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© Lecture 1: QCD at Pnite temperature and density, continuum and lattice
© Lecture II: Applications of lattice thermodynamics

© Lecture lll:Towards the QCD phase diagram at Pnite temperature and den:
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Units for these lectures

Natural units: h=1,c=1
Einstein sum convention: ah =) ab
Hopefully only in a few instances (not intelntional):
Small circle approximation: =1

Supra-natural approximations: —1=1,:=1



Lecture I: QCD at Pnite temperature and dens

© Motivation:Why thermal QCD?
@ The continuum formulation
© Differences and limitations of perturbation theory compared to T=l

© The lattice formulation



asymptotic freedom a4(p — o) — 0

Chiral symmetry:

Order parameters:

Why thermal QCD?
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Thermal QCD In natue

Physics of eagl unierse:

non-abelian plasma ysics
(Ms ! O)

=) QCD is prototype
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Quantum Gravity

Grand Unibked Theories

Supersymmetry

Standard Model

Electroweak Symmetry Breaking

Quark Hadron Transition

Nucleosynthesis
Radiation Matter Decoupling



What are compact stars made of?

Neutron star
r
1

Radius ~ 10-12 km
Mass ~ 1.2-2.2 x Solar Mass

Outer Crust
lons, Electrons
0.3-0.5 km
0.3-0.5 p,
Inner Crust Electrons, Neutrons, Nucleii
1-2 km
| - | densi 0.5-2 p, S
o - Nhuclear aensity Outer Core Neutron - Proton Fermi liquid
~9km

Few % Electron Fermi gas
Inner Core

0-3 km
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QCD phase diagram: theoristOs view (science bc
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compact stars ?
Color superconductor

'B ~1 GeV?

confined \

Until 2001: no Pnite density lattice calculatiasign problem!

Expectation based on simplifying models (NJL, linear sigma model, random matrix mod

Check this from Prst principles QCD!



The QCD phase diagram established by experim

15 MeV “ :

~940 MeV g

Nuclear liquid gas transition with critical end point
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Statistical mechanics reminder

System of particles in volumeV with conserved number operathts) =1, 2,...
In thermal contact with heatbath at temperature T

Canonical ensemblexchange of energy with bath, particle number Pxed

Grand canonical ensembéxchange of energy and particles with the bath

Density matrix,

— —%(H— Li N;) 7 Ty — 4 :
Partition function: p=¢ e Z=Tp, T = ZW(' -)In)
Thermodynamics: F=-ThhZ, (T2
d(Tn Z) Ni=—%
fT v E=—pV + TS + 1; N;
¢_ 9Tz o
- oT ’

ities: f—F p=—f, 8= n; = E—E
Densities: =y P=-f s=5 =4, =5
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QCD at Pnite temperatue and density

Grand canonical pation function

Z(V,T,1u;09,N;,ms) = Tr(e (F' #Q/Ty = DA DIID! ¢ SslAulg SII%!E Ayl

Action 1/T
S,[A,] = / dr / iz %Tl‘ Fou (2)F oo (@),
0 %
1/T
Sel, v, Au] = / /d3 Z by Dy +myg — pgyo) ¥5(z)
0 %
Ap(T,x) = Ap(T + % X), Vr(T,x) = —¢p(7+ % X) quark number NJ = "(,Bfﬂl"o"z;f,?f

Parameters g’>,m, ! 3MeV,myg! 6MeV,ms! 120MeV,V,T,u = pg/3

N =2+ 1 sufpcient up to T~300-400 MeV
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Difference to T=0compact, periodic time direction!

Fourier expansion of the bPelds: discrete Matsubara frequencies

A, (T,x) Y Y H(wnT+Pp- X)A (@), wp=2n1T, pi = (2mn;)/L
n=—oo p
WU( y‘ Yez(“’"'r PX) hn(p), wn= (2n+1)7T
n——oo P
ermodynamic limit: Vo2 " | @
Modibed Feynman rules:
Inverse (bosonic) free propagator: Loop integration:

|l 2 m? = w2 +p?4+m?®=2nnT)? +p* +m?

n=-—oo
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Perturbation theory at Pnite T

Split action into free (Gaussian) and interacting part, expand in interactions

2

X 1\l
7 = N/Dcf) e~ (S0+5:) — N/D@ e %0y ( 1'1) s!

= Do e 08!
InZ =mnZy+InZ; =In (N/Dc;’) e_S”) +In ( Z ff g@e 5 ’)
e—S

RenormalisationWhatever renormalisation is necessary and sufbcient at
T=0 is also necessary and sufpcient at bnite temperature and density

UV behaviour: microscopic physics, depends on details of interactions

T', 1 : macroscopic parameters, affect IR behaviour of the theory
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ldeal gases from the Gaussian path integ

Important (sometimes unrealistic) model systems to (mis-)guide intuition

Real scalar beld: S = d o dx % (X)(! #u#y + m2)" (x)
0
Fourier space: So = 2—;2 YD) (Wi +w?)dn(p)dh(p)
n=—oo p
w = +/p2 +m?2 ¢n(p) = ¢—n(—p)

=N H/dqbg exp [ —— (Wi + w?) o (p )]

X H /don doy, exp! 2;2 (wh +w )@n(P)@n(P)]

n>0
Wi +w
— 7\ H(Qn 1/2( OTQ ) H/d|@n||G>NIexp|: QTQ (wn+“’ )|‘Dn|2]
n>0
2N\ —3 2 ., .2\ 1 o 2, ,2\ "3

— N ~\1/2 wO+w Wy T W —_ N/ Wn T W
= N]](@n) ( = ) H( e ) =N ]] H( " ) N'(det A

p n>0 n=—oo p
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Note: T-independent constants may be dropped (no contribution to thermodynamics)

1 — w2 4+ w?
1112()2—3 y‘, yjln "T2

n=—oo p

_ , W2 w /T d6? )
For Matsubara sum: In |(27n) = 2 ~ +In(1 + (27n)?)
1

M T2 + (27n)?
- 1 272 2
Z ~ 0 \2 <1 T 0 )
= o n?+(5:)? ¢ e’ —1
w/T 1 1 .
Inz, = _2/1 do (§ + 0 1) + T-indep.
P
1% —00 y - d3p —W —w
— 1 /(‘27r)3 [2T —In(1—e )w .
(VAR o & Eo
Vacuum energy, pressure: Eo=1!111InZg = 2 @ ';’3# Po=T!vInZy= A

divergent, zero point energy!
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Renormalisation:

Final result:

Fermion Pelds (Grassmann!):

InZ, = —V/ 2m)3 In(1—e"T)
2
T
m=0: = —T*
P="0

d>p
InZy = QV/ (or)?

[ln (1 + e_#) + In (1 + e_w# )J

two spin components guarks and anti-quarks

7 2
=0 = ——T*
: : _ d3p o — 1
General one-particle (Peld) expression: In Z} (V,T) = nvyi/W In(1 +ne@i—w)/T)
n = —1 for bosons !; : spin and internal d.o.f

n = 1 for fermions
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ldeal gases in QCD

Free gas of quarks and gluonslid at inbnite temperature, weak coupling limit

7 2
+4\*\f8>g—

™\

2 gluon spin states gluon colours  quark, anti-quark, each two spin states

guark colours

Hadron resonance gasit this point a model; later: strong coupling limit of full QCD

Quark-interactions OhiddenO in hadrons; hadrons interact weakly
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|IR-structure: divergences and mass scale

Inverse (bosonic) free propagator:

PP +m? =w +p*+m?=(2nrT)* +p* +m?

t

effective thermal mass ~T

Corrections:

N NP
'LO B N f T
mg (3 + ry ) g

mi® =0,mm ~ ¢°T from 2-loop

n=0 modepropagator of a 3d theory,
divergent for m=0!

e, { ¥ o

5 !
AN AAANBEEAAAAN, + VYV VWV
Séf\f\l\. +

:.O.i ‘O'

electric or Debye screening  (Ap(x)Ao(y))
mass

magnetic screening (A (X)A;(Y))
mass

0-mode sector of 4d QCD at Pnite T contains 3d Yang-Mills theory veigh o°T

Conbning! Doom for perturbation theory....
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The Linde problem of Pnite T QCD / 3d YM

» (/+1)-loop diagramcontribution to pressure

000000

contribution from - ;
Matsubara O-mode: P~g (de P) p~(p=+ m

magnetic mass My, ~ g2 T = all loops (/ > 3) contribute to g°

even for weak coupling!

20



Same problem for all observables!
Only the order to which it occurrs is different:

E.g. for magnetic mass already at leading order (2-loop)

Perturbation theory at Pnite temperature works only
up to a Pnite, observable-dependent order,
no matter how weak the coupling!

21



Salvation comes as a lattice...

22



The lattice formulation at zero density

Hypercubic lattice: N2 x N, , Lattice spacing

S,U1=> Y B (1 - lReﬁU,,

r 1<p<v<4 N

Plaquette: U, = U, (2)U, (z+ap)U} (z+ap)U} ()

Periodic boundary conditions: U, (r,x) = U.(T + N»,x), Uu(7,x) = Uu(7,x + Ny)

)

~ WilsonOs YM action:

Lattice gauge coupling:!

23



Transfer matrix formalism

Provides connection between path integral and Hamiltonian formalism

Rewrite action as sum over time slices:

1
L{Ui(t +1),Uo(7),Ui(7)] = SL1[Ui(7 + 1)] + S L1 [Us(7)]|+La2[Ui(T + 1), Uo(7), Ui (7)]
i 3 i . - . .
Ly [Ui(7)] = — Y ReTrl, spatial plaquettes within one time slice

" p(7)

3 . .

Lo[Ui(m +1),Uo(7),Ui(7)] = N Y ReTil, temporal plaguettes connecting slices

’ p(7,7+1)

Transfer matrix: operator acting on square-integrable functiongU]

Matrix elements: T[U;(t +1) /Dl» ) exp —L[U;(T + 1), Uo(7), Us(7)]

24



Translation of states by one time-slice:|' [U:(" +1,x)]) = T [|! [U;(",x)])

|dentify: T =¢g 4
Rewrite partition function exactly:

7 — /H (DU;(T,x) T[U;(T+1),U;(7)]) = Tr(TN") = Tr(e_N"aH)

|dentify: = alN Hin) =E,|n)

1
T
complete set of energy eigenstates

Zn { n" O‘ n‘}’ e—ai\-',. En
—aN_E,

Thermal expectation value:(0) = Z'Tr(e 70) = 271 Y " (n|T"Oln) =

n €

Thermodynamic Iimit:Ns — o« but keep T Pnite

Y. (n|On) e—aN~(En—Eo)

Vacuum expectation value: (0/0|0) = lim e aN- (Ba )

J\' T — 1

25



The space-wise transfer matrix

© Hamiltonian translates in time;
Spectrum: particle masses, from exp. decay of correlators in time

@ May also debne a Hamiltonian translating the system in space;
Spectrum: screening masses, from exp. decay of correlators in sp:

TU(z+1),U(z)] = e *H:| 7 = Tr(e aN=Hz) U(z) : {Uu(2)lp # 3}
Vacuum physics: Ny, — o0 H,H, spectra identical
Thermal physics: N, ,. — oo and keep N;

H, acts on states debned oWV, - lattice;
spectrum of theory on torus with one side squeezed

Finite T physics = Pnite size effect of the shortened time direction!



Adding fermions

Pick a suitable fermion action: S = Z V(x) My, (my) U(y)

Full QCD partition function: Z(Ng,N;;8,my) = /DU Hdet M(my) e 5alUl

U,1,x) =U,(7 + N;,x),
Y(7,%) = =¢(7 + N7, X) .

Wilson fermions:

= — Z a* i (z)[(v, —r)UL(2)0s(z + 1) — (v, + ”')UJ(-’L’ — p)vy(z — )]

:vuf

+(m+4 ) > a* dp(a)vy(x)
r. f

27



pick your poison

Wilson fermions
add irrelevant ops. (going away in CL) to make doublers very massive
breaks chiral symmetry for non-zero a

staggered (Kogut-Susskind) fermions

distribute spinor components on different sites, reduces to 4 flavours

take 4th root of determinant to get to one flavour, keeps reduced chiral symm.
non-local operation, have to take CL before chiral limit, mixing of spin, flavour

domain wall fermions
introduce 5th dimension, fermions massive in that dim. and chiral in the other
expensive

overlap fermions
non-local formulation with modified chiral symmetry even for finite a
order of magnitude more expensive than Wilson

28



Continuum limit

Fixed scale approach:
© For a given lattice spaciny,,  controls temperature;
@ Allows only discrete temperatures, too large for many applications;

@ Continuum limit requires series of lattice spacings

Fixed N, approach:
©For a givenN, ,vary the lattice spacing ¥{a) ;
@ Allows continuous temperatures, but each T value has different cut-off!

@ Continuum limit requires series oiV.

29



Lines of constant physics and setting the sc

© Compute observable for series of, V- | (O0)(B,my)

@ Tune bare parameters such that for each lattice
spacing renormalised parameters are constant my (am, 4(3),am(j3), 3) = const .

@ More practical: keep physical quantities constar O”™*(am,, 4(3),am(3),3) = const

@ Non-trivial because of cut-off effects: OP"*(a) = OP™* + cja + ca® + . ..
Different for different quantities and actions

Perturbative relation forG(a) :only good very close to continuum limit

6b0>““/‘~"’3

: e— 12bg \
G |

1 2 1 \° 2
bo = 11— =N¢ |, b= 02— (10+= | N
’ 1671"2( 3 f) 1 (16772) [ ( +3> f]

Agcp on lattice:  aAj = (

30



Non-perturbatively:Express computed quantity in units of another known quantity

E.qg. for the critical temperature of a phase transition:

T. 1 1

myg  a.mgN, a(B.)mgN,

Compute hadron mass at the critical lattice spacing; a~' = (";27’1;[1\)1?;"])
mp ) (.

N.B.: Only possible when operating at physical quark masses!

For unphysical quark masses:
(out of computational limitations or interest in certain limits, mass dependence etc.)

Take quantity that depends only weakly on quark masses:
String tension, Sommer scale

T 1 ro 5 dV (r)
—= = , o~425MeV; Trg=——1 1’ = 1.65
Vo ayoN, T e AEONT T T °
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Requiements ér and constraints fom the lattice:

correlation length

=

———
A T~

\\\__’ //

lightest gauge variant (hadonic?) mass scale

al 'l alL

scale of inteest: T.! 200MeV! (1fm)'?

feasible lattices: 3221 4,16°! 8

. N, =4,8,12 implies
T =35 =) a~0.250.1250.083 fm

=) al! 15" 3fm

lowT (conbned) phase: m; ¢ 250MeV lighter just beginning...
highT (deconbPned) phase:m; ! T,! I 1T -} Ni! 1! NL
t t

» Tt ST¢

32



The ideal gas on the lattice

Starting point: propagator of a free scalar peld

InZy = —% Indet A = %Tr In A1
N, /2-1 o™ 3
« d°p iy .
=V 3| o + am)?)
n=—N,/2" a
N, /2-1 % d3p ) aw ,
3 gy

Lattice momenta:

3 3 |
P = 4si112(a;)n) - 42 sinz(%) 40°% = 4j2=215i112(a%) + (am)?

g=1

N, /2—1

1 1w
Matsubara sum by analytic continuation, use %; Z g(e™n) = —Z N

~

7

n=—N; /2

-~ .

T —1

33



™

a3 N
Substitution:w = sinh(aE/2) InZy = —V/ (2;)73 In(1 — e_‘\TaE)

a

Expand in small lattice spacing about continuum limit:

~ 3, :
I(a) = ' In(1 — e N-28) = 1(0) + af a I(0) =0 I'(a) x exp—N,m
.o (27?')3 da

So we may put a=0 in the integration limits! Now expand the dispersion relation

3
5, aF _an. 2
sinhz(%) — ?:1 sinz(%) n (‘”:)
E(p) =E“(p) +aEW(p) +a’E®(p)+...,  E(p)=p*+m?
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3
. 1
(2) . 4 (0)4 : . :
* E*(p) = 21EO) (p) (E lﬁp] +E (p)) breaks rotation invariance
J:

* The bosonic dispersion relation has leadi®ga?) cut-off effects

Improvement: subtracting these, the dispersion relation is Op4-improvedO

Expansion of the pressure now simple: expand doerPEN ! . then expand log

Use dimensionless variables: x=p/T,e=FE/T

p ( p ) ) / Pz P (z) N
—— = p— — : ...
T4 T4 ] cont J (2m)3 esW(2) — 1

P 8712 1 5 1 Free boson gas has leadi@(a?)
= T cut-off effects!
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©) p(0)
PF /PF,cont

Free fermion gas on the lattice

Analogous calculation, massless case starts al€d(af)

N, O.P., Zeidlewicz, PRD 81 (2010) N,
28 16 1210 8 6 4 A 28 16 12 6 4
4 T T T T T T T T 1 1 T Ll
staggered e v clover improved e
35 | Wilson v 35 | ENiIson v m/T=0.03 -
max. twist 4
3 | = g t staggered o .
4 A8. x
eéf 2.5 .
Suw
Q.

For Wilson fermions with bnite mass, the leading correctio®(®)

Note: N, ! 1C required for leading cut-off effects to dominate!

0.05

, staggenet)
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Summary Lecture |

Perturbation theory of Pnite T QCD in continuum has infrared problems
Long wavelength modes of Pnite T QCD are always conPning, even at hic
Finite T on the lattice is a Pnite size effect

For simulations with Pxed Nt discretisation errors are T-dependent

Perturbation theory allows assessment of cut-off effects, but only at high”
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© QCD in the static and chiral limit
© The equation of state

© Screening masses

© Free energy of static quarks

© Phase transitions



Quenched limit of QCD and Z(N) symmetry

InPnite quark masses (omitting 3avour index) — oo

Static quark propagator: !! 2(",x)'®(0,x)" = # € ™" (Tei 0 d#Ao(#'X))

ab

On the bnite T lattice:

Static QCD:
(one (3avour)

Gauge transformations:

Periodic b.c.:

Action gauge invariant:

N
Polyakov loop  L(x) = | | Uo()

o

Sstaiic [U] = Sg[U]+ € ™ TrL(x)+ € ™ TrLT(x)

5 Sy[U

Uﬁ(:c) = g(z)U, (a:)g_l(a: + ), g(x)e SU(N)

U,r.x)=U,(t + N,.,x), g(r,x) =g(7 + N;,X)

S,[U?) = S, (U]



Topologically non-trivial gauge transformations:
Modibed b.c. for trafo matrix: g'(t+ N:-,x) = hg'(1,x), he SU(N)

t

global OtwistO

U¢ (r + N,,x) = hU? (N,,x)h~"  needs to be periodic for correct Pnite T physics!

2mn
* =z1€ Z(N), z=expi ;\rrn’ nei{0,1,2,... N -1} Centre of SU(N)
Sg[Ug!] = Sy[U] Invariant: centre symmetry of pure gauge action
Note: this is not a symmetry of , butlof ! H;

Requires compact time direction with periodic b.c. ; Pnite T!



L (x) = ¢ (L,x)L(x)g'~ (1 + N;.x) = ¢'(L,x) L(x)g'~ (L, x)h™"

TrL? = »*TrL.  Polyakov loop picks up a phase under centre transformations

Partition function in the presence of one static quark: Zg = / DU TrL(x) eV

(TrL) = % / DU TrL e=5¢ = % _ o—(Fg—Fo)/T

gives free energy difference of thermal YM-system with and without a static quark

SmallT: Fp = ~«~  because of conbnemer*

Large T: B — ~x Uy — 1 *

Thus Polyakov loop ison-analytifunction of T s

(TrL) =0
(TrL) — Tr1 = N

phase transition!

Deconbnement phase transition in YM: spontaneous breaking of Z(N) symmetry



Now add dynamical quarks:

v (z) = g(z)Y(z), U(T+ NrX)=—-¢(1,X), "l‘;":..'g, (T+ N-,x) = —hy(7,X)

needs to be anti-periodic for correct bnite T physics! h =1 only

= Centre symmetry explicitly broken by dynamical quarks!

(TrL) # 0 forall T!

== Conbned and deconbned region analytically connected (only one phase!
No need for a phase transition!



Massless QCD and chiral symmetry (continuu

massless quarks:
St invariant under global chiral tramsmations Ua(1)! SU(N¢)L ! SU(N¢)r
spontaneous symmetrbreaking: SU(Nf)L ! SU(N¢)r * SU(Ns)y

=) NS! 1 massless Goldstone bosop®Hns

. ) 1
order parameter chiral condensate "= ——_———InZ
ng « > 0 # symmetry brokenphase, T < T

= 0 # symmetric phasg, T > T,

chiral transitionspontaneousestoration of globalSU(N¢ ). ! SU(N¢)r at high

Chiral symmetry explicitly broken by dynamical quarks, no need for phase transition!



Physical QCD

..... beaks both chiral and Z(3) symmegtexplicity
..... but displss conPnement ancewy light pions
® no order parameter sp NO phase transition necesgar

® ifthereis apt.: are there two distinct transitions?

® if thereis just one @.: is it related to chiral or Z(3) dynamics?

® Iif there Is no phase transitionhow do the properties of matter change?



Equation of statadeal (non-interacting) gases

partition fcn.for one relativistic bosonicgrmionic d.of.:

_,, @p CEE) T ED _ ¥
nZ=V (2|)3In 1+ ¢ (BRI , E(p)= p2+ m?2
equation of statedr g d.af.,two relevant limits: Stefan-Boltzmann
Relativistic Boson,m! T " (Flerrpion) Non- relat|V|st|c m# T
Pr = g99 i%" Phr = 9T . rg—.T eXp($ m/T )
iy S 930 % Inr = %pnr # Pnr

» or = !v/3, Pbrr ! O



The QCD equation of state

Taskcompute fee energ density or pessue

f = %InZ(T,V)
=) all bulk thermodynamic pperties Hllow:

11 3p __d " p

S
p: I f1 ’ —_n ’
T4 dT T4 T3~ T4

I
S 1L ngg_llo

Technical poblem: partition function in Monte Carlo normalized to 1.

=> Z,p,f notdirectly calculablgonly 10" = z' 1 1r(1 O)
fir 1 Td 1x' 3InZ(x,V)
= Integral method: Tl TV X | %



modify br lattice action: Integration along line of constant physics!

f (Bmyg) 1\]'7:_3 B.mjy ( 13, |:<dlll Z> <C)IIIZ> ]
a1 = T X2 y YT — 2
] P N3 Jg0myo a3 Y

olnZ dln Z
- Z dm’ f -
()m dm.’f
T=0

N.B.: lower integration constant not rigrously debPned,
but exponentiall suppessed

f
= !O) | ¢ M Hadron! T " 0]

cut-off efécts in the high temperaterideal gas limit: momenta! T ! é

|
T£ T£= " % +O(N, %) (staggeed)

10



Quantities to be calculated: 1 OmzZ 1
N.N3 03 ~ N,N?
1 OlmnZz 1
N.N3 9m;  N,N3

For the numerical integration along lines of constant physics, need beta-functions!

Directly accessible before integration: trace anomaly

0 p(T)

[(T)=T"(T) =T"-
(T) = T(T) = T° -2

=€—3p

I(T) dT DU .
T4 T — _.:'1\’,;.1 (d.3<—.sg> b+zd771f<?if’fl£‘f> b) :

f

I(T) djs . dmf e
2 = - (agen e 3o, )

11



Numerical results, pure gauge

Boyd et al., NPB 469 (1996)

= I 1 I I
= —
T T ————
. } . -
_4_‘._ —
r 4 '.}(....-
Il . 4
k= ." — &/ -
E &
I ) - _—
/4 5/

~
= lf — Jp T B

7
=~ ii .

2o

- ) 'l

i/

0 1 | |
] 1 2 3 T/T 4 :

Ideal gas behaviour at high and lowT  Continuum extrapolation using Nt=6,8

(#).- ()%
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Flavour dependence of the equation of state

staggeed p4-impoved, N, = 4 Bieleéld
Karsch et al., PLB 478 (2000)
p/T4 pSB/T4
—1 compae with ideal gas:
Pions
) n 2
BE:avour | lsg — 3PsB — 3% , T < T¢
2+1 flavour " T4 — T4 = w2
2 flavour (16 + 22—1Nf)% T > Te
pure gauge ]
/ Gluons and Quarks
T [MeV]
100 200 300 400 500 600
T> T more degees of feedom put signiPcant interaction!

=> sQGP or ‘almost idealO gas....?

13



Deconbnement:

Free the Quarks!!!

14



Beware of cut-off effects!

Different versions of improved staggered action<

HISQ/tree: N =8 — o

N=6 —o— |

p4:N =8 —s—
asqtad: N=12 —=—
N=8 —8— 7

stout —v—

HRG —— -

150

200

250

Taste splittings of staggered actions give
different contributions to pressure

vvvvv

> ’F — HRG physical
E -~ HRG distorted stout N,=8
4+ ««« HRG distonted asgrad N,=8 :
t (] stout N,=10 T
1. 3t 7 stout N,=8 T 1
= ® asqtad N,=8 i a
) W p4 V=8 G ."
Y 2 ' :

—
~ T~y

".
-

-
"'.
no=®
! - -
- -
........

Ok 2 . N _.
100 120 140 160 Th
T [MeV]
25 | 5 : 5
| 3mp /(200MeV)
i I
20 [ 1 —B— |
[ 2 ———e—— ]'
[ 3 e ‘
L 5 —k— - y )
R
10 7 vt 7
. : :--:—_i:::___-;_-d
A -
= 5.
a“ [fm“]
0.04 0.06 0.08
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Equation of state for physical quark masses, contin

Hadron resonance gas model

Karsch et al., PLB 478 (2000)

1) " L B B B D DL R B B R B R
- i N,=6 1, ]
- — - 4 — 4
- - T N!=8 - u
— o 3 9
— - n - 2 ~ 3
~ — - . ——HRG 31 1
= F : X F ¢ 41
\Q_/ : : l: L R RIS AT S BT _-: 2
- — - _ 100 150 200 250 300 -
- E -_ [} Nt= 1 O . 1
- PR S T S S S S IS B - - A N — 1 2 B
X 100 150 200 250 t T e
L l 1 1 L l 1 L L l 1 1 L l 1 1 1 7] 1 | l 1 1 1 7]
200 400 600 800 1000 200 400 600 800 1000
T[MeV] T[MeV]
Figure 10: The pressure normalized by T4 as a function of the temperature on N, = 6,8 and 1( Figure 9: The trace anomaly I — ¢ — 3p normalized by T* as a function of the temperature
lattices. The Stefan-Boltzmann limit psg(T') & 5.209-T* is indicated by an arrow. For our highest N: = 6.8.10 and 12 lattices.

temperature 7" = 1000 MeV the pressure is almost 20% below this limit.

Budapest-Marsellle-Wuppertal

Symanzik-improved gauge action, staggered quarks with stout links

16



Screening masses: QED

mp = !' ! inverse sceening length i \ .

determined ly equal time Pbeld coelator:

im 1Ei(x, ), (x5,0)" # & molx! X'

Ix! x!'|"#

equivalentl:  Fourier transbrm of Ag propagator
= LO potential of a static charge

Pk kT @ mor effective photon mass ! T
(21)3k2+ ! o0(0,k)

V(r)=Q
magnpPelds uns@ened

17



Screening masses: QCD

analog:screening of colour sowes = deconPnement

proposed plasma signald/" suppession MatsuiSatz
BUT:

Peld corelator not gauge-nvariant!

perturbatively: Px gaugdook for pole mass if\o pagator (gauge-i)

s 3 ,_. mg , , Kobes et al.
Mp =mp + —g°TInh—=+ cg°T + O(g°T
1/ 2

"N N
0 _ f

mep = — + — T
D 3 6 g

non-anaftic in g, ¢ receiwes contributions fom all oders (Linde poblem)

(magnmass scale)

18



=)

Generalized dePnition of saening

spatial corelators of equilibratedjauge im sources A

Mx)= L dl ALl C(Ix]) = "B(x)RO0)# $ & M

Technicall: spectrum ofspatiaHamiltonian with one compactibed
dimensiong¢haracterized

SO(2) otations T-ref3ectionZ(2)

In principle all equilibrium pperties encoded in s@ening spectrum!

19



Sceening massesdm numerical simlations

pure gauge glueballs’ ‘mesons’ dynamical, staggergd
Datta, Gupta, PRD 67 (2003) "~ RBC-Bielefeld, EPJC 71 (2011)
6 .
: ;
5t g b
P
4l o
EB_ ) 5, 0 D O E(f
2L @ OI i
1 ﬂ% AT
0 A5
1 2 3 \
T/Tc 150 200 250 300 350 400 450 500 550
T (MeV)
T < T.: screening masses stable and close to thes 0 masses

T > Tc: pion mode massé/degeneracieg AV = chiral symmety restoration
uUT
T = Tc: dipin sceening mass=peak in suscept! = d'"  d’xC(",x)

20



ldentify sceening d.d.from mixing angkses

o TrFs, TrFs,, ... glueballs as in 3d YM
o: Ir Ag, Ty A'g, Tr AgFio, . .. scalar bound states

— Practically no mixing between e and o

Hart et al., NPB 586 (2000)

T=2T, T~10"'T,

15

1.5 t

@ 3
ol § g “ ¢ g %
8
= & O =
8
> o ° 0.5 f
O

0 0.0




RBC-Bielefeld, EPJC 71 (2011)
Studies of chiral symmetry restoration:

T ud, 6x24> —6—
Ts, 6x24> —o—
14r Ss, 6x24° —6—
” Ud, 8x32° —a—
El 13 F
581'2 - ¢ ,{; w
©
11 f F -
1)
1 ¢ . B
200 220 240 260 280 300 320 340
T (MeV)
— SU(2) x SU(2) —
meson o T ) n' | o T
operator | ¥ | Uy°TY | ¥TY | Uy Ua(1)




The free energy of a static quark anti-quark pi

(TrLT(x)TrL(0)) =

Transfer matrix in temporal gauge:  (To)r+1.» = e *H° = exp —L[U;(7 + 1), 1, U;(7)]

Acts on Hilbert space of states with static charges

(TrL]\(X)TrL(OD ? ( \ _I/DUO Oaa (N X)Uodj'(\ 0) —L[L-'l(l).L;'O(A-',),L-'i,(N,)])
1 N
— ET‘(T()\TPQQIBQ)
Projection operator: Popuy = / Dg g;g(X)gW(O)R(g) R(g)|v) = |[¥9)
Projects on sector with fundamental  |!'y ,[U%]! = g (X)g,, (0)]! -4 [U]!
charge at x and anti-charge at O; ’
annihilates all other states Pogpv|¥vs) = —508+0us|Yar )

]\2

23



EQ9 3Q QQ
DD : _(EQP_E Tl—!—e_(Ei‘ (xXD=Ec™)/T 4 _VaxD
lim == — = lim e (Eo o)/ E—E T e T
T—0 3 o= T—0 1 +e(Ba—E)/T 4 |
n

This is the usual static potential of a quark anti-quark pair at distance [x|.

The free energy is the Boltzmann-weighted sum over all excited states.

24



The static quark e enery in the quenched limit

Kaczmarek et al., PRD 62 (2000)

14 : :
V(R,T)IT
|
12 - J[
3.950 r&
4.000 —+i
4.020 < {
4.040 * !
10 | 4.050 r= 5
4.070 r=
8 | 4
A
 ji¥
% =
4 % 1 1 1 1 1 1 1 R T
0.5 1 1.5 2 25 3 35 4

T < T;

1 (T) _ T2
(0) =—a 1! b_l_—c2

0 V(RYT, o res s

T > T

Faalt.T) _ | ST uerye
T - (rT)d

/4
¥ /
-0.05 +//
'/ 4.075
[ s 4.076 ——
0.1+ | [ £/ 4.08  +——x—
| % /% 1" 4085 =
’jﬁ ) 'X 'f ;
L FPEE i) -
- L/ £ . i
sl ] iy iy
/7 %{ 480 —v
0.2 niE / -
025 || FH] .
{ RT
_0_3 “‘ ! ] ] ] | |
0.5 1 1.5 2 2.5 3 3.5 4
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Screening of the static quark free energy

Kaczmarek et al., PRD 62 (2000)

3.5 — . . . . . =y
...In pue gauge theor T Eé:
3+ i
°
s
2.5 % ? % %%& K Y -
I
qu(r’T) = | C(T) e! n(T)r $
T ~(rT)d 11
G
05| n
" T/T,
° 15 2 25 3 3.5 4 25 5
perturbation theoty: d=2,u=2mg} exchange of t@ Ag

numericaly: d! 3/2,u! Mg lightest gauge inscreening mas:



The static quark e energ, dynamical

with dynamical light quarks: Ny = 3

V(r)= —alr +ro
2.00 . \ f |
JOUE e *} $ gt ¥, M % T = 0.58T,
150 | RPN #
. QCQ”?D ® ¢ o §Q§
1.00 -
0.50 r e
......:‘.::o 000 ®o 000 OO o T — 115TC
0.00 r ¢ [ 1
0 1 2 :I3 4 5

=) screening of colourdrce atT=0 by dynamicaleirmions

=) with increasin@ screening ly the plasma

Bieleéld
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Decomposition in different colour channels

McLerran, Svetitsky PRD 8|

e 1 A T N2# 1 ..
1
e 1 T/T - — LIl (L (y)",
1 1
—Fs(rT)/T  — ITrL (x) TrL(y)"# ITr L (x)L (y)".
e NP (x) TrL(y) N(N2# 1) rL (x)L(y)

@® correlators in ‘singlet’ and ‘octet’ channels gauge dependent, non-pert. meaning!?

e! mp (T)r

® Fa(r,T)! T Nadkarni PRD 86
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Spectral angbis of Blyalov loop corelators

JahnQO.P,PRD 0&

B, = & ath with Kogut-Susskind Hamiltonian in temporal gauge

1 . . s 1 - .
e! Foq/ T — ZN4-pr[-p(|)\|t I;@F F’] — TE: !n!" |n"! e! En/T
n
1 ! ) .
e! Fi/ T — ZN2 !n#$|l9$#(x,y)l9!.. (X,Y)|n"! " e! En/T
n
I
I Fg/ T — 1 . | @a lg a ooom | EL/T

n

® energiesusual (T=0) colour singlet potential + exart.all three channels
® non-vanishing matrix elements singlet and octet channel

® matrix elementyath/gaugeependentut contribute
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Phase transitions and phase diagrams

¥ phase transitions: singularities in free energy F !  zeroes in partition function Z

only in thermodynamic limit! ( Lee, Yang)

¥ Pprst order: jump in order parameter, latent heat, phase coexistence

¥ second order: diverging correlation length
¥ crossover smooth, analytic transition

Example 1: water

Critical point
225 atm *
1atm | - - - - =
p I Ice
ressure (solid)
0006 atm | - - - — — — -

0.01° C 1000 C 3740 C
Temperature ———

Drawing is not to scale

order parameter: density !

30



Example 2: ferromagnetism

M/V
disordered Ising model, Z(2) symmetry
spins with nearest neighbour interaction
H=0 | | | | !
E =1 i i SiSj - H i Si
ordered H>0
Tc T t=(T-1T,)/T,

Universality of 2.0. phase transitions, critical exponent S:

Correlation length diverges: microscopic dynamics unimportant, only global symmetries
- " I S " " x~|t|77 and & ~ |t|TV

specibc heatC " |t| * , magnetizaton M " |t| ,.X | " and § |

exponents the same for all systems within one universality c lass!

Critical endpoint of water shows 3d Ising universality, Z(2)!



Finding a phase transition: Buctuations

Fluctuations visible in any observable, but
largest in Oorder parameterO: O € {TxL,¢1p, TeU,, ...}

Generalised susceptibilities: XO = /(13.1'(<O(X)O(0)> — (0(x))(0(0)))

(Note: can be generalised to 4d, but the QCD equilibrium system is 3d!)

. . . - 1
Volume averages (intensive variables): O = % / 4>z O(x)
* Yo = N2((0?) — (0)?) = N2{(60)?) Buctuation: 50 = O — (O)
Pseudo-critical couplings (Pnite V!): @ Ructuations maximal but Pnite!

Y(Be,mf) = Ymax = Be(my) @ pseudo-critical parameters not unique

32



Finding the phase transition: the critical temperature

Measuring the "order parameter’ as function of lattice coupling (viz.T)

Susceptibilities:

Tdeconf

here: N,=2
0.3+ 77—+
0.2+
0.1+ |
L -
O | |
5.2 5.3 5.4

Tchi r al

33



Approaching the thermodynamic limit

different definitions (e.g. scanning in different directions, different observables etc.)

Bo (1) not unique Be(14) unique for p.t., not for crossover
' finite v B infinite v
x \\
H H

Critical line unique in thermodynamic limit!

Order of transition: finite volume scaling (Bo(V') — Bp(00)) ~ V!

o=1 1st order
o<1 2nd order

o=20 crossover



Scaling analyses employing universality

: : : _ H,
Effective Hamiltonian analogous to Ising model: —X = +E + hM

T
Extensive operators: E energy-like M magnetisation-like
Parameters: I temperature-like h magnetic field-like

At a critical point, the singular part of the free energy has the scaling form:

fo(r,h) = b~ f (b7 7,67 h) b= LT = N,/N, dim.less scale factor
Relation between scaling dimensionsan , _ 1 2D,—-d =, d
critical exponents: v D, D-
YE = V_l<(5E)2> _ _lﬁ —~ ba/u
E | T 012 |
’ 02
ar = VM) = — 22T
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How to map parameters and Pelds of QCD to those of the Ising model?

For many applications not necessary...
E(Sp, !T . ), M (Sp, !T : ), ! (#, M+ , My ), h(#, My , Uf )
* l ¢ (E,M) mix of energy and magnetic susceptibilities,
In thermodynamic limit the more divergent one dominates!

Symmetry groups relevant for QCD: Z(2), O(4), O(2)

2 !/

First order scaling: o~V

Analytic crossover: no divergence, susceptibilities have Pnite thermodynamic |

36



Summary Lecture Il

In the strong coupling limit QCD reduces to hadron resonance gas
Equation of state accessible at physical masses in the continuum limit
Screening masses give information about relevant scales, symmetries

Static quark free energy gives information about deconPnement;
But not to be used in potential models

Phase transitions are non-analyticities in the thermodynamic functions;
Only visible in inPnite volume: Pnite size scaling necessary!
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Lattice: Methods and Applications Parma, September 2014

Lecture lll;
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© The QCD phase transition at zero density
© Lattice QCD at bnite temperature and density

© Towards the QCD phase diagram



The order of the QCD thermal transition,

2nd order

4 0(4)?

2nd order

Z(2)
tric .
m
s Nf=3
mS
2nd order
¥ £(2)
ol
0 my,, My o2

chiral p.t.
restoration of global
SUR)L ! SUR)r! U@)a

t

anomalous

deconbPnement p.t.:
breaking of globak (3)

Pure
— Gauge

deconbnement critical line

chiral critical line

h=0



Very difbcult!

Monte Carlo history,
plaquette near phase boundary

Distribution:

0.03

0.02

001

first-order

0.53

0.525 ¢

0.52 ¢

0.515 ¢
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o
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The nature of the transition for phys. masse

...in the staggered approximation...in the continuum...IS a crossover!

_l | | | | | | | | | | | | | | |_ _| | | | | | | | | | | | | | | |_

100 — A 4x123 7] 200 [ % A 6x183_—
- i g 4x163 ] i z B 0 6x243 i

| O 4x243 _| n _

80 | g . - 150 L % B o0 6x325 ]
r‘_ B g ] <|1 : E = :
X 60 1 xR 3 f :
- % ] 100 iII 2 —
I “ _ s z |

40 L '* - l§§ & -

- 8 & | | _

B ® 50 [ - a

20 _l | | | | | | | | | | | | | | |_ _l | | | | | | | | | | | | | | |a:
3.2 3.3 3.4 3.5 3.4 3.5 3.6 3.7

6/ g2 6/9?
ERER e T S e = ERY
e F x + -
<0 ES g8 ERE
— Z ZZE _ZE |
> N/N=3 F N/N=4 N/N=5 ]2
O PR P I
10282 62 42 10282 62 42 10282 62 42

1/N2 ocq? 1/N2 ocq? 1/N2 ocq?

Aoki et al. 06



How to identify the order of the phase transitic

4

3.5

3F

25

2 |

1.5

1

05

0

X! Xec
parameter along phase boundarV,= T¢(X)

ll(ll Iﬂl )4# L 1.604 3d ISIng
B4(¥) ! $% brst $ order
ll(ll Igl )2#2
crossover
U= 0: Bs(m,L) = 1.604+ bLY' (m! mg), ! = 0.63
v, 1.9
"V >¥2§¥1
ST Vs Crossover 181
1.7
1.6
T ol
| First order 14 &
. ! ! 1.3 : : : : :
y 05 0 0.5 ] 0.018 0021 0.024 0027 0.03 0.033 0.036

am



Order of p.t., arbitrary quark massesit =0

Nt =2 Pure

% — Gauge 0.35 . .
' Nf=2+1 —+—
) cz)rzg)o’;der o deCOnf pt 0.3 | _ _
nd order physical point X
. 42 025 + — X mtsric'cmudZ/S ]
Ms e 02}
' S
_ Nf=1 © 015}
al . 2ndord o
e 2@ 0.05 |
[
06 m,,m X 0
chiral critical line
© physical point: crossover in the continuum Aoki et al 06
@ chiral critical ineon N; =4,a~ 0.3 fm de Forcrand, O.P. 07
@ consistent withtri-critical pointat myg =0, mi¢ ~ 2.8T
© But: N; = 2 chiral O(4) vs. 1sstill open Di Giacomo et al 05, Kogut, Sinclair (
Ua(1) anomaly! Chandrasekharan, Mehta 07

Cossu et al. 12,Aoki et al. 12



Towards the continuum: N, =6,a ~ 0.2 fm

N¢ =2 Pure
— Gauge

2nd order
y 4?7 2nd order N\

de Forcrand, Kim, O.P. 07
Endrsdi et al 07

First order region shrinks drastically, continuum limit not yet known...

N.B.: for bxed masses in physical units the order of the p.t. depends on the cut-off!



Lattice QCD at Pnite baryon density

Z =Tre WH-HQ) (= / &z )(x) U (x) = / >z T (z)(x)

Quark number and chemical potential: Q@ = B/3, = pup/3

Necessary for real world applications: heavy ion collisions, nuclear matter,
compact stars,...
Behaviour under charge conjugation: C = Y072 Y = Y 17557} =0

45 — —A;. P =y0m0",  PIYY = =yt sign Bip in Q!

L> 0 : netbaryon number
. u< 0 : netanti-baryon number



Exact symmetry of the continuum grand canonical partition function:

. 1/T
Z(p) = / DAY Dy Dy“ exp— |SS + SF(n=0) — p /O dzo Q°

) 1/T
- / DA DYDY exp— | Sg + S5(pn=0) + p / dro Q| = Z(—p)
0

Lattice implementation, naive: S¢[M(p)] = S¢[M(0)] + ap Z V() v ()

A

. L ) .
Introduces divergence, which is absent ¢ = 1, _ mZ*>%

at zero densitytailure! V- a(z)
Another symmetry broken by the discretisation!

Continuum fermion number like current coupling to (imaginary) gauge Peld:

: L
) Q) = —ig / d>x Apgjo with A= i£
g

-0 0,

j =1y



Effectively part of covariant derivative, OgaugedO U(1), protects against renormalisat

Lattice implementationattice covariant derivative with external gauge peld
[-"'TO,ext. _ e'ia.gAg — oK
Wilson fermions:

SY =a®)  (D(x)y(x) - [ea#'zi(.r) (r — 70)Uo ()1 (x — 0) + e~ *ob(z + 0)(r + 7o) Ud (= )z,:'(.z')]

—K Z [g_'v(.r)(r — v Uj(x)b(x + ) +¥(x+ 7)(r +7;)U ; (I)L(z)] )

j=1
(Discretisation not unique, only continuum limit)

Now use  det(D(UT) +m + o) = det(D(U) +m — o) Sy[UT] = S,[U]

= Z(n) = Z(—p)

10



The sign problem

Dirac operators satisfy (D +m)
(continuum,Wilson, staggered,...)

With complex chemical potential:

L

(D +m = yop)ys = (— P +m+90) = (P +m +0")

I det(D +m — yop) = det™ (D +m + you™)

OSign problemO of QCD

© Complex measure cannot be used for MC importance sampling
© After integration over gauge belds the partition function is real!

© Generic for systems with anti-particles, necessary for physics!

11



1dim. illustration

o Example: Z(A) = [ dxexp(—x? + iAx)

{ lambda=0
lambda=30

integrand

| |

X

e Z(1)/Z(0) = exp(—A?/4): exponential cancellations

12



Example: Polyakov loop (--)g = [ DU ...exp—S,[U]

Fg

(TrL) = e~ 7

Fo
((TxL)™) = e~ T = (ReTrL Redet M + ImTrL Imdet M),

(ReTrL Redet M — ImTrL Imdet M),

Static quarks and anti-quarks must have different free energy at Pnite density!

Sign problem express_es _ det() +m — you) <, det(D) + m + yop)
property under C-conjugation!

Fixes:

@ Cluster algorithms Pnd conbgs. with conjugate determinant
works for particular Hamiltonians, but not QCD

@ Simulation with Langevin algorithms (no importance sampling)
Only proven to work for real actions, but work for some ranges of coupl
constants

13



Special cases without sign problem

Imaginary chemical potential:

det(D +m — vyop) = det™ (D + m + vyop*) realfor jp=ip;,p; €R

Ns=2 QCD at finite isospin density

Two Ravours, bnite isospin chemical potential:

Hu = —Hd = H1 T. - - quark—gluon
N plasma
det(D + m — ~vopur) det(D + m + yopur) _ ‘?\.?,__Q__“ o
2 adroni 1
— | det(lp Tm— ORI ) | 2 0 hmit(’zerc suge?flluid
g M1
Two colours, SU(2) QCD:
S[D +m —voplS™t =[D+m —you*]* S = Cys0? STeS~1 = -1

real reps.

14



Approximate methods to evade the sign problen
Reweighting

Based on exact relation:

. M(u
Z(p) = / DU det M (p) e 59Vl = / DU det M(0) det M(n) o—SolU]

det M (0)
B det M (1)
= Z(0) < det M (0) >u,=0 |

|. Numerically difbcult, signal exponentially suppressed with volume

757 = o= —exp 2 (£00) — £(0)

integrand

u=0 finite
Il. Overlap problem, because of importance sampling

With increasing difference the most frequent conbgs. are
Increasingly unimportant




Finite density by Taylor expansion

Taylor expansion of the pressure p = | ( L >2n o
around zero density: T4~ nz_o cn(T)\F) =90
1) = L(Tp=0), ean(r) = o L
&1 = a1 ds i =Y), C2n = 7a . -
T4 (2n)! O(%)? 0
The coefbcients can be computed at zero density!
: - n 0f) L 1\ 3
Other physical quantities follow: o — 9.y, (L)
pny g T = 308 cQT+ ca | + ...,
5 = 3y Qo + 1204 (T> + 30cq (T) +o

No sign problem, but need small/'T

Higher coeffs. increasingly difPcult:

d(0) d0 ] JIndet M JdIndet M
I <0ﬂ > + (<( I > 2 < I >)

16



QCD at imaginary chemical potential

No sign problem; general idea:

N
Observables have debnite symmetry, Z ‘o (,Uz)
even or odd in chemical potential 1

© Simulate left side without further systematic error

© Check if bt to low order polynomial is possible wt < 1

@ Analytic continuation trivial (in the absence of singularitizt; — —f;

General considerations:

Partition function is periodic 7 = ¥re ~ T

Is this a healthy theory?

Yes! Recall 1@ = —ig / dx Agjo with Ay =i—

Equivalent to theory in real external pPeld!

17



Periodicity non-trivial:
Chemical potential can be absorbed by boundary conditions

g

ZW (i) = /DU det M (0)e™ 9, b.c: (T + Ny.X) = —e" T (T, %)

_,i ‘27771 -,

Consider the topological gauge trafo  ¢'(7 + N,.z) = e "'~ ¢'(7,%x)

Measure and action are invariant, hence

- 27mn K4

Z2) (i) = /D(T det M (0)e™9, b.c.: U(T+ Ny, x) = —e "N T )(7,x)

;2T L
(ZT T N IT

Both partition fcns. related by gauge trafientical!

| 1 2mn L
Roberge-Weiss symmetry: A (i& + 1 n) =Z (’/1?)

T N

18



The phase diagram at imaginary chemical pote

Phase of Polyakov loop——

Analytic continuation

of chiral/deconPnement——-
transition, depends on

Nf, quark masses

Z, transitions

ordered, k=2 orderéd, k=0 ordered, k=1
/ TC(!%=O) \
disoraered
| |
-1/3 0 /3 21/3

-21/3

LT

Roberge-Weiss: Z(3) transitions are brst order for large T (perturbation theory)
crossover for small T (strong coupling limit)

analytic continuation within:

w|/T <7/3=pp< 550MeV

Limited by singularity (phase transition)
closestto ©=0

19



Nf=2: de Forcrand, O.P. 02

The Z(3) transition numerically Nf=4: DOElia Lombardo ¢
Sectors characterised by phase of Polyakov loop:!L(x)" = |!L(x)"| €'
— #=5.26
AT — #=5.286"
- #=5.30 -
. 0.3~ — #=5.313-
= #=5.34 .
= 0.2~ #=5.353_
#=5.366 |
il e )
| S

Low T: crossover High T: brst order p.t.
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Towards the QCD phase diagram

Analyticity of the (pseudo-)critical line

Recall debnition by peak of susceptibilities: I . = ! ("¢, Mf, W)
Implicit debnition of pseudo-critical line (Mg, W)

Implicit function theorem:

For analytic susceptibility, also the implicitly 5 (,;, Z bon (117) ( )-z-n.
debPned pseudo-critical coupling is analytic T
(always true on bnite V!)

T.(mg,p) | [ 2 | [ 4
>l =) (7)) (F) +-

@ Accessible to all methods discussed for sufpciently small chemical potential

© Crosscheck, in particular between Taylor coefbcients and imaginary chem. pot.

21



Test of methods: comparing.(u)

Reweighting vs. imag. it (FK, FP)

9.29

5.28

m 9.27

9.26

5.25

T

llll:t[
=2

] 1 LI | l | 1 1 I ] ] LI J I LI | 1 1 I 1 I 1 I

5.06
504
502
)
498
4.96
494
492
4.9
488
486
484

0.05

0.1

au

0.15

PR B SR 4_82
0.2 48

Rew., imag. 1, canonical ensemble ...

au
0 0.1 0.2 0.3 04 0.5
T T | ! ! '
l.'..::."::.::?‘- M... 14 3 SSION>~ 0.85(1) i QGP )}
I "-5.‘ ksign> ~ 0.45(5) .
i ‘3,""-1[. <sign>~0.1(1) |
i T N
e Iy
- confined | S
| “
= ! }_;_ i .
! Azcoiti et al., 8% —e— T
- Our reweighting, 67 —— .'
- de Forcrand, Kratochvila, 61B —— . ﬁ
0 0.5 1 1.5 2
W
(/T = 1)

All agree on 1 (m, f2)!!

1.0

0.95

0.90

085

080

0.75

0.70

T,
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The calculable region of the phase diagra

® needWwWT £ 1 (U= pg/3)

@ Upper region: equation of state, screening masses, quark number susceptibiliti
under control
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Much harder: is there a QCD critical point”~

N¢=2
o0
2nd order
¥ 0@ ? 2nd order
2(2) -
tric .
m
® Nf=3
m8
2nd order
¥ Z(2)
ol
0 m,,m,

Two strategies:
1 follow vertical line: m = mypys, turn on

Real world

crossover 1rst> o

2 follow critical surface: m = Mg ()

24



Approach 1la:

CEP from reweighting

Fodor, Katz 04

N: = 4,N¢r = 2+ 1 physical quark massas)impioved staggexd rmions

Lee-¥ang zeo:

_I | L L I | L IL | _
165 : 7 0.003 | —
K ] 5 T =
164 [ J  o.002 1 HHEHHH T -
% C 1 g0 C ¥ | J
C 1 0.001 | =
Z 163 . 1 & : e
— : hadromc phase 'z endpoint 1 = O Fo e T T |1
C, = mames 'i@ii ] ¥ X4 |2
162 :_ 1 o001 | l :
- 1st order transition’T\- ' C =
Tl v v v v v v v v b Coo v b v bvv v by g Ty 47

0 100 200 300 400 0.1 0.12 0.14 0.16 0.18 0.2

ug (MeV) M
(k. Te) = (120(13),162(2)) MeV —
& severe |
[ signpb
abrupt change caused by baryon or pion condensé&tion? ln'

Splittorf 05, Stephanov 08

2wm,_

25



Approach 1b: CEP from Taylor expansion

| 00 - F
P _- pen
T4~ ) Con(T) T
n=0
. . . uE . " C2n " . " C() Tha
— — = Ilm n ", ||m nH—on
Nearest singularity=radius of convergence Te ~ an s im ne
Different debPnitions agree only far — oo C.Schmidt, hotQCD 09
not n=1,2,3,... 8 . . . .
control of systematics? T
6 L
/ e |

Hadron resonance gas

\4_

T/T,(0)

0.85 0.9 0.95 1 1.05 1.1
Radius of convergence necessary condition for CEP, but can it proof its existence?
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Approach 2: follow chiral critical lines  surface

Real world Real world

chiral p.t.

chiral p.t.

crossover st .

c1 >0 c1 <0

me(W) _ ., ° T
m¢(0) I T

1. Tune quark mass(es) to m.(0): 2nd order transitionat y =0, 7 = T;
known universality class: 3d Ising

. . k
2. Measure derivatives % |,,=o:

Turn on imaginary x and measure Z‘;‘—?g; de Forcrand, O.P. 08,09
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Finite densitychiral critical ine— critical surface

Real world Real world
Nf=2 Pure ! !
Gauge )
2nd order i
y o047 2nd order \_
Z(2) .
Nf:3
Ni=1
crossover 1rst> I
2nd order 0 0
7 Z02)
0 my . my ]
| H
mMe(H) - 1+ Ck it " c1 >0 c1 <0
m¢(0) AT s =
Standard scenario EXxotic scenario
transition strengthens transition weakens
m >m,(0) m>m(0)
QGP QGP
Tc.. Te
- - e, .
bt / s /
| Color superconductor ‘| Color superconductor
u u
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Curvature of the chiral critical surface

1 B4/ 1 2
0 0.35 : :
o Nf=2+1 ———
05} - 03| _
physical point X
-1 L .
I— 025 m¥e _ c m, 23
15
. 02t
2 £
® 015}
25 |
| 01|
S 545 b) —+—
flnlte' fit (1 “+! I
35 | AP S 0.05
'4 ” L L ! 1 0 1 1 1
0 0.002 0.004  0.006 o.oos 0.01 0 0.01 0.02 0.03 0.04
! i2 amu,d

Nf=3: a) bt to imaginary chemical potential
b) calculation of coefbcient by Pnite differences

16° x 4, Grid computing, ~ 10° traj.
me? () _ 1 39(8) (RT)Q

m&9(0)

consistent 8% x 4 and 12° x 4, ~ 5 x 10° traj

me(p) )l
ms(0) 1-3. 3(3) ( ) 47(20) (TCT) e
N e’
8th dertvative of P

Importance of higher order terms ? de Forcrand, O.P. 08,09
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=¥ On coarse lattice exotic scenario:
no chiral critical point at small density

Real d ——
u Heaveyaq uwe? rrkcs]I —

Weakening of p.t. with chemical potential also for:
-Heavy quarks de Forcrand, Kim, Takaishi 05
-Light quarks with Pnite isospin density Kogut, Sinclair 07

-Electroweak phase transition with bnite lepton densi@ynther 03
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Un-discovering a critical point feels like...
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Understanding the curvature from imaginary

Nf=4:DOElia, Di Renzo, Lombardo ORf=2: DOElia, Sanblippo OBIf=3: de Forcrand, O.P. 1

. M !
Strateqy:bx — = —
gy T 3

determine order of Z(3) branch/end point as function of m

', measure Im(L), order parameteraét}f =

ordered ordered
- N v
—
disordered disordered
I I I I I I I

O 05 1 15 2 25 3 35
; |
T/ (3)
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Scaling of Binder cumulant! =0.33,0.5, 0.63

C : : Mi !
for 1st order, tri-critical, 3d Ising Phase diagram at Dxed?' = 3 !
0.65
Second order %
06 t l ordered phase
0.55 | ]L 1 triple line
05| % T | /
ricritca - 3d ISlng
0.45 | 1 -
0.4 r i / disordered
% triple line phase
0.35 | %
First gErderI
0.3 U m
0.01 0.1 1
quark mass

On inPnite volume, this becomes a step function,
smoothness due to bPnite L



Critical lines at imaginary

N¢ =2 Pure
' — Gauge
2nd order .
y 04?7 2nd order '\
Z(2)
mtrlc_ *
S Nf =3
Nf=1
m S
\ 2nd order
V4 Z(2)
ol |
O m U md .

1st order
triple
2nd ord
3d Ising /
1st tricritical
ord /
triple 9
mu,d
' T
= | —
H=173

-Connection computable with standard Monte Carlo!
-Here: heavy quarks in eff. theory
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3d, |
, Imagin
ary chemi
emical potent
lal Incl
uded

l |'-'-“““.
N

i o
\4{ .':':m\\“"
it

W
='||I“lﬂI
T ‘ —
W e
! o \\\‘ “‘
)

-(n/3)°




Heavy quarks

Deconbnement critical line
Fromm, Langelage, Lottini, O.P. 11

8.5 i i :
|
8 | | :
— |
Il e | B
g 7.5 i
7t .
E g Data ——
6.5 |t : 1/cosh(w/T) - ]
6 r | h=0-theory =~ ]
| Tricritical scaling -
| | | 1 | | 1
5.5
-1 0 1 2 3 -+ 5 6
2
(u/T)
ttH#, " #,P2/5
S . Mc, o Miic | 72 he .
tri-critical scaling: T(“ ) = T ¥ K 3 T T exponent univers:
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Summary Lecture IV

Thermal transition at zero density IS a crossover

The sign problem is related to C-symmetry
Direct MC methods to circumvent only at small chemical potential
In the controlled region there is no evidence for a chiral critical point!

Langevin algorithms?
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3
ng / Mg

New horizon: onset of cold nuclear matter

Based on 3d effective action by strong coupling and hopping exp.

... with very heavy quarks m, =20 GeVv

continuum limit with 5-7 lattice spacings per point

0.003

" T= 20MeV ———
T= 10 MeV +---s---
00025 ~ T= 5 Mev """ Wooee . 1 T
T =25 MeV & B mia??%%*g
0.002 | o *iH
*1i
0.0015 + EH{H .
0.001 t }i
II*%
I g
0.0005 | I
0] _'_‘_'_'_'—H—H“"’elﬁatb!!silgggt++++- iix xxmlﬁiﬁl
. & I
0.994 0.996 0.998 M 1.002
Hg /Mg
By z00c
T

1T ——

consistent with physical
nuclear density

1N—2 13
10 ’nproton

~
~

~ 0.16 fm—> ~ 0.15 -

Frankfurt group, PRL 13

Complex Langevin: no sign problem
convergence criteria satisbed
cf. Seiler, Stamatescu;Aarts, James
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