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q2 · v1 = 0 , q1 · v2 = 0 , (q2 � q1) · (v1 + v2) = 0

The inflow momenta for the three bubble denominators are different 

In the right hand side the terms proportional to lµ lµTdepend only on and integrate to zero. 
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

Exercise:

Any N-point scalar one-loop integrand function, for N > D, where D is the dimensionality of 
space-time, can be written as a linear combination of the D-point scalar and vector integrand 
functions.
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2) +
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4⇡

First we made  direct NV reduction of  the loop integrand. 

Next we have pointed out  a generic parametric form of the loop integrand 
and fitted the parameters with the help of on-shell values of the loop momenta solving 
first  double cut  and single cut  conditions (iteratively).

The loop integration can be easily carried out:

OPP reduction (Ossola, Papadopoulos, Pittau)

Exercise:
Calculate the photon self-energy in D=2 QED (Scwinger-model) using NV reduction at the 
integrand level.
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✦  For 4D external kinematics, the integrand of any one-loop  Feynman amplitude 
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Ordered amplitudes have well defined integrand

 IN (p1, p2, . . . , pN , l)
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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ãi1(l)
Y

j6=i1

dj(l)

)
.

di(l) = (l + qi)2 �m2
i , i = 0, . . . ,4 , q0 = 0

The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

Mittwoch, 5. September 2012



IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
Z

dDl
(2⇡)D

1Q
i di(l)

⇥
(

X

i1,i2,i3,i4,i5
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b̃i1,i2(l)
Y

j6=[i1,i2]

dj(l)+
X

i1

ãi1(l)
Y

j6=i1

dj(l)

)
.

di(l) = (l + qi)2 �m2
i , i = 0, . . . ,4 , q0 = 0

Num(l) = N5(l) =
5Y

i=1

ui · l, l · qi =
1
2

�
di � d0 � (q2

i �m2
i + m2

0

�
lµ =

4X

i=1

(l · qi)vµ
i + (l · n✏)nµ

✏

The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
Z

dDl
(2⇡)D

1Q
i di(l)

⇥
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+
X
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Y

j6=[i1,i2,i3]
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X

i1,i2
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Y

j6=[i1,i2]

dj(l)+
X

i1

ãi1(l)
Y

j6=i1

dj(l)

)
.

di(l) = (l + qi)2 �m2
i , i = 0, . . . ,4 , q0 = 0

Num(l) = N5(l) =
5Y

i=1

ui · l, l · qi =
1
2

�
di � d0 � (q2

i �m2
i + m2

0

�
lµ =

4X

i=1

(l · qi)vµ
i + (l · n✏)nµ

✏

N5(l) =

 
4Y

i

ui · l
!

(u5 · l) =
1
2

4X

j=1

(u5 · vj)

 
4Y

i

ui · l
!

(dj � d0) � 1
2

4X

j=1

(u5 · vj)

 
4Y

i

ui · l
!

(q2
j �m2

j + m2
0)

The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

Mittwoch, 5. September 2012



IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
Z

dDl
(2⇡)D

1Q
i di(l)

⇥
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X

i1,i2,i3,i4,i5

ẽi1,i2,i3,i4,i5(l)
Y

j6=[i1,i2,i3,i4,i5]

dj(l)

+
X

i1,i2,i3,i4

d̃i1,i2,i3,i4(l)
Y

j6=[i1,i2,i3,i4]

dj(l)

+
X

i1,i2,i3

c̃i1,i2,i3(l)
Y

j6=[i1,i2,i3]

dj(l)+
X

i1,i2

b̃i1,i2(l)
Y

j6=[i1,i2]

dj(l)+
X

i1

ãi1(l)
Y

j6=i1

dj(l)

)
.

di(l) = (l + qi)2 �m2
i , i = 0, . . . ,4 , q0 = 0

Num(l) = N5(l) =
5Y

i=1

ui · l, l · qi =
1
2

�
di � d0 � (q2

i �m2
i + m2

0

�
lµ =

4X

i=1

(l · qi)vµ
i + (l · n✏)nµ

✏

N5(l) =

 
4Y

i

ui · l
!

(u5 · l) =
1
2

4X

j=1

(u5 · vj)

 
4Y

i

ui · l
!

(dj � d0) � 1
2

4X

j=1

(u5 · vj)

 
4Y

i

ui · l
!

(q2
j �m2

j + m2
0)

ẽ01234(l) = ẽ(0)
01234

The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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DP = 0 ,DT = 4+1 , l2T = (ln1)2+(ln2)2 + (ln3)2 + (ln4)2 + (ln✏)2 = const +O(di)

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1,  5, 10, 10, 5  parameters;

Parameter counting

DP = 3 ,DT = 1 + 1 , l2T = (ln4)2 + (ln✏)2 = const +O(di)

DP = 2 ,DT = 3 + 1 , l2T = (ln3)2 + (ln4)2 + (ln✏)2 = const +O(di)

DP = 1 ,DT = 3+1 , l2T = (ln2)2+(ln3)2+(ln4)2+(ln✏)2 = const+O(di)

Pentagon (rank five):

Box (rank four):

Triangle (rank three):

Bubble (rank two):

 Tadpole (rank one):

DP = 4 ,DT = 0 + 1 , l2T = (ln✏)2 = constant terms +O(di)
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DP = 0 ,DT = 4+1 , l2T = (ln1)2+(ln2)2 + (ln3)2 + (ln4)2 + (ln✏)2 = const +O(di)

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1,  5, 10, 10, 5  parameters;

Parameter counting

l2T = l2 � l2P , lµP = (lqi)vµ
i

DP = 3 ,DT = 1 + 1 , l2T = (ln4)2 + (ln✏)2 = const +O(di)

DP = 2 ,DT = 3 + 1 , l2T = (ln3)2 + (ln4)2 + (ln✏)2 = const +O(di)

DP = 1 ,DT = 3+1 , l2T = (ln2)2+(ln3)2+(ln4)2+(ln✏)2 = const+O(di)

Pentagon (rank five):

Box (rank four):

Triangle (rank three):

Bubble (rank two):

 Tadpole (rank one):

DP = 4 ,DT = 0 + 1 , l2T = (ln✏)2 = constant terms +O(di)
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Parameter counting
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Parameter counting

ẽ01234(l) = ẽ(0)
01234
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d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

Parameter counting

ẽ01234(l) = ẽ(0)
01234
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c̃012(l) = c̃0+c̃1(l·n3)+c̃2(l·n4)+c̃3((l·n3)2�(l·n4)2)+c̃4(l · n3)(l · n4) + c̃5(l · n3)3

+ c̃6(l · n4)3 + c̃7(l · n✏)2 + c̃8(l · n✏)2(l · n3) + c̃9(l · n✏)2(l · n4)

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

Parameter counting

ẽ01234(l) = ẽ(0)
01234
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c̃012(l) = c̃0+c̃1(l·n3)+c̃2(l·n4)+c̃3((l·n3)2�(l·n4)2)+c̃4(l · n3)(l · n4) + c̃5(l · n3)3

+ c̃6(l · n4)3 + c̃7(l · n✏)2 + c̃8(l · n✏)2(l · n3) + c̃9(l · n✏)2(l · n4)

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

b̃01(l) = b̃0+b̃1(l·n2)+b̃2(l·n3)+b̃3(l·n4)+b̃4((l · n2)2 � (l · n4)2) + b̃5((l · n3)2 � (l · n4)2)
+ b̃6(l ·n2)(l ·n3)+ b̃7(l ·n3)(l ·n4)+ b̃8(l ·n2)(l ·n4)+ b̃9(l ·n✏)2,

Parameter counting

ẽ01234(l) = ẽ(0)
01234
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c̃012(l) = c̃0+c̃1(l·n3)+c̃2(l·n4)+c̃3((l·n3)2�(l·n4)2)+c̃4(l · n3)(l · n4) + c̃5(l · n3)3

+ c̃6(l · n4)3 + c̃7(l · n✏)2 + c̃8(l · n✏)2(l · n3) + c̃9(l · n✏)2(l · n4)

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

b̃01(l) = b̃0+b̃1(l·n2)+b̃2(l·n3)+b̃3(l·n4)+b̃4((l · n2)2 � (l · n4)2) + b̃5((l · n3)2 � (l · n4)2)
+ b̃6(l ·n2)(l ·n3)+ b̃7(l ·n3)(l ·n4)+ b̃8(l ·n2)(l ·n4)+ b̃9(l ·n✏)2,

ãi(l) = ã0 + ã1(l · n1) + ã2(l · n2) + ã3(l · n3) + ã4(l · n4)

Parameter counting

ẽ01234(l) = ẽ(0)
01234
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c̃012(l) = c̃0+c̃1(l·n3)+c̃2(l·n4)+c̃3((l·n3)2�(l·n4)2)+c̃4(l · n3)(l · n4) + c̃5(l · n3)3

+ c̃6(l · n4)3 + c̃7(l · n✏)2 + c̃8(l · n✏)2(l · n3) + c̃9(l · n✏)2(l · n4)

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

b̃01(l) = b̃0+b̃1(l·n2)+b̃2(l·n3)+b̃3(l·n4)+b̃4((l · n2)2 � (l · n4)2) + b̃5((l · n3)2 � (l · n4)2)
+ b̃6(l ·n2)(l ·n3)+ b̃7(l ·n3)(l ·n4)+ b̃8(l ·n2)(l ·n4)+ b̃9(l ·n✏)2,

ãi(l) = ã0 + ã1(l · n1) + ã2(l · n2) + ã3(l · n3) + ã4(l · n4)

Parameter counting

ẽ01234(l) = ẽ(0)
01234

Z
dD1 l?�(l2? � µ2

0) (lµ?, lµ?l⌫?) =
Z

dD1 l?�(l2? � µ2
0)

✓
0,

gµ⌫
?

D1
l2?

◆
, D1 = D� 1

The coefficients                             are independent from the loop momenta and in all numerator
functions we can replace 

ã0, . . . , ẽ01234
(l · ni) with (lT · ni)

Note that the integration over the transverse space is trivial
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Only the constant terms and some of the  terms depending on                 give non-vanishing integrals(l · n✏)2
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IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
X

i1,i2,i3,i4,i5

ẽ(0)
i1,i2,i3,i4,i5

Ii1i2i3i4i5

+
X

i1,i2,i3,i4

d̃(0)
i1,i2,i3,i4

Ii1i2i3i4 +
X

i1,i2,i3

c̃(0)
i1,i2,i3

Ii1i2i3 +
X

i1,i2

b̃(0)
i1,i2

Ii1i2 +
X

i1

ã(0)
i1

Ii1 +R

Only the constant terms and some of the  terms depending on                 give non-vanishing integrals(l · n✏)2
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Non-vanishing master integrals with                 factors in the numerator (l · n✏)2

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D�4

(D � 4)(D � 2)
4

I(D+4)
i1i2i3i4

= �1
3
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2

= �
m2

i1 + m2
i2

2
+

1
6

(qi1 � qi2)
2 .

�
dDl

(i�)D/2

s2
e

di1di2di3di4

= �D � 4
2

ID+2
i1i2i3i4

,

�
dDl

(i�)D/2

s4
e

di1di2di3di4

=
(D � 2)(D � 4)

4
ID+4
i1i2i3i4

,

�
dDl

(i�)D/2

s2
e

di1di2di3

= � (D � 4)
2

ID+2
i1i2i3

,

�
dDl

(i�)D/2

s2
e

di1di2

= � (D � 4)
2

ID+2
i1i2

.

IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
X

i1,i2,i3,i4,i5

ẽ(0)
i1,i2,i3,i4,i5

Ii1i2i3i4i5

+
X

i1,i2,i3,i4

d̃(0)
i1,i2,i3,i4

Ii1i2i3i4 +
X

i1,i2,i3

c̃(0)
i1,i2,i3

Ii1i2i3 +
X

i1,i2

b̃(0)
i1,i2

Ii1i2 +
X

i1

ã(0)
i1

Ii1 +R

Only the constant terms and some of the  terms depending on                 give non-vanishing integrals(l · n✏)2

Mittwoch, 5. September 2012



Non-vanishing master integrals with                 factors in the numerator (l · n✏)2

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D�4

(D � 4)(D � 2)
4

I(D+4)
i1i2i3i4

= �1
3
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2

= �
m2

i1 + m2
i2

2
+

1
6

(qi1 � qi2)
2 .

�
dDl

(i�)D/2

s2
e

di1di2di3di4

= �D � 4
2

ID+2
i1i2i3i4

,

�
dDl

(i�)D/2

s4
e

di1di2di3di4

=
(D � 2)(D � 4)

4
ID+4
i1i2i3i4

,

�
dDl

(i�)D/2

s2
e

di1di2di3

= � (D � 4)
2

ID+2
i1i2i3

,

�
dDl

(i�)D/2

s2
e

di1di2

= � (D � 4)
2

ID+2
i1i2

.

IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
X

i1,i2,i3,i4,i5

ẽ(0)
i1,i2,i3,i4,i5

Ii1i2i3i4i5

+
X

i1,i2,i3,i4

d̃(0)
i1,i2,i3,i4

Ii1i2i3i4 +
X
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c̃(0)
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Ii1i2i3 +
X

i1,i2

b̃(0)
i1,i2

Ii1i2 +
X

i1

ã(0)
i1

Ii1 +R

Only the constant terms and some of the  terms depending on                 give non-vanishing integrals(l · n✏)2

they contribute to  the rational terms
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Non-vanishing master integrals with                 factors in the numerator (l · n✏)2

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D�4

(D � 4)(D � 2)
4

I(D+4)
i1i2i3i4

= �1
3
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D�4

(D � 4)
2

I(D+2)
i1i2

= �
m2

i1 + m2
i2

2
+

1
6

(qi1 � qi2)
2 .

�
dDl

(i�)D/2

s2
e

di1di2di3di4

= �D � 4
2

ID+2
i1i2i3i4

,

�
dDl

(i�)D/2
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di1di2di3di4

=
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4
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di1di2di3
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2
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,

�
dDl

(i�)D/2
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e

di1di2

= � (D � 4)
2

ID+2
i1i2

.

IN =
Z

dDl
(2⇡)D

Num(l)Q
i di(l)

=
X

i1,i2,i3,i4,i5

ẽ(0)
i1,i2,i3,i4,i5

Ii1i2i3i4i5

+
X

i1,i2,i3,i4

d̃(0)
i1,i2,i3,i4

Ii1i2i3i4 +
X

i1,i2,i3

c̃(0)
i1,i2,i3

Ii1i2i3 +
X
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b̃(0)
i1,i2

Ii1i2 +
X

i1

ã(0)
i1

Ii1 +R

R = �
X

i1,i2,i3,i4

d̃(4)
i1i2i3i4

6
+

X

i1,i2,i3

c̃(7)
i1i2i3

2
+

X

i1,i2

"
m2

i1
+ m2

i2

2
� (qi1 � qi2)

2

6

#
b̃(9)

i1i2
.

Only the constant terms and some of the  terms depending on                 give non-vanishing integrals(l · n✏)2

they contribute to  the rational terms
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=
X

i1i2i3i4i5n

ēi1i2i3i4i5(l)
di1di2di3di4di5

+

= d̃0123(l)
RR(l) = Residuum0123(Integrand)

� pentagon contributions

   Example:   Projecting out individual (quadrupole) coefficients 
                                         in D-dimension

Denote:

IN (p1, p2, . . . , pN , l)
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lµ = Vµ+l?(cos � nµ
4+sin� nµ

✏ ), Vµ = �1
2

3X

i

vµ
i

�
q2
i �m2

i + m2
0

�
,

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

Projecting out individual quadrupole coefficients in D-dimension:

sin � = 0, cos � = ±1 lµ± = Vµ ± l?nµ
4,•  Choose denote
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lµ = Vµ+l?(cos � nµ
4+sin� nµ

✏ ), Vµ = �1
2

3X

i

vµ
i

�
q2
i �m2

i + m2
0

�
,

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

Projecting out individual quadrupole coefficients in D-dimension:

sin � = 0, cos � = ±1 lµ± = Vµ ± l?nµ
4,•  Choose denote

d̃0 =
RR(l+) + RR(l�)

2
, d̃1 =

RR(l+)� RR(l�)
2l?

calculate the residuum of the integrand for these values
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lµ = Vµ+l?(cos � nµ
4+sin� nµ

✏ ), Vµ = �1
2

3X

i

vµ
i

�
q2
i �m2

i + m2
0

�
,

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

Projecting out individual quadrupole coefficients in D-dimension:

sin � = 0, cos � = ±1 lµ± = Vµ ± l?nµ
4,•  Choose denote

d̃0 =
RR(l+) + RR(l�)

2
, d̃1 =

RR(l+)� RR(l�)
2l?

calculate the residuum of the integrand for these values

cos � = sin� = ±1/
p

2, l̃± = V ± l?(n4 + n✏)/
p

2•  Choose denote

Mittwoch, 5. September 2012



lµ = Vµ+l?(cos � nµ
4+sin� nµ

✏ ), Vµ = �1
2

3X

i

vµ
i

�
q2
i �m2

i + m2
0

�
,

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

d̃2+d̃4
l2?
2

= l�2
?

⇣
RR(̃l+) + RR(̃l�)� 2 d̃0

⌘
, d̃3 =

p
2 l�3
?

⇣
RR(̃l+)� RR(̃l�)�

p
2d̃1l?

⌘
.

Projecting out individual quadrupole coefficients in D-dimension:
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It may happen that the numerator  has manifest    dependence on (D-4)  coming  from
polarization sum. These terms can only contribute if it appears in a term leading to
UV divergent integrals.   There are only few UV divergent one-loop Feynman diagrams
even for large number of external particles (OPP).

Comments on the rational part: 

The origin is   UV divergent  tensor integrals. Reduction requires regularization.
After reduction:  D-dimensional finite tensor integrals. In the limiting case  D=4
 they provide finite constants independent from the kinematics.

Sophisticated recursion relations (BDK) as an option in Black Hat
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Excercise (not easy): 

b̃01(l)Find proper parametrization for the bubble numerator
in case of light-like inflow momentum.
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        No triangles, no bubbles, no rational parts

✦      N=1 sYM scattering amplitudes have no rational parts

BDDK theorem (1994)  for one loop amplitudes:

The maximum number of loop momentum in the numerator
of  Feynman-diagrams is reduced by one for N=1 and 
by four for N=4 .
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C

Lecture 3:       Unitarity method and amplitudes
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Constraints from Unitarity: M† �M = �iM†M

Imaginary part of NLO an amplitude is  calculated from tree amplitudes. 

✦      Non-linear relation, iterative in the coupling.
✦      Iterative in amplitudes. Building blocks are amplitudes and not Feynman 
            diagrams
✦      Manifestly gauge invariant.
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Unitarity and Cutkosky rule:
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Unitarity and Cutkosky rule:

AN({pi})
In case of 2 to 2 scattering with equal masses the scattering amplitude               depends on
Lorenz-invariant Mandelstam-variables  s,t ,                  

A4(s, t)

t = � (s� 4m2)
2

(1� cos ✓cms)s = 4E2
cm,

 Scattering amplitudes of scalar particles are functions of the external momenta

s = (p1 + p2)2, t = (p1 + p3)2,
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Cutkosky rule in case of the bubble integral:

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

p = (p0,~0) and p0 > 0Work in the reference frame: 

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

p = (p0,~0) and p0 > 0Work in the reference frame: 

D2 : a2) l0 = p0 + ✏l � i0, b2) l0 = p0 � ✏l + i0,

D1 : a1) l0 = ✏l � i0, b1) l0 = �✏l + i0,

The integrand has four poles in        : l0

Mittwoch, 5. September 2012



l0

−εl

εl p0 + εl

C

C ′

p0 − εl−εl

εl p0 + εl

l0

p0 − εl

Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

p = (p0,~0) and p0 > 0Work in the reference frame: 

D2 : a2) l0 = p0 + ✏l � i0, b2) l0 = p0 � ✏l + i0,

D1 : a1) l0 = ✏l � i0, b1) l0 = �✏l + i0,

The integrand has four poles in        : l0

Mittwoch, 5. September 2012



l0

−εl

εl p0 + εl

C

C ′

p0 − εl−εl

εl p0 + εl

l0

p0 − εl

Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2

No discontinuity in          
if the poles               are 
far from the contour

p0
a2, b2

I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

p = (p0,~0) and p0 > 0Work in the reference frame: 

D2 : a2) l0 = p0 + ✏l � i0, b2) l0 = p0 � ✏l + i0,

D1 : a1) l0 = ✏l � i0, b1) l0 = �✏l + i0,

The integrand has four poles in        : l0

Mittwoch, 5. September 2012



l0

−εl

εl p0 + εl

C

C ′

p0 − εl−εl

εl p0 + εl

l0

p0 − εl

Cutkosky rule in case of the bubble integral:

✏l =
q

~l2 + m2

No discontinuity in          
if the poles               are 
far from the contour

p0
a2, b2

I(2)(p2, m2) =
Z

d3~l

(2⇡)3

Z

C

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

.

I(2)(p2, m2) =
Z

d4l

(2⇡)4
1

D1D2
, D1 = l2 �m2 + i0, D2 = (p� l)2 �m2 + i0

s = p2Integrate over          and calculate the discontinuity in            l0

p = (p0,~0) and p0 > 0Work in the reference frame: 

D2 : a2) l0 = p0 + ✏l � i0, b2) l0 = p0 � ✏l + i0,

D1 : a1) l0 = ✏l � i0, b1) l0 = �✏l + i0,

The integrand has four poles in        : l0

One can avoid pinching the contour by moving 
the first pole above the contour.
To compensate the difference for the integral  
we add an integral over a closed small circle 
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a1, b2
p0 > 2m
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Discontinuity of  the bubble integral =  discontinuity of the pinch contribution:

Mittwoch, 5. September 2012



I(2) =
Z

d3~l

(2⇡)3

2

64
Z

C0

dl0
(2⇡)

... +
I

�a1

dl0
(2⇡)

...

3

75

I

�a1

dl0
(2⇡)

1
(l20 � ✏2l )((l0 � p0)2 � ✏2l )

=
Z

dl0
(2⇡)

(�2⇡i)�+(l2 �m2)
((l0 � p0)2 � ✏2l )

Disc [I2] = I2(p2 + i�)� I2(p2 � i�) =
Z

d4l

(2⇡)4
(�2⇡i)�+(l2 �m2)⇥


1

(l0 � p0 � i�)2 � ✏2l
� c.c

�

=
Z

d4l

(2⇡)4
(�2⇡i)�+(l2 �m2)


1

(l � p)2 �m2 + i�
� c.c.

�

Discontinuity of  the bubble integral =  discontinuity of the pinch contribution:
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Excercise: Work out the Landau equations and solve them for the self energy and two
                  different internal mass and find the location of the branch cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

Unitarity:       Non-linear relations between scattering amplitudes. 
                     It can be used to compute the discontinuities of scattering  amplitudes at a given  
                      order in PT  in terms of  amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and  external lines
with on-shell complex momenta.
If the Landau equations have  solutions, the Cutkosky formula provide the correct
singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering 
amplitudes, leading to  generalized unitarity relations. E.g. triple cut.
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sin � = 0, cos � = ±1

d̃2 + d̃4l2? =
Num(l✏)� d̃0

l2?
.

d̃0 =
RR(l+) + RR(l�)

2
, d̃1 =

RR(l+)� RR(l�)
2l?

d̃2+d̃4
l2?
2

= l�2
?

⇣
RR(̃l+) + RR(̃l�)� 2 d̃0

⌘
, d̃3 =

p
2 l�3
?

⇣
RR(̃l+)� RR(̃l�)�

p
2d̃1l?

⌘
.

Projecting out individual quadrupole coefficients in D-dimension:

d̃0123(l) = d̃0 + d̃1(l · n4) + d̃2(l · n✏)2 + d̃3(l · n✏)2(l · n4) + d̃4(l · n✏)4,

•  Choose lµ± = Vµ ± l?nµ
4,denote

calculate the numerator for these values

cos � = sin� = ±1/
p

2, l̃± = V ± l?(n4 + n✏)/
p

2•  Choose denote

lµ✏ = Vµ + l?•  Choose 
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39

The parameters   are fixed   by  linear algebraic equations 

di=dj=dk=dl=0

di=dj=dk=0

di=dj=0

two solutions

infinite # of solutions

infinite # of solutions

 unitarity: the residues factorize into  the products  of tree amplitudes

 we fully reconstruct the integrand in terms of   product of tree amplitudes   

 no Feynman diagrams
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Unitarity method: one-loop amplitudes from
tree amplitudes + scalar integral functions

Rational part is obtained by carrying out the algorithm in two  different integer 
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Use generalized cuts, read out the coefficients in terms of tree amplitudes 
at cut-momenta (complex)  BCF/BDK(’05)

Consider  the integrand, the amplitude is parametric integral over the
loop momentum OPP(‘06) ( EGK (’07))

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98)  (BDK)
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Unitarity method: one-loop amplitudes from
tree amplitudes + scalar integral functions

Bern, Dixon, Kosower (BDK) ; Ellis, Giele, ZK, Melnikov (EGKM);  Britto, Cachazo, Feng (BCF)

Rational part is obtained by carrying out the algorithm in two  different integer 
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Use generalized cuts, read out the coefficients in terms of tree amplitudes 
at cut-momenta (complex)  BCF/BDK(’05)

Consider  the integrand, the amplitude is parametric integral over the
loop momentum OPP(‘06) ( EGK (’07))

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98)  (BDK)
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Atree
n ({k}, {h}, {a}), A1�loop

n ({k}, {h}, {a})

(F a2F a3 . . . F a(n�2)F a(n�1))a1an =
1

2Nc
Tr ([[. . . [[F a1 , F a2 ], F a3 ], . . . , F an�2 ] [F an�1 , F an ])

= Tr ([[. . . [[T a1 , T a2 ], T a3 ], . . . , T an�2 ] [T an�1 , T an ]) .

Managing color of amplitudes

Unitarity:  instead of  Feynman diagrams  amplitudes
Tree and one loop Feynman diagrams: color and space time part

➡   Color decomposition of amplitudes with the help of a basis color space
                       (T-based, F-based, color flow based} 

(T a)j̄1
i1

(T a)j̄2
i2

= (�)j̄2
i1

(�)j̄1
i2
� 1

Nc
(�)j̄1

i1
(�)j̄2

i2

[T a, T b] = �F a
bcT

c , Tr(T aT b) = �ab.

(F a1)a2a3
= � 1

2Nc
Tr ([F a1 , F a2 ]F a3) = �Tr ([T a1 , T a2 ]T a3) .

[F a, F b] = �F a
bcF

c , F a
bc = �i

p
2fabc , Tr(F aF b) = 2Nc�ab.
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Atree
n =

gn�2
s

2Nc

X

�2Sn/Zn

Tr (Fa�(1)Fa�(2)Fa�(3) . . .Fa�(n))Atree
n,� ,

Atree
n = gn�2

s

X

�2Sn/Zn

Tr (Ta�(1)Ta�(2)Ta�(3) . . .Ta�(n))Atree
n,�

Atree
n,� = mn(g�(1),g�(2),g�(3), . . . ,g�(n))

mn(g1,g2,g3, . . . ,gn) = mn(g2,g3, . . . ,gn,g1)

mn(g1,g2,g3, . . . ,gn�1,gn) = (�1)nmn(gn,gn�1, . . . ,g2,g1) ,

mn(1,2, . . .n1,n1 + 1, . . . ,n) ⌘
X

�(n)

mn(g1,g�(2),g�(3), . . . ,g�(n)) = 0

Atree
n (1,2,3, . . . ,n) = gn�2

s

X

�=P(2,3,...,n�1)

(Fa�(2) . . .Fa�(n�1))a1an
mn(g1,g�(2),g�(3), . . . ,g�(n�1),gn) .

(n-1)! color ordered sub-amplitudes

Color ordered n-gluon tree sub-amplitudes

Some properties of sub-amplitudes:

(cyclic identity)

   (reflection identity)

 (Abelian identity)

(n-2)! color ordered sub-amplitudes   (see also BCJ relations)

~ Kleiss-Kuijf relations

Unitary color basis:  on each pole of the tree amplitude the color factor of a given colorless amplitude also factorizes
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i
gp
2

((k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ3µ1)

i
gp
2
�µ

i
g2

2
(2gµ1µ3gµ2µ4 � gµ1µ4gµ2µ3 � gµ1µ2gµ3µ4)

Shift the loop momentum  like

three gluon vertex

four gluon vertex

 gluon-quark-antiquark vertex

 sign depends on orientation

µ1, k1

µ1, k2

µ3, k3

µ1, k1

µ1, k2

µ3, k3

µ4, k4

i
gp
2
�µ

-
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i
gp
2

((k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ3µ1)

i
gp
2
�µ

i
g2

2
(2gµ1µ3gµ2µ4 � gµ1µ4gµ2µ3 � gµ1µ2gµ3µ4)

Shift the loop momentum  like

Color stripped Feynman rules for color ordered sub-amplitudes

three gluon vertex

four gluon vertex

 gluon-quark-antiquark vertex

 sign depends on orientation

µ1, k1

µ1, k2

µ3, k3

µ1, k1

µ1, k2

µ3, k3

µ4, k4

i
gp
2
�µ

-
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A1�loop
n = gn

s c�

X

�2Sn�1

A(1)
n (g1,g�(2), . . . ,g�(n)), c� =

1
(4⇡)2�✏

�(1 + ✏)�2(1� ✏)
�(1� 2✏)

Im(k,n)

h
A(1)

n (g1,g2, . . . ,gn)
i

= {a1a2 · · ·ak}vu{ak+1 · · ·an}uv

⇥mk+2(gv,g1,g2, . . . ,gk,gu)mn�k+2(gu,gk+1, . . . ,gn,gv)
= {a1a2 · · ·an} Im(k,n)

h
m(1)

n (g1,g2, . . . ,gn)
i

A1�loop
n = gn

s c�

X

P(2,··· ,n)/R

Tr(Fa1 , . . . ,Fan)m(1)
n (g1,g2, . . . ,gn)

Color ordered n-gluon one-loop sub-amplitudes  

Consider a double cut between external line k and k+1 and n and 1 

 A reflection transformation is  factored out. The cyclic property and reflection symmetry remain 
valid. The number of independent one-loop amplitudes is (n-1)!/2.

one loop color order sub-amplitude
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+gn
s c�

[n/2]+1X

r=2

0

@
X

P(2,··· ,n)/Zr�1⇥Zn�r+1

Tr (Ta1 , . . . ,Tar�1) Tr (Tar , . . . ,Tan)m(1)
2,n (g1,g2, . . . ,gn)

1

A

A1�loop
n = gn

s Ncc�

X

P(2,··· ,n)/R

Tr(Ta1 , . . . ,Tan)m(1)
1,n (g1,g2, . . . ,gn)

Color ordered n-gluon one-loop sub-amplitudes  for large Nc

Decomposition in T-basis:

➡  The single-trace color structures have an explicit factor of Nc out.
➡  They  dominate in the large Nc limit.
➡  The planar L-loop color decomposition formula  remains the same .
➡  The decomposition remains the same also for the N=4sYM theory.  
➡  T-based color decomposition is preferred.

A1�loop
n;nf

= gn
s c�nf

X

�2Sn�1

Tr(Ta1Ta�(2) . . .Ta�n) m(1)
n;nf

�
g1,g�(2), . . . ,g�(n)

�
,

Two particle unitarity gives color decomposition of a quark-loop
to n-gluon amplitudes
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�
Tb1 . . .Tbk . . .

�
j̄ı
⇥ (Fa1 . . .Far)b1ar+1

. . .
�
Fap . . .Fat�1

�
bkat

. . .

Atree
n (q̄1,q2,g3, . . . ,gn) = gn�2

s

X

�2Sn�2

(Ta�(3)Ta�(4) ...Ta�(n))i2 ı̄1
mn(q̄1,q2,g�(3), . . . ,g�(n)).

Atree
n (q̄1,q2,g3, . . . ,gn) = gn�2

s (�1)n
nX

k=3

X

P(4,...,n)

(Ty Tak+1 ..Tan)i2 ı̄1Tr (Fa4 . . .Fak)a3y

⇥m̃n(q̄1,gn, . . . ,gk+1,q2,gk, . . . ,g3)

m̃n(q̄1,gn, ..,g(k+1),q2,gk, ..,g3) = (�1)kmn(q̄1,q2,k, ...,3, (k + 1), ..,n)

                               amplitudes and fully ordered primitive amplitudesq̄q + (n� 2)g

Color factors of Feynman diagrams

(n-2)! colorless color ordered tree sub-amplitudes

the quark  labels do not participate in the permutation sum

Decomposition in mixed basis such that the quark is also in the permutation sum

Color ordered tree “left primitive amplitudes”

Excercise:  derive this relation using commutator identities

When anti-quark is in the permutation sum: “right primitive amplitude”

This mixed basis is “unitary”
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Color ordered amplitudes for n-gluons  and primitive amplitudes
for                             can be calculated using colorless Feynman rules 
 Berends-Giele recursion relations

A1�loop
n (q̄1,q2,g3, ..,gn) = gn

s c�

nX

p=2

X

�2Sn�2

(Tx2Ta�3 ..Ta�pTx1)i2 ı̄1(F
a�p+1 ..Fa�n )x1x2

⇥(�1)nm̃(1)
n (q̄1,g�(p), ..,g�(3),q2,g�(n), ..,g�(p+1))

                                colorless one-loop fully ordered  left primitive amplitude  q̄q + (n� 2)g

q̄1 q2

gn

g(l+1)gl

gp

g(p+1) g(r+1) gr
g3

q̄q + (n� 2)g

Comment:  Leading color is good approximations for gluons only
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Btree(q̄1,q2, Q̄3,Q4,g5) = g3
s

"
(Ta5)i4 ı̄1�i2 ı̄3B

tree
5;1 +

1
Nc

(Ta5)i2 ı̄1�i4 ı̄3B
tree
5;2

+(Ta5)i2 ı̄3�i4 ı̄1B
tree
5;3 +

1
Nc

(Ta5)i4 ı̄3�i2 ı̄1B
tree
5;4

#
,

B1�loop(q̄1,q2, Q̄3,Q4,g5) = g5
s

"
Nc(Ta5)i4 ı̄1�i2 ı̄3B5;1+(Ta5)i2 ı̄1�i4 ı̄3B5;2 + Nc(Ta5)i2 ı̄3�i4 ı̄1B5;3

+ (Ta5)i4 ı̄3�i2 ı̄1B5;4

#

B5;i = B[1]
5;i +

nf

Nc
B[1/2]

5;i , i = 1,2,3,4,

   Amplitudes with multiple quarks 

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

q̄

Q

q

Q̄

g

Q′ Q′

q̄

Q

q

Q̄

g
Q′ Q′

q̄

Q

q

Q̄

g
Q′ Q′

q̄

Q

q

Q̄
g

Q′ Q′

B[1/2]
5;1 = �A[1/2]

L (q̄1,g5,Q4, Q̄3,q2), B[1/2]
5;2 = �A[1/2]

L (q̄1,Q4, Q̄3,q2,g5),
B[1/2]

5;3 = �A[1/2]
L (q̄1,Q4, Q̄3,g5,q2), B[1/2]

5;4 = �A[1/2]
L (q̄1,Q4,g5, Q̄3,q2).
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   Amplitudes with multiple quarks 

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

End of color management

More and more complicated.....
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m(1)
n (g1,g2, ...gn) = �

nX

i=1


1
✏2

+
1
✏

✓
11
3n

+ Li,i+1

◆�
m(0)

n (g1,g2, ...gn),

m̃n(q̄n,gk+1, ...,gn�1,q2,g3, ...gk)
"
� k

✏2
� 1

✏

 
3
2

+
k�1X

i=1

Li i+1 + Lkn

!#m̃(1)
n (q̄n,gk+1, ...,gn�1,q2,g3, ...gk) =

Lkn = ln
�
µ2/(�skn � i0)

�

   Singular behavior of one loop primitive amplitudes

n-gluon: 

q̄q + (n� 2)g :

Color is eliminated.  Important for testing the calculations.
Primitive tree amplitude is calculated with Berends-Giele recursion
relations based on color stripped Feynman rules or BCFW recursion 
relations
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