
2v'k?2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
I¥ = aen +ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H><|- 8.2’2(IAI . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo = —-)?, by =0
7 — ) ﬁc = A 0 ’ 1
21/ k2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
1= = aen + ifen, 0= (1+bz)A
bs = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
h-1.)2 bo+bi(d-1)+ba(n.-1;)? + +
(n 1) B o1+ 1(n )—1— 2(n 1) :al,o+31,1(ﬂ'1)—i-al,z(ﬁ-l)—|—a20 8.21 n\hx/ d1 11

dz(ll) dz(ll)
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
Ke = — r% c:)\ bo:—)\z,blzo
2vk2’
Calculate b, assuming di(l)=d2()=0 and 1-n=0
le = aen + ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0

h-1)2 b bi(fi-1) + ba(n, - 1;)? as o + +

B L)% Do tba(hoD Ehalne W o oo 1) a1 + 2202210 “\'*/ Ve (1)

dz(ll) dz(ll)

l; = yin+92f, 7 +72 = mj

Choose 71 = 0,72 = =tm;

Choose 72 =0,71 =my
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
_ Iy L bO:_)\2,b1:O
ac 2\/@7 /BC — )\
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
lf = acn Eifen, 0=(1+bz)A
by = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
N . 2 N . . 2
(0-1)%  bo+bi(h-1) +ba(nc-1)” ajo+ayi(n-1)+ag(i-1)+ 820 ¥ 824 n\g\% d1 I1)
da(1y) do(1;)
~ m2 _|_ )\2 r2
L =yn+ 720, 77 +75 = mj} ajotajsm = ——5— = ——
ry 4k
Choose 71 = 0,72 = £my a;o=0,a; 9 =r2/(4k?),
V2 =0,71 =m -
Choose a;q = —(4k?)"1/2
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OPP reduction (Ossola, Papadopoulos, Pittau)

First we made direct NV reduction of the loop integrand.

Next we have pointed out a generic parametric form of the loop integrand
and fitted the parameters with the help of on-shell values of the loop momenta solving

first double cut and single cut conditions (iteratively).

The loop integration can be easily carried out:

d2—2€ b
I(k, mf, m3) = / i(zﬁ)z_%z(k» my,mz) = b Iz(k? mf, m3)+a; oI (m3) + az oI (m3) + ﬁ

Exercise:
Calculate the photon self-energy in D=2 QED (Scwinger-model) using NV reduction at the

integrand level.
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OPP reduction: general case
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift. Ky

with arbitrary number of external legs can always be wrltten in linear co
penta, quadru-,triple-,double- and single-pole terms [ + g,
k2

Mittwoch, 5. September 2012



Ordered amplitudes have well defined integrand

IN(P1{P2,- .,

P3

PN

7pN7l)_

‘ N(plapg:"'upi\r;i)

didp -+ dy

InN(p1,D2,s .-, D1

Mittwoch, 5. September 2012



The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

ks I

N
The number of terms with k denominators is (k)

> =<
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

_ [ Pl Num() _ [Pl 1 —_— .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12, 13714715]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (1) H d.i (l)+z 5‘i1 (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,iz J#[i1,i2] i1 J#i

dil)=(1+q))?-m?,i=0,...,4, qo=0
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
IN — / (27‘(‘)[) Hi dl(l) — / (27T)D Hi dl(l) { Z 11,12,13,14,15(1) H d.](l)

11,12,13,14,15 J#[ll 12, 13714715]

+ Z di iz ig,ia (1) H d;(1)

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i

2 2
; T IMg
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters;

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters; 13 =1*—1%, 1% = (Ig;)v!

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Go1234(1) = &\ has

Mittwoch, 5. September 2012



Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,
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Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,

51(1) — 5_0 -+ 51(1 . Ill) -+ 5_2(1 . Ilz) -+ 53(1 . Il3) -+ 5_4(1 . 114)
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Go1234(1) = &\ has

30123(1) — ao -+ al (l . Il4) —+ az(l . He)z —+ ag(l . He)z(l . Il4) -+ 514(1 . H€)4,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(l-n4)2)—|—64(l . Ilg)(l . H4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

Bgl (1) = f)oj—f)l(l-nz)—|—l~)2(l-n~3)—|—l~)3(l-n4)—i—l~)4(£l . n2)2 — (1 . n4)%) + 55«1 . Il3)2 — (l . n4>2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)+b8(l-n2)(l-n4)—I—bg(l-ne)z,

51(1) — 5.0 —+ 51(1 . 111) —+ 5_2(1 . 112) —+ 5_3(1 : 113) —+ 5_4(1 . 114)

The coefficients ag, ..., €g1234 are independent from the loop momenta and in all numerator
functions we can replace (1 - n;) with (It - n;)

Note that the integration over the transverse space is trivial

U
@@ <y = [a00t - ) (0, 82 2), Di=D-1
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) <0
In = - Liioisisi
N / (27T)D H d(l) Z 11 ig,ig,ig,ig 1112 5

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Za(O)Ill +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) =(0)
In = = g Liiigisiai
N / (27)D 1. d-(l) €i1,i2,is,ia,i5 i1i2i3iais

i1,in,ig,ig,is

+ Y A T+ Y 8 T + Y bk T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l<Q'—Q')
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) ~(0)
In = H = g i Lizioisiai

i1,in,ig,ig,is

+ > A Tisieis + D "ff)lz Tinig + > b, T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l(q__q.)
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2

they contribute to the rational terms
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) <(0)
In = - Liisigigi
N / (27T)D H d(l) Z 11 ,i2,i3,iq,i5 1112131415

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Zém)lu +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy

Non-vanishing master integrals with (1-n.)? factors in the numerator

dPi 5° D —4
/ =\ D /2 d: d: d; d - 17311)’6'_{2_7323734’ lim M [(D+2) — 0
(Zﬂ_) 11 g Wiz tiy 2 D4 9 Q1428314 ~ )
/ dP1 s4 _ (D—2)(D—4)I.D.+4. i (D=4)(D=2) pey _ 1
(im)P/2 d;, di,diyd;, 4 iizisia’ Doy 4 nizigia — T3
Pl 2 (D — 4) i (P4 o2 _ 1
D/2 = 155233» D—4 2 hiizis T 97
(Z7T) di, diyd 2 " (D —4) 7(D+2) _ - mg, +my, 1
a1 52 (D-4) 7D+2 Doa g i % 5 (4ir =
(im)P/2 d; dy, 2

they contribute to the rational terms

7(4) ~(7) 2 2

R — — Z d11121314+ Z 111213 Z rni1 +m12 B (qil —qi2)2 B(g)

2 6

11,12,13,14 iy,iz,i3 i1,iz
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Example: Projecting out individual (quadrupole) coefficients
in D-dimension

*’V(pla P2,---,PN, ﬂ) e
didop - --dy

IN(pl;pQ;- .. 7pN7l) -

: 9 €irigigigis () N

i1<i2<i3<i4<iz<n Qi i i iy i
E din'zze"aia(f) + E Ei1?:'f'?:(‘r)_+_ E E"ﬂ'lézﬂ)_i_ E EHU)
Efglff,!'?ffggdgi _dhdi?dfa _ ff,!']dg? ' t’}r.;l
1<11<ta<iz<a<N 1< <ia<i3 <N 1<31 <<\ 1<4; <N
Denote:

RR (1) = Residuumg;23(Integrand) ~
— pentagon contributions = dgy23(1)
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(L)+RR() -~ RR(L)—RR(L)
dO — ’ dl — 21J_

2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

aZ + 8412 — 12
1
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Comments on the rational part:

The originis UV divergent tensor integrals. Reduction requires regularization.
After reduction: D-dimensional finite tensor integrals. In the limiting case D=4
they provide finite constants independent from the kinematics.

It may happen that the numerator has manifest dependence on (D-4) coming from
polarization sum. These terms can only contribute if it appears in a term leading to

UV divergent integrals. There are only few UV divergent one-loop Feynman diagrams
even for large number of external particles (OPP).

Sophisticated recursion relations (BDK) as an option in Black Hat
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Comment on N=4 sYM amplitudes
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.

*

n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts

N=1 sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .

Excercise (not easy):

Find proper parametrization for the bubble numerator bo (1)
in case of light-like inflow momentum.
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Lecture 3: Unitarity method and amplitudes

Mittwoch, 5. September 2012



1

d*p iR s i ,
—/ : ‘_I»"-Tr}':ﬂ({.g—;rz.g)iﬁﬁH}{{i—;;az)

X A?EE{—{.L_ 1.2, 69) _-ilireeli—fg. .48 Y

Imaginary part of NLO an amplitude is calculated from tree amplitudes.

4 Non-linear relation, iterative in the coupling.
4 lterative in amplitudes. Building blocks are amplitudes and not Feynman

diagrams
4  Manifestly gauge invariant.

31
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Unitaritx and Cutkoskx rule:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: STIS=1, S=1+IiT,
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?

More external particles?
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Unitarity and Cutkosky rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") = T'T = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:

Cutkosky rule: 1/(p%? — m? +id) — (—271)6(p% — m?)8(po)
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Cutkosky rule in case of the bubble integral:
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

el:\/l_é—|—m2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

|

—€] Py — €
C . o
>
el pl+e
|0
04 jﬁl .po — €]

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36/(27T) (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

—€ Py — €
c e .
>
el pi+e
o
04 :El .pO — €]

el:\/l_é—ka

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(Zw)lelDz’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 a3l dio 1
7 (p*,m”) / (27)3 c[ (27) (1§ — €7)((lo — po)? — €f)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo — —€; + ’LO,

Dy : az) lo = po + € — 10, b2) lo = po — € + 10,

Iﬁ

el:\/ﬁ+m2

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour

The distance of the

poles ai, bo

can vanish if Do > 2m
when these poles can
pinch the contour.

One can avoid pinching the contour by moving

To compensate the difference for the integral
we add an integral over a closed small circle

O L€l .po — €]
>
EZ p5 + € the first pole above the contour.
‘ o around the first pole
_E _
o4 L P9
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(%) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]

1 1
i [ ] i ()

Disc [IQ] = / (;ﬂ'§4 (—2%@)5_'_(12 _ m2) (—2%2)54_(([ — p)2 _ m2).
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Cutkosky rule, generalizations from the case of the bubble integral:
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0

oD

D(1) = (lo — a(l,p,m))(lo — b(l, p,m)), s —0

lo=a or b
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

> - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), 8—1 = ()
0 lo=a or b
: : : . . . . oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

I({pi}, {mi}) / H d4l’“ {111};]%}) D;=q; —m3,i€N
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

d4l l Pi _ 2 2
I({pz}v{mz /H k { }{ }) Di_Qz’ _mmZEN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)

Z oz,gj )qi = 0 for every loop.
1Cloop j
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
D(l) = (lo — a(l,p,m))(lo — b(l,p,m)), ETN =0
O 1lg=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*

d4lk l D 2 2 .
T({p:}, {m:}) /H WiHpd)  pi=g? —mbienN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)
Z oz(j) =0 f 1
i i = or every loop.

1Cloop j

Excercise: Work out the Landau equations and solve them for the self energy and two
different internal mass and find the location of the branch cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

Ly NP T (-2m0)0 (g2 — m?)

. . k 1=1
Disc [Z] = /kl_[l (om)3 IJ—V[ @

J=r—+1
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.

3
Disci—1,, 1yny [A%L_IOOP] — Z / §4 H —2mi)0 4 (17 —m3)
1=1

states

XA (—l3, 1) A7 (=, 1) AR (<o, 3),
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

ReSt 1,y pgn [AL9%] = 3

states
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“43266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)7

states

Key point: two independent expressions for the same cut amplitude
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states

Key point: two independent expressions for the same cut amplitude

[Allq_loop} — Z én1n2n3n4n5 (1*> + an1n2n3n4 (l*)

Resi— =1 d,,_ (")
ns

n]_ n2 n3n4
s
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Projecting out individual quadrupole coefficients in D-dimension:
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

sing = 0,cos¢p = *1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sin¢g =0,cos¢ = +1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(L)+RR(L) -~ RR(L)-RR(L)

d — d p—
0 2 ) 1 21J_
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

dy +dyl? = >
1L
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The parameters are fixed by linear algebraic equations

Res;;.x [F(1)] = [.rj,-_(s)dj-(g) - dp(DF (1) } J -

—Lij.-k

diji (1) = Resj (ANU)) d=d=d,=d=0  two solutions

diini (1
Eijk,(f’-) = Res;;i An(l) — Z ikt () di=dj=dk=0 infinite # of solutions

did;drd,
{754,k
bi;i(1) = Res;; | Ax(l) — cije(l) 1 dijri (1) d=d;=0
| | ki, g dzd;dk 2! k=i, did“rd#di Infinite # of solutions

unitarity: the residues factorize into the products of tree amplitudes

we fully reconstruct the integrand in terms of product of tree amplitudes

no Feynman diagrams
Y
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Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Mittwoch, 5. September 2012



Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Bern, Dixon, Kosower (BDK) ; Ellis, Giele, ZK, Melnikov (EGKM); Britto, Cachazo, Feng (BCF)
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Managing color of amplitudes

Unitarity: instead of Feynman diagrams amplitudes
Tree and one loop Feynman diagrams: color and space time part

A ({k}, {h} {a}), A,7°°P({k}, {h}, {a})

=> Color decomposition of amplitudes with the help of a basis color space
(T-based, F-based, color flow based}

[T% T = —F2T°, Tr(TT") = qp.
[F* F°| = —FAF°, F&=—iv2fec, Tr(FF®) = 2N,04.
1
(F) g0y = — SN Tr ([, FO2)F*) = —Tr ([T, T%]T).

S HO I QO OO

1
(F2F9  F%n-2 F%n-1) = SN Tr ([[...[[F*, F*?], F*], ..., F9 2] [F% 1 F%])

= Tr([[...[[T%,T%], T4, ... T%-2] [T T%]).
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Color ordered n-gluon tree sub-amplitudes

n—2

tree __ 8s a, (1 a, (2 a, As(n tree
Atree — 2N, d o T (FrOFr@F2re) | Fom) Al
0ESn/Zn (n-1)! color ordered sub-amplitudes
A;ree _ ggl—2 Z Ty (Taa(l)Tao’(Z)Tao‘(S) o Tao'(n)) A’]Gnl“%e
oc€Sh/Zn
A‘:qr’%e — My (ga(1)7 85(2),85(3); - - - 7ga(n))
Some properties of sub-amplitudes:
mn(gla g2,83,. .. 7gn) — mn(g27 g3,---58n; gl) (cyclic identity)
m;(g1,82:83,---,8n-1,8n) = (—1)"Mu(8n, 8n-1,.--,82,81) (reflection identity)

my(1,2,...ny,n; +1,...,n) = Z My, (81,80(2):80(3):---180(n)) =0 (Abelian identity)

o(n) ~ Kleiss-Kuijf relations

A’;ree(l’ 27 37 e n) — 82_2 Z (Faa(2) o Fao(n—l))alan mn(gb ga(Z)a g0(3), ce 7ga(n—1)a gn) .
(n-2)! color ordered sub-amplitudes (see also BCJ relations)

Unitary color basis: on each pole of the tree amplitude the color factor of a given colorless amplitude also factorizes
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13, k3 i, ki
three gluon vertex

. 9

Zﬁ ((kl — k2),ugg/L1M2 T (kQ o 1, ko

four gluon vertex

2
7:?(29#1/%9#2#4 o gM1M49M2M3 o gul,u29,u3,u4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color stripped Feynman rules for color ordered sub-amplitudes

‘7]{‘ ,]{
three gluon vertex 3, k3 1, ki
Zi ((kl - k2) g + (k‘g —
\/§ M3 I 12 s

four gluon vertex

2
7:?(29#1,&39#2#4 o gM1M49M2M3 o gH1M29u3M4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color ordered n-gluon one-loop sub-amplitudes

Allq_loop — gSCI‘ Z A,(al) (gl; ga(2)7 < 7g0(n))7 cr = (471')2_6 I‘(1 _ 26)
0€ESn_1

Consider a double cut between external line k and k+1 and n and 1
Im(k,n) qul) (gla g2, .. 7gn) — {3—13-2 Tt ak}vu{ak+1 Tt an}uv

ka+2(gV7 g1,82,...,8k, gu>mn—k—|—2<gU7 gk+15---,8n, gV)
= {ajaz---ag} Im(k,n) {mg) (81,82, - 7gn)]

Al~loor — gl Z Tr(F2:, .. F2)mW) (g1, 80,...,8n)

P(2,-n)/R one loop color order sub-amplitude

A reflection transformation is factored out. The cyclic property and reflection symmetry remain
valid. The number of independent one-loop amplitudes is (n-1)!/2.
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Color ordered n-gluon one-loop sub-amplitudes for large N

Decomposition in T-basis:

Al=loop — o' N cr Z Tr(T2, ..., Ta‘“)m(ll,]z1 (21,82,---,8n)
P(2,--,n)/R

]
2

[n/2]4+1
+gler Y ( S Tr (T, ..., T ) Tr (T*>,..., T*) m}") (g1, 82, . ..
r— P(

2, >n)/Zr—1 XZn—r+1

The single-trace color structures have an explicit factor of Nc out.
They dominate in the large Nc limit.

The planar L-loop color decomposition formula remains the same .
The decomposition remains the same also for the N=4sYM theory.
T-based color decomposition is preferred.

111l

Two particle unitarity gives color decomposition of a quark-loop
to n-gluon amplitudes
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dq + (n — 2)g amplitudes and fully ordered primitive amplitudes

Color factors of Feynman diagrams (TP TP ) x (B2 F2)y o (B BTl

A‘lcqree((—l17 q_27 g37 ceey gn) — g;l_z Z (Taa(3) Taa(4) Taa(n) )1211 n((_l17 q2’ gO’(S)) c ooy ga(n))*
O'ESn—2
(n-2)! colorless color ordered tree sub-amplitudes

the quark labels do not participate in the permutation sum

Decomposition in mixed basis such that the quark is also in the permutation sum

A(@r, gz, 835 - 8n) = 852 Z Z (TY T+ T2 )i, Tr (B2 F2)
k=3 P(4,..

rhn(d17gn7 e 8k+1,92, 8k, - - - 7g3)

Color ordered tree “left primitive amplitudes”

ﬁln(ﬁla 8n, - 8(k+1),492, 8k, -+ g3) — (_]—)kmn((_I1a q2, ka ey 37 (k + 1)7 "+ H)

Excercise: derive this relation using commutator identities

When anti-quark is in the permutation sum: “right primitive amplitude”

This mixed basis is “unitary”
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dq+ (n —2)g colorless one-loop fully ordered left primitive amplitude

-

AL—IOOP (qu Cl27 g37 e gn) — g;lcl-w Z Z (TX2 Taa3 ,.Taap TXl )i271 (Faap—l-l ..Faan )X1X2
P=20€ES,_2

X (_1)nﬁ:11(r11> (Q17 Bo(p)s--»80(3), 42, 8o(n)s -+ ga(p—l—l))

Color ordered amplitudes for n-gluons and primitive amplitudes
for dq+ (n — 2)g can be calculated using colorless Feynman rules
Berends-Giele recursion relations

Comment: Leading color is good approximations for gluons only
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Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

ree 1 ree
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Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

More and more complicated.....

End of color management
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Singular behavior of one loop primitive amplitudes

n-gluon:
1 1/11
O DI -l % ey | PRI PPN}
i—=1
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qq+(n—2)g: k H(N /(—sk ))
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Color is eliminated. Important for testing the calculations.
Primitive tree amplitude is calculated with Berends-Giele recursion

relations based on color stripped Feynman rules or BCFW recursion
relations
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