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Tools for Computing Amplitudes

Focus on gauge theorites
...but they are usetul for gravity too

Motivations and connections
— Particle physics
— e¥'=4 supersymmetric gauge theories and AdS/CFT
— Witten’s twistor stoing
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The LHC is coming, the LHC is coming!

- -
LR = !;":_-

Now 450 to 600 days away. ..
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Detector characteristics
Width: 44m

Diameter: 22m
Weight: 7000t

Solenoid CERM AC - ATLAS V1997
Forward Calorimeters
End Cap Toroid

Muon Detectors Electromagnetic Calorimeters

Barrel Toroid Inner Detector . : Shieldin
Hadronic Calorimeters 9
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CDF event
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CMS
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SU(3)x SU((2)x U(1) Standard Model

Known physics, and background to new physics

Hunting for new physics beyond the Standard Model
Discovery of new physics

Compare measurements to predictions — need to calculate
signals

Expect to confront backgrounds

Backgrounds are large
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Event rates
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Event production rates at L=10% cm s-! and statistics to tape
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= statistical error negligible after few days!
= dominated by systemalic errors (detector understanding, luminosity, theory)
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Hunting for New Physics

Yesterday’'s new physics 1s tomorrow’s background

To measure new physics, need to understand backgrounds in
detail
Heavy particles decaying into SM or invisible states

— Often high-multiplicity events

— Low multiplicity signals overwhelmed by SM:
Higos — bb— 2 jets

Predicting backgrounds requires precision calculations of known

Standard Model physics
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Complexity 1s due to QCD

Perturbative QCD:
Gluons & quarks — gluons & quarks

Real world:
Hadrons — hadrons with hard physics described by pQCD

Hadrons — jets narvow nearly collimated streams of hadrons
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Jets

« Detined by an expenimental resolution parameter

— mvarant massim ete”

— cone algorithm in hadron colliders: cone size in R = \/(AT,.')2 + (A¢)?

and mimimum E,

—  Apalgorithm: essentially by a relative transverse momentum

] e CDF (Lefevre 2004)
T Y 1374GeY
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In theory, theory and practice are the same. In practice, they are
different — Yoqi Berra
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QCD-Improved Parton Model

X
/ dz,dxy, dPhase f,fy 0ap0(v — Observable)
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The Challenge

« Everything at a hadron collider (signals, backgrounds, luminosity

measurement) involves QCD

. Strong coupling 1s not small: & (M) = 0.12 and running 1s
important
= events have high multiplicity of hard clusters (jets)
= each jet has a hugh multiplicity of hadrons

= higher-order perturbative corrections are important

« Processes can mvolve multiple scales: p(IP) & M,
= need resummation of logarithms

Confinement mntroduces further issues of mapping partons to hadrons, but
for suttably-averaged quantities (mnfrared-safe) avoiding small E scales, this 1s

not a problem {(power corrections)
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Approaches

« General parton-level tixed-order calculations

— Numercal jet programs: general observables

—  Systematic to higher order/high multiplicity in perturbation theory

— Parton-level, approzamate jet algonthm; match detector events only statistically
« Parton showers

—  General observables

— Leading or next-to-leading logs only, approximate for higher order/high

multiphcity

— Can hadronize & lock at detector response event-by-event

 Semu-analytic calculations/resummations

— Speafic observable, for high-value targets
— Checks on general fixed-order calculations
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Preciston Perturbative QCID

Predictions of signals, signals+jets

Predicti t back d
redictions of backgrounds Everything at a hadron

Measurement of luminosity collider involves QCD

Measurement of fundamental parameters (0, 7))
Measurement of electroweak parameters

Extraction of parton distributions — ingredients in any

theoretical prediction
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Leading-Order, Next-to-Leading Order

« L[.O: Basic shapes of distributions

but: ﬂc? q-uaﬂtltah.v:a ]._:)redlc. B Tﬂ.nagtagléa Ei_ixnnhMelnikov, & Petriello
M1SS1Ng sens1t1v1ty to 16 pp = (2.7 )+X at Y=0

« NLQO: First quantitative pre

improved scale depend el e —— —
basic approximation tofg
=
« NNLO: Precision predictii
= Y [y g O N e [ Y g
small scale dependenceliS T
= vs = 14 TeV
better correspondence S M =M,
: o2 MRST2001 pdfs
understanding of theorgkes ——

pp = w, ppp = M
,Hr = L{' #R = .’-l:l .......
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What Contributions Do We Need?

Short-distance matrix elements to 2et production at leading

order: tree level
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« Short-distance matrix elements to 2qet production at next-to-

leading order: tree level + one loop + real emission

5@ >0c
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Real-Emission Singularities

+

e'e —rqqg

Matrix element

(2 - ng)2 +(2 - yﬁg)g
YagYqg

/ dYqqdYgg |-/M|2
Di:ng +y§g <1

Ygg = 0 = Ygg soft
Ygg = 0,yg9 7 0
Yag 7 0,954 =0

[M? o

Integrate

collinear
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« Physical quantities are finite

« Depend on resolution parameter

« Hiniteness thanks to combmation of Kinoshita—Tee—Nauenberg

theorem and factorization
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Scattering matrix element

out (plp? S | kﬁkb)in = asymp <p1p2 o | S | kﬂkb)ﬂs}'mﬂ
Decompose 1t S=1+3T

Scattering

Invanant matrix element o#

(p1p2 -+ | 1T | kaky) = (2m) 8 (ka+ko—P)iM(ka, ks — {py})

Differential cross section

d?’pf 1
do ‘=’
7 T 4E, Ebva—vb|H/ )3 2E;

x (2m)0%(ka + Ky — P)|M(ka, ko = {ps})I”
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I Lorentz-invariant phase—sp ace measure

d3pi 1 d4pi S
/ bl F(p”_/ (2m)* (2'”

6% (p7)

Compute invariant matrix element by crossing

M(ka, ko = {pr}) = M(0 = —ka, —kp, {Pf})

= F Q| Tpa(2a)s(2p)91(21) - -
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Lagrangian

L= % (3 G0 GG‘) (OHG*Y — 0" GH)
N q(ip)g+ GG’ZQ’Y”TG
-

_ gfaba (8uGaV . 81}(}1&,&&) Gin,

2
g abe pcde a bv e ~d
— - fobe felegor G Gr G
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Feynman Rules

: v ab kﬁk”
Pro]_:;jgator (li{e QED) — 2y 3_65 (gﬂy —(1-=¢) 12 )
SO00P
Three-gluon vertex (unlike QED)
P
! k
gf (g (k—p)” + g"*(p—a)" + " (¢—k)"] .
% K
p
Four-gluon vertex (unlke QED)
A H

. 392 [fﬂb&fdce (g,u,pgu,\ . gpAgyp)
§ + f&dﬁ:fbce (g,uug,o}x . g.u)\gpu)
P _{_face‘fde(ggyg)\p . g”pgky)]
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From the Faddeev—Popov tunctional determinant
det 0 - D = [(Dcl||D¢cDexp {—i /E(@‘“’DH)C}
anticommuting scalars or gbaﬂ‘x

(

k2 + ie

Propagator ) ab

coupling to gauge bosons gfabck”
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So What’s Wrong with Feynman Diagrams?

« Huge number of diagrams in calculations of mnterest
- But answers often turn out to be very sumple
- Vertices and propagators mvolve gauge-variant ott-shell states

« Fach diagram 1s not gauge invariant — huge cancellations of

gauge-noninvariant, redundant, parts in the sum over diagrams

Simple results should have a simple derivation — atlr fo Feynman

«  Want approach in terms of physical states only
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Light-Cone Gauge

Only physical (transverse) degrees of treedom propagate

physical projector — two degrees of freedom
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Color Decomposition

Standard Feynman rules = function of momenta, polanzation

vectors €, and color indices

Color structure 1s predictable. Use representation

()
fabc - __2 TI'([Ta, Tb]TC) TI‘(T“’TE"} — sab
to represent each term as a product of traces,

\/_

and the Fierz identity

ax TLianan. T B 3 e
(T )il I(T )1'22: i1 géizl_ﬁéil 15?:22
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To unwind traces

aoc 1
f b fcde — —§TI‘(
1

= —5 TI'(

=

bR

TP )

[ )

| = e
s TR ) (e 1))

Leads to tree-level representation i terms of single traces

A;ree({kij i az}) — gﬂ—Q Z TI-(T'EJ{I)T”’J(E} c Tﬂ*a(ﬂ-})
oc€S,/Zn

AT (ko (1), Eo(1); Ko (2)1 €0 (2); Ko (n)) Ea(mbD

Color-ordered amplitude — tunction of momenta & polanizations
alone; not Bose symmetric
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Symmetry properties

Cyclic symmetry
Afee(1,...,n) = A,(2,...,n,1)

Reflection identity
AY¢(n,...,1) = (-1)"A,(1,...,n)
Panty tlips helicities
A:;II‘EE(]_—-JH - ,?’1‘,_)‘ ) _ [Atree(l)tl ’n}‘” )}T

«  Decoupling equation
A= (012 )+A§_T.El( P2yl AT (120,
AT (L2, pi) =
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Color-Ordered Feynman Rules

1

)
"—-—'[51'52(}61—'&2)'53+52'E3(k2—']€3)'51 +53'El(k3“k1)'52]

V2
2 3
| _ 4
) 1
261'6362'64—5(81'8283'844‘82'8384'81)
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Amplitudes

Functions of momenta £, polarization vectors € for guons;

momenta £, spinor wavetunctions # for termions

Gauge mvariance umplies this 1s a redundant representation:

c— L A4=0
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Spinor Helicity

=) = ug (k) (| = uz (k;) -

Spinor wavetunctions | 7

Introduce spznor products
(13) = (i7li) =
4] = (i"157) = wx (ki) u—(k;)
Explicit representation
(R e
- () == ()

oEidy _ k1 + k2

N
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We then obtain the explicit formule

(i15) = Vki-kj e — ki kj_e'®

idl = (70" = s binkj—e % = ykikie '™ (k] >0)
otherwise [J 1] = SIgn(kEk?) <Zj>*
so that the identity <3J> [j 3} = 2k kj always holds
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Introduce four-component representation

P L,

corresponding to ¥ matrices

o_(0 1 i
’}(_'10'} ’-Y

in order to define spinor strings

(GE |3 & @F|o*|iT)
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Properties of the Spinor Product

Antisymmetry Gir=—=071), 54| = —[¢]]

Gordon identity <‘ii|’}/”‘ii> = Qkf

Charge conjugation <?:_ oyt ‘]_> = <J+| 2o |?’+> :

Hierz identity <i_")’“ j_><p+"’)f‘u' |q+> = 2(“1) [Pj]
1

Projector representation |3i> <ZiJ = 5 (]. Zl '}’5)%3‘

Schoutendentity (3 5) (pq) = (1q) (pJ) + {(ip) {(jq) .
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Spinor-Helicity Representation for Gluons

Gauge bosons also have only + physical polanizations

Elegant — and covanlant — generalization of circular polarization

_ <q_|’}ﬁu ‘k_> - _ <q+"}’u ’k+>
8:(;3,(]) T \/§<q k‘) ? Ey, (k:‘ Q) _" \/E[k q]

Xu, Zhang, Chang (1984)

reference momentum ¢ q-k ;’é 0

Transverse J -+ (k, q) — ()

Normalized et .7 = = eT . g7 =0
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What 1s the sigruficance of ¢7

= k
(k) = S

) _ (a7 kg

V2(q k) (kq)
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Properties of the Spinor-Helicity Basis

Physical-state projector

o o 2 s ku‘|‘k U
N ek et (kg) = Y €5k, 0)e; O (R, @) = —gu+ £ k,u.q
o=% o=x q -
Stmplifications
q . .E:t(kj q) — 0 }

€+(klaQ) ) 8+(k2& Q) — 8_(k11Q) ' 8_(k2aQ) =0,
E+(klaQ) ' 6_(k25k1) =

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



-

HExamples

By explicit calculation (or other arcuments), every term 1n the gluon

tree-level amplitude has at least one factor of Ei * €

1 2 2 3
Look at four-point amplitude M M
4 - 3 1 . i
(a) (b)
4 3

_ ()
Recall three-point color-ordered vertex

—[El'Eg(kl—kg)'E3+€2'53(]{2—kg)'El—FEg'El(kg—kl)'Ez]
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Calculate Azree(lJr} 2+: 3+:. 4+)
choose 1dentical reterence momenta for all lees = all € - € vanish

— amplitude vanishes
Calculate AZI‘EE(]._L :, 2+j 3+}. 4+)

choose reference momenta 4,1,1,1 = all € - £ vanush

— amplitude vanishes
Calculate A®°(17,27,31,47)
choose reference momenta 3,3,2.2

= only nonvarmushing € - £1s €1 - €4

= only &, channel contributes
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e 1gM? — = + .+
V2 519 —2k; - &5 Elu] 2k, - e57€q,

21
B - ) e
512

- (Egem) (e ()
__.a 2)° [34]°

512523
i
~ "123) (34) (41)
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No diagrammatic calculation required for the last helicity amplitude,
t — —
Afree(1= 9+ 3~ 47)
Obtain 1t from the decoupling identity

— ATe(37,17,21,41) — AT°(17,87,2T,41)
(13)° 1 1

24) (“<12> 43) " (32) <41>)

e (13)*

~ "12)(23) (34) (41)

— |
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These forms hold more generally, for larger numbers of external

legs:
tree/1+ o+ HEAT
A” (1 27, m ) =0, Parke-Taylor equations
Ave=(g= or - ont) =10 Mangano, Xu, Parke (1986)
Mazxamally helicity-violating or ‘MHV’
Atree(1t, o omy, (ma+ 1)L my, (me+1)7 .., nT) =

: (m1ma)”*
(12) (23)---((n — 1) n) (n1)

Proven usiﬂg the Berends—Giele recurrence relations
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Review of Lecture |

Color-ordered amplitude

AS(Bocnal) =" 3, THTHOTE o)
o€S,/Z,

X A;ree (kg(l) € (1) kg‘(2)j €o(2)s ka(n): Ecr(n))

Color-ordered amplitude — function of momenta & polanizations
alone; nof Bose symmetric
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Spinor-Helicity Representation for Gluons

Gauge bosons also have only + physical polanizations

Elegant — and covanlant — generalization of circular polarization

gt |0k _ g ok
Ej(k:Q):< |f}[ﬁi‘ >’ ‘Sp(kaQ):"( ‘%—"»} >
V2(qk) V2 [k g]
Xu, Zhang, Chang (preprnt 1984); NPB291:392 (1987)
reference momentum q q - k -‘;'é 0

Transverse k -e+ (k,} q) =\

Normalized €T -~ = —1, eT .t =
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Parke-Taylor Equations

For any number of external legs:
A= oF L nt =10,

t =
A2 D =
Mangano, Xu, & Parke, NPB298:653 (1986)

Parke & Taylor, PRL 56:2459 (1986)

Mazxamally helicity-violating or ‘MHV’
Atree(1t, o omy, (ma+ 1)L my, (me+1)7 .., nT) =

4
: (m1ms)
(12)(23)---{((n—1)n)(n1l)
Proven using the Berends—Giele recurrence relations
Berends & Giele, NPB294:700 (1987)
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Gauge-theory amplitude
J Color decomposition & stripping

Color-ordered amplitude: function of 4, and g,
d Spinor-helicity basis

Helicity amplitude: function of spmor products and helicities 1

Spinor products — spinors
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Spinor Variables

From Lorentz vectors to bi-spmors
0 3 1 g
_ p-+p P +ip
—> r= e = ;
Pu Paa =P (pl—sz pO—p3 )
p° — det(p)
p' = Ap —— p = up’u,T, u € SL(2,C)
2%2 complex matrices

with det = 1
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Null momenta p2 =0 = det(p) =0

—

can write it as a bispinor Paa = Ag Ay

phase ambiguity in Ay, Ay (same as seen in spinor products)

For real Minkowski p, take A= Sign(po)x

Invariant tensor €,y
Uga' Ubb' €Eq’b! — det(u) — |

o1ves spinor products

OO IE=Yerr )\ Y
[5"1:‘ 5\2} — 6&55‘%5\3
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Connection to earlier Spiﬂor products

(A1, A2) =(12)
(A1, A2] = —[12]

and spinor-helicity basis

CLAEL

n

(1, A)

}‘a HEL
= e — L

[, 7]
= Amplitudes as functions of spinor vartables Aa s Ag and
helicities =1
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Scaling ot Amplitudes

Suppose we scale the spinors also called ‘phase weight’
Ai — Qi/\i?

—

—1%
/\g — O )\i:

then by explicit computation we see that the MHV amplitude

4
ﬁ‘f?nl @fng (m1msa)

ILjstmy mo0 (12)(23)---((n — 1) n) (n1)
and that more generally

A Ta; M A

AMHV — 4
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For the non-trivial parts of the amplitude, we might as well use

unuformly rescaled spinors = CP?! ‘complex projective space’

Start with C?, and rescale all vectors by a common scale

E= 3

the spinors are then ‘homogeneous’ coordinates on CP!

It we look at each factor in the MHYV amplitude,

| 1
(A1, X2) AL (w1 — wo)

w; = A /A

we see that 1t 1s just a free-tield correlator (Green function) on CP!

This 1s the essence of Nair’s construction of MHV amplitudes as
correlation functions on the lineg’ = CP!
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Gauge-theory amplitude
J Color decomposition & stripping

Color-ordered amplitude: function of 4, and g,
d Spinor-helicity basis

Helicity amplitude: function of spmor products and helicities 1
)

Function of spmor vanables and helicities 1

d Half-Fourier transform

Conjectured support on simple curves in twistor space
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Let’s Travel to Twistor Spacel

It turns out that the natural setting for amplitudes 1s not exactly
spinor space, but something sumilar. The motivation comes from

studying the representation of the contormal algebra.

Halt-Fourter transtorm of spinors: transtorm 5\{15 leave alone )\,

—> Penrose’s original twistor space, real or complex

~ o, .0

Ao — 1 ——, ——

ops O\G

Study amplitudes of definite helicity: introduce homogeneous

> Ha

coordinates Z7 = (Aq, fa)

= CP?or RP (projective) twistor space

Back to momentum space by Fournter-transtorming i
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MHYV Amplitudes in Twistor Space

Wirite out the halt-Fourter transtorm including the eneroy-

momentum coﬂserviﬂg O function

= /H é:‘)ﬂ’z exp[iﬂjdiﬁ@gﬁl(zr@aﬂdﬁvgj)
“? I

/ d*z exp [Ej:r:m )\?5&_‘;]

exp E ’a(ﬂja-l-i‘t?aa/\a))\ } AMHV(AJ)

;f /d4$H
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Result

A(Z) = /d%; H 5>

equation for a line

MHYV amplitudes live on lines in twistor space

Value of the twistor-space amplitude 1s given by a correlation
function on the line
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Analyzing Amplitudes in Twistor Space

Amplitudes in twistor space turn out to be hard to compute

directly. Even with computations in momentum space, the Fourter

transtorms are hard to compute explicitly.

We need other tools to analyze the amplitudes.

Simple ‘algebraic” properties i twistor space — support on CPls or

CP?s — become differential properties 1 momentum space.

Construct difterential operators.
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Equation for a line (CP*): E;JKLZirZ;{Zé{ =
gives us a differential (‘line’) operator in terms of momentum-space

SPINOTS 9 o 5
Fioa = (A1 A — + (A9 A — + (A3 A — .
123 = (A1 2>8)\ (A2 A3z) 3 (A3 A1)

3 1 2

Equation for a plane (CP?): E”KLZ{ZQJZ;{Z&L =0
also gives us a differential (‘plane”) operator

o 0
OAza ONG

K234 = (M /\2> + perms
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Properties

Fijf(pi+p;+p) =0
Fiji f{A+}) =0

Kijim f({Ar}) =0

Thus for example

Iy (my ma)"*
H12)(23) - ((n— 1) n) (n1)

—il
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Beyond MHV

Witten’s proposal: ph/0312171

Fach external particle represented by a point in twistor space

Amplitudes non-vanishing only when points lie on a curve of
degree dand genus g, where
d = # negative helicities — 1 + # loops
- g=# loops; g =0 for tree amplitudes
Integrand on curve supplied by a topological string theory
Obtamn amplitudes by integrating over all possible curves =

modul: space of curves

Can be mterpreted as D, nstantons
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Strings 1 T'wistor Space

« Strning theory can be detined by a two-dimensional field theory
whose fields take values i target space:

— n-dmmensional flat space
— 5-dumensional Anti-de Sitter X 5-sphere
— twistor space: mtrinsically four-dimensional = Topological String Theory

« Spectrum in Twistor space 1s N = 4 supersymmetric multiplet

uon. four fermions. six real scalars
ol , f , al scal

« Gluons and fermions each have two helicity states
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A New Duality

« Strnng Theory Gauge Theory
Topological B-model on CP?I* N =4 SUSY

“Twnstor space’
Witten (2003); Berkowits & Motl; Neitzke & Vafa; Siegel (2004)

wear—wear
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Simple Cases

Amplitudes with all helicities “+’ = degree —1 curves.
No such curves exist, so the amplitudes should vanish.

Corresponds to the first Parke—Taylor equation.

Amplitudes with one ‘-~ helicity = degree-0 curves: points.
Generic external momenta, all external points won’t comncide
(singular configuration, all collinear), = amplitudes must vanish.
Corresponds to the second Parke—Taylor equation.

Amplitudes with two “— helicities (MHV) = degree-1 curves: lines.
All FF operators should annihilate them, and they do.
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Other Cases

Amplitudes with three negative helicities (next-to-MHV) live on

conic sections (quadratic curves)

Amplitudes with four negative helicities (next-to-next-to-MHYV) live

on twisted cubics

Fourter transform back to spmors = differential equations in

conjugate spinors
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Even String Theorists Can Do

_Experiments

Apply F operators to NMHYV (3 — ) amplitudes:

products annihilate them! K annihilates them;

Apply F operators to N°MHV (4 — ) amplitudes:

longer products annihilate them! Products of K annihilate them;

F519F34F345F 451 As(17,27,37,47,5™)

[45]°
12][23][34] [45][51]

F519F534F345F 451

|
-
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A more mnvolved example

Fo12F234F345F561 A6(17,27,37,47,57,67) =0

Don’t try this at home!

Interpretation: twistor-string amplitudes are supported on

intersecting line segments
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Simpler than expected: what does this mean in field theory?
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Cachazo—Svréek—Witten Construction

Cachazo, Svréek, & Witten, th /0403047

- Vertices are off-shell continuations of MHYV amplitudes: every

vertex has two ‘= helicities, and one or more ‘“+° helicities

« Includes a three-point vertex

- Propagators are scalar ones: 7/K?; helicity projector 1s in the

vertices
« Draw all tree diagrams with these vertices and propagator
« Dufferent sets of diagrams for different helicity configurations

« Corresponds to all multiparticle factorizations
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« Seven-point example with three negative helicities
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Next-to-MHYV
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Factorization Properties of Amplitudes

As sums of external momenta approach poles,

p2 = (k’l -+ k2)2 — m?;{

amplitudes factorize

Alfr2 s A (12 X

More generally as

pP=(k1+ - +kn)’—>m

o

2
X

A(l+--+n—...) 2> Ar(14+--+n — X)p2 —

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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Factorization in (Gauge Theories

Tree level

o x
=

(k +k, +k )

As (ka 1~ kb ks kc)2 — 0 but Saby Sbey Sac 7L> 0
Sum over helicities of intermediate leg

In massless theories beyond tree level, the situation 1s more

complicated but at tree level 1t works in a standard way
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What Happens 1n the Two-Particle Case?

We would get a three-gluon amplitude on the lett-hand side
But k’% — ="k -I-:l’-}z)g = 2k, - ko
so all nvanants vanish,
kKi-ko=ky-ks=ks -k =0
hence all spinor products vanish
(12) =0, (23) =0, (31)=0
[12] =0, [23]=0, [31]=0

hence the three-point amplitude vanishes
Ag(lj 2 3) =10
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In gauge theortes, 1t holds (at tree level) for #23 but breaks down
tor # =2: A4, = 0 so we get 0/0

However A, only vanishes linearly, so the amplitude 1s not finite

i this limit, but should ~ 1/4, thatis 1/4/s12

This 1s a collznear limait
(kl —I—k’g)g = 2k - ko — 0

—> k1 < ko, t.e., k1 || ko

Combine amplitude with propagator to get a non-vanishing
object
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Two-Particle Case

allb

Collinear limit:  splitting amplitude
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Universal Factorization

Amplitudes have a universal behavior i this limit

tree hae 1.h kal ko
AXC(...,a™,b™,...) —

s i ha 1h t h
) Split™=(a=,8™) AN (. . ., (RatRe)®, - - )
he=o
+ non-singular
Depend on a collinear momentum fraction z

ko = z(kq + kb)), ky = (1 — 2)(kq + k)
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« In this form, a powertful tool tor checking calculations

« As expressed in on-shell recursion relations, a powertul tool for

computing amplitudes
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FExample: Three-Particle Factorization

Consider

—idg(17,27,37,47,5%,6%) =
((23)[56] (17| 14+2+3|47))?
5234523534556561
+({1 2) [45](37|14+2+3(67))?
5345534545561512
L5128 (23)[56] (17|1+2+3|47)(12)[45](37|1+2+3|67)

512523534545556561
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As S193 — (0, 1t's finite: expected because A4(1_,, 2,9, Xi) —0

As S934 — 0, pick up the first term; with K = ko + k3 + k4

(23) (K4 1 [B6](1K)" _
23] s34 $234 (56) s61
4K [K2(23) 1 (1K) (K5)[56]
23] [34] (43) [K'2] ~ s231 (K 5)(56)(61)[16]

[4K]® 1 (1K)°

" 23IB4[K2 " sass  (K5)(56)(61)

1
= A4(2_,3_,4+,K+) X 8_ X A4(1_}(—I{)_,5+,6+)
234
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Splitting Amplitudes

Compute 1t from the three-pomt vertex

2
Split™™¢(a™,b") = —S\/—; (kb €a b Eatb — ka * €bEa * €ab)]

_ 1 [(qb> [ba] (q(a+b)) [q]
sab | (qa) (qb)[(a+b)q]
_{ga)labd] (g (a+D))[q a}]
(qb) (qa)|(a+D)q]

1_1—2: Z




Explicit Values

Split™**(a~,b7) =0

1

Split"*(a™,bT) =

plit_"( ) \/z(l—z) (ab)

Split*™ e (at,b™) = — ia

plit—"{a”, b7) /2 —2) [ab)
(1 —2)°

Split=**(a~,b") = —
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Collinear Factorization at One Loop

1-loop; LC ha 1h kallko
AR e b ) —3

> (split“_ff(ahﬂ BN AL R (et Re) )
h=x%

+ Split' 2% (ahe, M) AT (... ., (ko +ks)"®, .. .))

+ non-singular
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Anomalous Dimensions & Amplitudes

In QCD, one-loop anomalous dimensions of twist-2 operators i
the OPE are related to the tree-level Altarelli-Parnis1 function,

Mellin PR

Twist-2  Transform  Altarelli- Sﬁﬂii?d
Anomalous & Parisi = solittin

Dimension function mrlljl)pﬂimi%e

Relation understood between two-loop anomalous dimensions &
one-loop sphtting amplitudes
DAK & Uwer (2003)
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Recursion Relations

Considered color-ordered amplitude with one leg off-shell,

amputate its polanzation vector

This is the Berends—Giele current J#(1,...,n)

Given by the sum of all (#+1)-point color-ordered diagrams with
legs 1... # on shell

Follow the off-shell line into the sum of diagrams. [tis attached to

either a three- or four—poiﬂt vertex.

Other lines attaching to that vertex are also sums of diagrams with

one leg ott-shell and other on shell, that i1s currents

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



Recursion Relations

Berends & Giele (1988); DAK (1989)

= Polynomuial complexity per helicity
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; n—1
— ’ ZVBHUAJU(I,...,j)J,\(j_’_l:-”:In)

1,n
n—2 n—1
+>° Y v ILQ,. L)
1=11=5+1

< JA(j+1,...,0J,(1+1,...,n)
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Properties of the Current

Decoupling identity
Reflection identity

Conservation Kiﬂjﬂ(l’ oo ey} =10
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Complex Momenta

ety = k)

For real momenta,

but we can choose these two spinors independently and still have

k>=0

Recall the polarization vector: et o (¢ |v¥|k™)
bute-e =20

Now when two momenta are collinear k- k' = 0

only one of the spinors has to be collinear

(kk'y =0or [kk'| =0 butnot necessarily both
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On-Shell Recursion Relations

Britto, Cachazo, Feng th/0412308; & Witten th/0501052
« Ingredients

» Structure of factorization

» Cauchy’s theorem
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Introducing Complex Momenta

Define a shift 7, [) of spinors by a complex parameter z

7)) = 137) —2ll7),
T = 1)+ 2057

which induces a shift of the external momenta

N L 1 & S 1 -
kY — k?(z)_k-;—§<‘7 iy

i L 2 - ¥ [x=—
B K = R+ G| )

and defines a Z-dependent continuation of the amplitude A(z )
Assume that A(Z) — 0 asz — x©
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A Contour Integral

Consider the contour integral

o AG)

271'?: C <

Determine A(0) 1in terms of other residues

e

Z

AO == D, Res

poles a
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Using Factorization

Other poles 1n Z come from zeros ot z-shifted propagator

denominators

Splits diagram into two parts with Z-dependent momentum flow

Z shifted legs on
—
opposite sides

partitions
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Exactly tactonization limit of Z-dependent amplitude

poles from zeros of
K2 ;.5(2) =K 4 —2(i" | Kas|l7)

That 1s. a pole at 2
» 4P i

Zab —

Residue
f(2) i
R' — A (1 A (1
B8 K2 (o) AplFab) X ger— X ARl ab)

Fat

Notation k = k(2ap)
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On-Shell Recursion Relation
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- Partition P: two or more cyclicly-consecutive momenta contaiming j, such that
complementary set P contains [,

= {Plnpi‘n"':'j:r"';

— {PI,FQ,...,Z}...
PUP = {1,2....,n}

« The recursion relations are then

A?’L(]-‘!""!n) = Z A#P—f—l(k}"]}” )
part;t-:ir;w P
’E- » —h
— A#Pﬂ(k P
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Number of terms ~ H—j| X (n=3)
so best to choose [ and ]' nearby

Complexity still exponential, because shift changes as we descend

the recursion
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Applications
« Very general: relies only on complex analysis + factornization
« HFermionic amplitudes
- Applied to gravity
Bedford, Brandhuber, Spence, & Travaglini (2 /2005)
Cachazo & Svréek (2/2005)

« Massive amplitudes
Badger, Glover, Khoze, Svigéek (4/2005, 7/2005)
Forde & DAK (7/2005)

« Other rational functions
Bern, Bjerrum-Bohr, Dunbar, & Ita (7/2005)
« Connection to Cachazo—Svréek—Witten construction
Risager (8,/2005)
« CSW construction for gravity
Bjerrum-Bohr, Dunbar, Ita, Perkins, & Risager (9/2005)
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Factorization in Gauge Theory

allb

Collinear limits with splitting amplitudes
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Twistors and C%W

A X
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On-Shell Recursion Relation
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Three-Gluon Amplitude Revisited

Let's compute 1t with complex momenta chosen so that
[17) < [27) o< [37)

that 1s,
12]=[23] = [31] = 0

but

(12) #£0, (23) #0, (31) #0

compute A3(17,27,37)
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A3(1_1 2_:1 3+)

Choose common reference momentum q

€1+ €2 = 0 so we have to compute

\/_z[ eska-e1+e3 €1 ks €2
_;1a2) [q3] g ](21>+i<q1>[q3][q3](32)
~'Rd@3) [tq] [1q](¢3) [24]
1a3] [(q2) 21)  (q1)(12)
~ g3 [1q 2 4]
_ _9;112)[g3]g - (k1 + ko)
(¢3) lq1] [q2]
:@5(12>[q3]2
[g1] [q2]
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Not mamnifestly gauge invariant
(12)[q3]°
a1 [q2]
__;{12)[¢3](32)[¢3](31)
(23)(31) [q1] g 2]
gz
IRCEXER

but gauge invanant nonetheless,

and exactly the n=3 case of the general Parke—Taylor formula!
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Four-Point Example

Pick a |2, 3) shift, giving one diagram

i 4+
0 (12)° X i X (—1) 34)
(2(=P){(-P)1) s34 [P 3][4P]
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(12)° [34)°

43y (17| P 37) (27| P [47)
_ (12)° [34)°
{4317 | P|37) (27| P|47)
{12y’
~'(23) (34) (41)

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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Choosing Shift Momenta

What are legitimate choices?
Need to ensure that A(z) — 0 asz — 0

At tree level, lemtimate choices

[_:' +>1 [+ﬂ +>1 [_:' _>

Power counting argument in Feynman diagrams for -, +)
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o dltle) 1

ﬂ[ﬁ'«ﬂ ¢
(g |y |im) 1
T Ay

Three-point vertices with z-dependent momentum flow ~ z
Four-pomt vertices with z-dependent momentum flow ~ 1

Propagators with z-dependent momentum flow ~ 1/z

= Leading contributions from diagrams with only three-point

vertices and propagators connecting  to [ ~1/z

(one more vertex than propagators & two &s)

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



o

Factorization in Complex Momenta

Factonization theorems denived for real momenta

For multiparticle poles, hold for complex momenta as well

At tree level, collinear tactorization holds tor complex momenta
as well, because sphitting amplitudes only involve

1/spinor product, so we only get pure single poles

Double poles cannot arise because each propagator can only give

rise to a Siﬂgle invariant i1 the denominator
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MHV Amplitudes

Compute the (17,77) amplitude: choose 13, 2) shift
3

Other diagrams vanish because A,,(+--- ++) =0
or A3(3+,4T, —P*) =0
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(12)(23)---((n=1)n) (n1)

« Prove Parke—Taylor equation by mnduction
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CSW From Recursion

Risager, th /0508206
Consider NMHYV amplitude: 3 negative helicities m,, m,, m.,, any

number of positive helicities

Choose shift

my ) my ) + z (mams)

= q
my) — |my)+z(mzm)lq)
mg) — |mg)+z{mims)lq
Momenta are still on shell, and

O(k1 + ko + k3)H =

({mamga) (my | + (mama) (my | + (m1ma) (m3z[)y*|g™) =0
because of the Schouten 1dentity
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% z-dependent momentum flow comes trom contfigurations with

one minus helicity on one amplitude, two on the other

S L s
A(1+,...}ml_?...,mg,...,—PJF)EA(P_?...,mgﬁ,...,nﬂ

« MHV x MHV

- For more negative helicities, proceed recursively or solve globally
for shifts using Schouten 1dentity that yield a complete

factorization = CSW construction

« Can be applied to gravity too!
Bjerrum-Boht, Dunbar, Ita, Perkins & Risager, th/0509016
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Singularity Structure

«  On-shell recursion relations lead to compact analytic expression
« Dufferent torm than Feynman-diagram computation

« Appearance of spurious singularities

Ag(l—.2 .5 4t 5F gF)—

1 ( (17|24 3[4~ ) (374456~ ) )

(5 [3+4)2) 3|34 (56) (6 1) 5 gﬂ ) (45) s3>

Inphysical singularity — physical singularities
cancels between terms
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Review of Supersymmetry

Equal number of bosonic and fermionic degrees of freedom
Only local extension possible of Poincaré invariance

Extended supersymmetry: only way to combine Poincaré

invariance with internal symmetry

Pomcaré algebra

1P Pl =0
[Ppy, M| = 1pu Py — v Py
[M,um Mp)\_ — _n,upMu)\ _ nu}iM,up =5 T];L)\Mup T nu,oMp:A
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« Supersymmetry algebra 1s graded, that 1s uses both

commutators and anticommutators. For N=1, there 1s one

supercharge Q, 1m a spin-Y2 representation (and its conjugate)
{Qa,Qs} = 204, Py
[Py, Qo] = [Py, Qa] = 0
Qa, My = (040)a" Qb
Qo M) = (Ew)abéfy
{Qm@b} — {@aa@g)} =0

There 1s also an R symmetry, a U(1) charge that distinguishes
between particles and superpartners

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



o

Supersymmetric (Gauge Theortes

o N=1:gauge bosons + Majorana fermions, all transtorming
under the adjoint representation
o N =4 cauge bosons + 4 Majorana fermions + 6 real scalars, all

transtorming under the adjomt representation
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Supersymmetry Ward Identities

Color-ordered amplitudes don’t distinguish between quarks and
oluinos = same for QCD and N=1 SUSY

Supersymmetry should relate amplitudes for different particles in

a supermultiplet, such as gluons and gluinos

Supercharge annthilates vacuum

0][Q, ®1P5 - - - 8,]|0) = _ZO|<1>1 [Q, ;] - ®,|0)

Grsaru, Pendleton & van Nieuwenhuizen (1977)
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Use a practical representation of the action of supersymmetry
on the fields. Multiply by a spinor wavefunction & Grassman

parameter 7
(Q, G=(k)] = £T*(k, g) A% (k)
(@, A=(k)] = FTF (k,q)G* (k)

where I'™ = 0 [q k], = 0 (qk)
With explicit helicity choices, we can use this to obtain

equations relating different amplitudes
Typically start with Q acting on an ‘amplitude’ with an odd

number of fermion lines (overall a bosonic object)
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Supersymmetry W1 i Action

All helicities positive:
0 = (0][Qq, AT G5 --- G110}
= -~ (k1,0)A5=(1",...,n7)
+ Tt (kg, @) Aee(1%, 21,31, ..., nT)
+ -+ T (kp, @) AT (11,27, ..., (n — 1)T,n})

Helicity conservation implies that the fermionic amplitudes

vanish

0= —T~(ky, g) AT (1F, ..., n*)

so that we obtamn the first Parke—Taylor equation
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With two negative helicity legs, we get a non-vanushing relation

0=(0][Qq, AT G5 G5 ---G; Gy -+ G]|0)
—I‘_(kl,q)AEee(lJ“,Q_,...,:rﬁ)

—T*(ko, @) AT (1F,25,3%,...,5,...,nT)
—TH(kj, @) A (15,27,3%, ... Jny---,nT)

Choosing g = ko
ATl 20,30 i ] =
(12)

_ WAWEE(].—{— 2" 3+ j_:"-an—i_)
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« Tree-level amplitudes with external gluons or one external

fermion pair are given by supersymmetry even 1in QCD.

« Beyond tree level, there are additional contributions, but the
Ward 1dentities are still useful.

« Nor supersymmetric theories, they hold to all orders 1n

perturbation theory
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« Property: tree-level factorization

= Computational tool at tree level: on-shell recursion relations

n=2
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L.oop Calculations: Textbook Approach

Sew together vertices and propagators into loop diagrams
Obtamn a sum over [2,n]-point [O,n]-tensor integrals, multiplied
by coetficients which are functions ot k and €

Reduce tensor integrals using Brown-Feynman & Passarino-
Veltman brute-torce reduction, or perhaps Vermaseren-van

Neerven method

Reduce higher-point imntegrals to bubbles, triangles, and boxes
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« Can apply this to color-ordered amplitudes, using color-ordered

Feynman rules

« Can use spinor-helicity method at the end to obtain helicity
amplitudes

BUT
« Thus fails to take advantage of gauge cancellations early in the

calculation, so a lot of calculational effort 1s just wasted.
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Can We Take Advantage?

Of tree-level techniques for reducing computational ettort?

Of any other property of the amplitude?
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Unitarity

Basic property of any quantum field theory: conservation of

probability. In terms of the scattering matrix,
Sts =1
In terms of the transfer matrix 21 =5 — 1 we get,
(T =TYHY =T'T
or 2 km Tﬁ - (TTT)ﬁ

with the Feynman I

DiscT =TT
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This has a direct translation into Feynman diagrams, usimng the

Cutkosky rules. If we have a Feynman integral,

/ dP/ | 1
2m)P 2 +id6 (L—K)2+1

and we want the discontinuity in the K* channel, we should replace

1 _
£2 +ib _2
1

(C—K2+is _zﬂ@(f_@

~

L~
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« When we do this, we obtain a phase-space mntegral
dP¢
(2‘”-)1?—1

/dDLIPS{m}

) (26 ((£ - K)Z){ e } —

|
|
|
|
|
|
I
I

>
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' In the Bad Old Days ot Dispersion

Relations
To recover the full integral, we could perform a dispersion
integral
| > Im f(w
Ref(s)——P/ dw /1 )+ReCm
o w— S

in which Csg = 0 so longas f(w) — 0 when w — 00

It this condition 1sn’t satisfied, there are “subtraction” ambiguities
corresponding to terms in the full amplitude which have no

discontinuities
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« DButit's better to obtain the full mtegral by identitying which

Feynman integral(s) the cut came from.

« Allows us to take advantage ot sophisticated techniques for
evaluating Feynman integrals: identities, modern reduction
techrmiques, differential equations, reduction to master integrals,

etc.
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Computing Amplitudes Nor Diagrams

The cutting relation can also be applied to sums of diagrams, in

addition to single diagrams
Looking at the cut in a given channel s of the sum of all diagrams

for a given process throws away diagrams with no cut — that 1s
diagrams with one or both of the required propagators missing
— and yields the sum of all diagrams on each side of the cut.

Fach of those sums 1s an on-shell tree amplitude, so we can take
advantage of all the advanced techniques we’ve seen for

computing them.
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Unitarity-Based Method at One Loop

Compute cuts in a set of channels

Compute required tree amplitudes

Form the phase-space integrals

Reconstruct corresponding Feynman integrals
Perform integral reductions to a set of master integrals

Assemble the answer
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Unitarity-Based Calculations

Bern, Dixon, Dunbar, & DAEK,
ph/ 9403226, ph/9409265

1-loop d4_2£€ 2 tree 2 tree
A — Z (2?1_)4_25 /2 Aleft (e_ K)zAright

cuts K?2
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Unitarity-Based Calculations

|
—t=

I-K |

In general, work 1n D=4-2g = tull answer

van Neerven (1986): dispersion relations converge

At one loop 1n D=4 for SUSY = full answer

Merge channels rather than blindly summing: find function

w/given cuts i all channels
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The Three Roles of Dimensional
Regularization

Ultraviolet regulator;
Infrared regulator;
Handle on rational terms.

Dimensional regulanization etfectively removes the ultraviolet
divergence, rendering integrals convergent, and so removing the

need for a subtraction in the dispersion relation

Pedestrian viewpoint: dimenstonally, there 1s always a tactor of
(—s)7%, so at higher order 1n €, even rational terms will have a
factor of In(—s), which has a discontinuity
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Integral Reductions

« Atone loop, all #25-point amplitudes in a massless theory can be

written 1 terms of mine different types ot scalar integrals:

« boxes (one-mass, ‘easy’ two-mass, ‘hard” two-mass, three-mass,

and four-mass);

. triangles (one-mass, two-mass, and three-mass);
« bubbles

» In an @#=4 supersymmetric theory, only boxes are needed.
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L 1~2 I+r

im
4
= :
b )
I+F -
I+r
I?mh
4
- .
[ i—1 i
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The FEasy Two-Mass Box

/ dPy 1 B
(2m)P (€ — k1)%(€ — K12)?(€ — K123)%
CF(EQ) > { 622 [(—8)_E + (=) — (-m3)~° — (—mﬁ)_E]

st — msmy
2 )
—2Lig<1 _ @) _ 2Li2(1 _ @)
S t
2 2
—2Li2(1 _ ﬂ) _ QLiQ(l _ ﬂ)
S t
L O
+2 Lig(l - mi”“) ~ 1n?(§) } +O(e)
S

dt

* n(1—¢)

Dilogarithm Lis(z) = — f,

S~
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Infrared Singularities  ¢;+1

C %o A
- C2—1
Loop momentum nearly on shell
and soft
or collinear with massless external leg
or both
Cl—‘l .
Coetficients of infrared poles and o £2
C2+ l

double poles must be proportional
to the tree amplitude for cancellations

to happen
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Spurious Singularities

When evaluating the two-mass triangle,

we will obtain functions like

In(s1/s2)

g1 — &2

111(51/32) n |
(31 = 32)2 §1 — 52

There can be no physical singularity as §7 — 89
and there 1sn’t

but cancellation happens non-trivially
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Example: MHYV at One Loop

—t>

[ "‘l"l
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« Start with the cut
/d4 LIPS(fl, —fg) Atree(—fg, Cg—l—l, . s ,Cl—l,fl)

t1
x A 168(—61561,. e ,Cg,fg)

« Use the known expressions for the MHV amplitudes

4 (=t1) L)
_/d LIPS(61, ~t2) ((—£1) c1) (e1 - -+ c2)) (c2 la)
(i 5)°

X

((—£2) (c2+1)) ((ca+1) - (c1—=1)) {(c1—1) b1) (€1 (—£2))
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- Most factors are independent of the integration momentum
. ttree 1+ - . +
9 s (1 SR S i W L)

((e1—1) e1) {ea (ca+1)) (41 £o)°

X /d LIPS (41, —¥45) (1 c1) {ca o) {(c1—1) 1) (s (ca+1))
e O

? ?

. / A LIPS(t1, —05) {(c1—1) 1) {1 £2)? (es (ca+1))

c1 £1] [€2 co] [(c1—1) 1] [€2 (c2+1)]

X
(El _ kcl)2(€2 + kcz)2(€1 + kc:1—1)2(£2 _ kcz+1)2
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«  We can use the Schouten identity to rewrite the remaining parts

of the integrand,

(b1 + ke, —1)* (b2 — keyt1)? £ Tr[(1 4+ 5 ) f1 Ko foRe, |
_{km—l G _km} — {kcg+l i _kcz}
+{k61—1 A ﬂk(‘qﬁk{?g—l-l b —kCQ}

- Two propagators cancel, so after a lot of algebra, and

cancellation of tniangles, we're left with a box — the ¥, leads to a

Levi-Crvita tensor which vanishes upon integration

«  What's left over 1s the same function which appears i the

denominator of the box: —s8t + m%mﬁ
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C2+1
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« We obtain the result,
tree (14 .— - +
—A"(1", .., )

X Z Box - 5 (its denominator)

easy 2 1mass
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Unitarnity-Based Method for L.oops

Bern, Dixon, Dunbar, & DAEK,
ph/ 9403226, ph/9409265

1-loop d4_2£€ 2 tree 2 tree
A — Z (2?1_)4_25 /2 Aleft (e_ K)zAright

cuts K?2
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Example: MHYV at One Loop

—t>

[ "‘l"l
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The result,

— A1, i,y e, )

X Z Box - 5 (its denominator)

easy 2 1mass

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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Have We Seen This Denominator Before?

Consider

<C1_| Ko ‘02_> <‘32_’ Ke,...co ‘cl_> -

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



i=2 it

im 2Zme
4 I4
I+r+r'
’ : . p=1 = s
i : i i+r
I4m
. ¥ 4 . # Vo
% : A I+r+r I+r+r'+r
: -2 ' : >
1+r i . .
I+ X
[Emh 3m [
4 4
- y : i—1
I -1 i

1m
I3

7N 7 N 7 %
A= Zj cjlj
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Generalized Unitarity

« Can sew together more than two ~ /w\ P

. ~ ”~
tree amplitudes ~N e

« Corresponds to ‘leading smngularities’

» Isolates contributions of a smaller set

of integrals: only mtegrals with propagators
corresponding to cuts will show up
Bern, Dixon, DAK (1997)

« Example: in triple cut, only boxes and tnangles will contribute
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- Can we 1solate a single integral?

« Quadruple cuts would 1solate a single box

« Can’t do this for one-mass, two-mass, or three-mass boxes

because that would 1solate a three-point amplitude

« Unless...

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



4

Cuts 1n Massless Channels

«  With complex momenta, can form cuts using three-vertices too

+1 .
€l Britto, Cachazo, & Feng, th/0412103

C_';—I

crt+1

= all box coettictents can be computed directly and algebraically,

with no reduction or iﬂtegratioﬂ

e o4 =1 and non-supersymmetric theortes need triangles and

bubbles, tor which integration 1s still needed
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Quadruple Cuts

Work in D=4 for the algebra

d*/
o st e
fz‘?")4 = 123 125

Four degrees of tfreedom & four delta functions

= no integrals lett, only algebra

= tree ptree ptree Agtree
: E, Aa. Ab Ac Ad

= Aolutions
helicities
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MHV

« Coefticient of a specific easy two-mass box: only one solution

will contribute

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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_1
2

X

3 As((—¢ ) e L VAT ey i e coea =1L D)
x A

CQ,;;A—) Cz+l LGy — IE)

((=
( [4?4 a]’ ) ( (i 4)"
{11 J€1 [fl €4] €1 (31+1 (21-|—1 (62—1)» (((32—1) fz) (fg €1)

(Eg iﬁig@ )( U3 (ca+1)) (c2+1&i eg}(cl 1)) ((c1—1)£4>)

A“%(ﬁ e e nT)

{((c1—1) 1) (Cl (Cl-i-l)) ((ca—1) c2) (ca (c2a+1))
((c1—1) £y) (€1 (c1+1)) ((c2—1) £2) (€3 (c2+1))

(er® | fafs |ea™)
<C1+|f1ﬁ’2 |27 ) [€1 £4] [£2 3]
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I Using momentum conservation
(1™ [ fafl3 |c2)

(e1t| 1o |e2™)

(a-De) 1
((01—1)€4> [51 «‘34] [51 611
our expression becomes

1 (1| fads |ea™ ) (€1 £a) [£2 €3]

AT (1T o en ey e, nT
5 ( J ) 1 21] [c1 £a] [€s c2] [¢z ca]

= %A.‘;{‘*‘E(lﬂ...,z“, i Y [0 £a] (84 £5) [0 €] (85 £)
— By e s s

X <f31_| €1 4 €5 ’CQ_> <C*2_|€3 + 44 ‘01_>
e e

X (e17 | K(ey+1)-(ea—1) [€27) (€27 | Ker+1)-(ea—1) [€17)

1 . : :
_ _A;rte(1+?___?g_, “ TN ,j—.}.. a ,,n"')(m%mﬁ = St)

2
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Higher L.oops

« Technology for tinding a set of master ntegrals for any given
process: “integration by parts”, solved using Laporta algorithm

« Butno general basis 1s known

«  So we may have to reconstruct the integrals in addition to

computing their coetticients
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Unitarity-Based Method at Higher
Loops

Loop amplitudes on etther side of the cut

I
I
I
I
|
I
|

I
=K |

Multi-particle cuts 1n addition to two-particle cuts

I‘I'j

-~
-"I'I"I_?'I—

>

Find integrand/integral with given cuts 1n all channels
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Generalized Cuts

In practice, replace loop amplitudes by their cuts too

2 ——4——F3
[ [

1 : ,’ ,’ 4
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Computing QCD Amplitudes

N =4 = pure QCD + 4 fermions + 3 complex scalars
QCD = =4 + O0N=1 + oA =0

chiral ccalar
multiplet
cuts + cuts + cuts + rational
rational rational A
/"\ /"\ /"\ ][« D:_4—_2$
urntarity
D=4 D=4 D=4
unitarity  unitanty unitarity bootstrap

or
on-shell recursion
relations
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Rational Terms

« At tree level, we used on-shell recursion relations
« We want to do the same thing here
« Need to confront

_ Presence of branch cuts

_ Structure of factonization

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



« At tree level,

A (15,2F .. onT) =0

« 'Truein supersymmetric theories at all loop orders
-  Non-vanishing at one loop 1n QCD

« but finite: no possible UV or IR smngularities

« Separate V and F terms

An == T/':-'.i AE‘EE + F n
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Factorization at One Loop

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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Collinear Factorization at One Loop

Most general form we can get 1s antisymmetnic + nonsingular:

two independent tensors for splitting amplitude

1
f1(8ap, 2) S—m(ageh ko —eleq - kp + 5(ki — kM )eq - ep)
(k’{; N k?) Ea * kbEb : ku,
Jakah ) == (aven- T )

Second tensor arises only beyond tree level, and only for like

helicities
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- Expliat form of +++ splitting amplitude

1

Spliti—lDDPT scalar(z; GL+, b+) = _48?1-2

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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« No general theorems about factorization in complex momenta

« Just proceed

e lLookat=—+...++

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



Amplitudes contamn tactors like

limits
Expect also A4S ‘sgbl‘é’éjdiﬂg’ contributions, seen 1n explicit
results ’
‘unreal’ poles
f“‘
Double poles #vith vertex Vs (~|— = +)

Y :
Non-conventional single pole: one finds the double—pole,

multiplied by
Sab Soft(a, (—P,p)~,b) Soft(b+ 1, ﬁ{gja —1)
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On-Shell Recursion at L.oop Level

Bern, Dixon, DAK (1-7/2005)
Finite amplitudes are purely rational

We can obtam simpler forms for known finite amplitudes
(Chalmers, Bern, Dixon, DAK; Mahlon)

These agaiﬂ involve spuric:-us siﬂgularities

Obtamed last of the finite amplitudes: £ fF g7 ... ¢"
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On-Shell Recursion at Loop Level

Bern, Dixon, DAK (1-7/2005)

- Complex shift of momenta (7, [)
Zip e
p; = pi(2) =pj — 57
&y
=P (2) =P + 5

« Behavior as z — o0: require A(z) = 0

,-},H

yH

- Basic complex analysis: treat branch cuts

- Knowledge of complex tactorization:

=
i

— at tree level, tracks known factorization for real momenta

— at loop level, same for multiparticle channels; and — ——+

— Avoid +—++
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Rational Parts of QCD Amplitudes

Start with cut-contaning parts obtained trom unitanity method,

consider same contour mntegral
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Derivation

Constder the contour integral e B

¢ A

Determine A(O) in terms of other poles and branch cuts

d
A(0) = — ™ Disc BA(2)
ol
Rational terms Cut terms
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« Cut terms have spurious smgulanities = rational terms do too

In(sq1/s2)
(81 — 82)°

« = the sum over residues includes spurious singularities, for

which there 1s no factorization theorem at all

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



Completing the Cut

« 'To solve this problem, detine a moditied ‘completed’ cut, adding

in rattonal functions to cancel spurious siﬂgularities

In(s1/s9) i 1
(s1 —52)% 81— 89

«  We know these have to be there, because they are generated
together by mtegral reductions

- Spunious singularity 1s unique
- Rational term 1s not, but ditference 1s tree of spurious

singularities
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o This eliminates residues of spurious poles

> é entirely known from tour-dumensional unitanity method
« Assume é(z) — 0 as z —

« Moditied separation
A (2) = ep [C‘(z) +R(2)]

50

Z=Zq A
poles «

A0) = - Res 2L / o Disc gC(2)
Branch <

R(2)
— ) Res—

St
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o

« Perform integral & residue sum for C

co) = - Z Res O(2) —/ i Disc gC(2)
- —g o B

ranch <

Z

poles «

S0

poles «

Unitanity Method cer
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A Closer Look at L.oop Factorization

Only single poles in splitting amplitudes with cuts (like tree)
Cut terms — cut terms
Rational terms — rational terms

Build up the latter using recursion, analogous to tree level
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. Recursmn on rational pieces would build up rational terms R,

1ot R

« Recursion gives

t ]
Recursive = Z Res Hadona ( Z 11{38 i

— <o 2

Double-counted: ‘overlap’

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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« Subtract off overlap terms

s

Rational|[C(z

<

A(0) =cr [C‘ (0) + Recursive + Z Res

:Za

Compute explicitly from known C-
also have a diagrammatic expression
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Tree-level On-Shell Recursion Relations

Partition P: two or more cyclicly-consecutive momenta containing f, such that
complementary set P contains [,

P = {}:'1:,13'2:,....‘,jj...}.}j_l}j
P = {P,Py....I,... P4},

PUP = {1,2....,n}

|l

On shell

The recursion relations are

An(l,...,n) == Z A#p+1(kp1,...
partiit:izl:lsl:‘
1

X 53 5 X Ayup (K,
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Recursive Diagrams

- E Res fn )zRecursive Diagrams
i

poles &

1 7 ph

3y {R_g)(kpl,...,kj,...,kp_,l,—P )
partitions P

h=2 3

- ﬁ > AtreE( _11251__‘5k}3_13ﬁ—?1)
_I_AtIEL( ;C 1}{}1:)_1.}—??1)
XEXRU)U‘C 11---3];33"'?}5}5_1?}3—;1)
‘|‘A:.=;Iee(kP1ﬁ'"?]%j!”"kp—l’_ﬁh)
iRFaCt ~ 5—h
> - XAtI‘EE(kP, __ k!w"'ﬂkﬁ_l?P E)}
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Five-Point Example

- Lookat F2(17, 2_,3+,4+j5+)

« (Cut terms
1(12)% ((23)[34] (41) + (23)[45](51)) Lo (:42&)
6 (23)(34) (45) (51) S51
1 [34](41) (24) [45] (23) [34] (41) + (23) [45] (5 1)) Le(=22)
3 (34) (45) 851

« have requured large-z behavior

Lo(r) = lln_r?” Ly(r) = Inr —(1(?;:1)13/T)/2
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Five-Point Example

» Lookat F2(17,27, 3F 4T 5+)
»  Recursive diagrams: use [1, 2) shift

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



P

(a) Tree vertex A(fE_1 31, — P~ ) vanishes
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(b) Loop vertex R(Q_ e —ﬁ_)v-aﬂishes
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(c) Loop vertex Ry( = P~

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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(d) Tree vertex A(i_1 57, PT) vanishes
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(e) Loop vertex R( i—; D ﬁ“L) vanishes
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() Diagram doesn’t vanish

D‘:“ AtlLt(S“"‘ 1-—
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po _ 1 (EP)y 1 3P BPP

3 (51) ((—P)5) s51 [23](34) (4P) [P2)]
1 (17|5)27) 1
3(51)(57[1]27) (51 [15](1*‘\5\2'*)2
(3-|4]|2-) (1 |5(3)
[23](34 (4” |3\2 ) (1~ \5\2 )
1 [24][35)°
3 (34)[12][15][23])
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Five-Point Example (cont.)

‘Overlap’ contributions F¢ (17,27, g4 5+)

Take rational terms in C

e, 1 851 + S23
CRs =

B 6 523551 (551 — 823 )9

5 [34] (41) (24) [45] ((23) [34] (41) + (24) [45] (51))

(34) (51)
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«  Apply shift, extract residues in each “channel™

— o 1[34](41) ((24) +2(14)) [45]
CRs(2) = =5 (34) (45)

(((23) +2(13)) [34] (41) + (24) + 2 (14)) [45] (51))

: (551—823—Z<1_|(3+5)12_>)2

XS51+823—Z<1_|5‘2_>+Z<1_ 3|2_>
23) + 2 (13)D32] (155 1] — 2 [52]D
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‘Overlap’ contributions F¢ (17,27, g4 5+)

1 (12)°(14)[34]

Ol =——
: 6 (15) (23) (34) (45) [23]

o) _ 1{14)[34][35] ((14)[34] — (15)[35])
5 6 (15) (34) (45)[15][23]°
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On-Shell Methods

Physical states

Use of properties of amplitudes as calculational tools
Kinematics: Spinor Helicity Basis < Twistor space

Tree Amplitudes: On-shell Recursion Relations <= Factorization

Loop Amplitudes: Unitanity (SUSY)
Unitarity + On-shell Recursion QCD

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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