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QCD Lagrangian

Some facts about quarks

@ All hadrons (p,n,w, K, ...) are constituted of quarks
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QCD Lagrangian

Some facts about quarks

@ All hadrons (p,n,w, K, ...) are constituted of quarks
@ Quarks are pointlike spin 1/2 particles

@ Quark have fractional electric charges and appear in 6 different flavours

f m (GeVIc?) Q (e) p
u | 0.0015 — 0.003 2/3
d 0.003 — 0.007 -1/3
c 1.25 +0.09 2/3
S 0.095 £ 0.025 -1/3
t 174.2 £ 3.3 2/3
b 4.2 +0.07 -1/3
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QCD Lagrangian

Some facts about quarks

@ All hadrons (p,n,w, K, ...) are constituted of quarks
@ Quarks are pointlike spin 1/2 particles

@ Quark have fractional electric charges and appear in 6 different flavours

f m (GeVIc?) Q (e) p
u | 0.0015 — 0.003 2/3
d 0.003 — 0.007 -1/3
c 1.25 +0.09 2/3
S 0.095 £ 0.025 -1/3
t 174.2 £ 3.3 2/3
b 4.2 +0.07 -1/3

@ Quarks have an additional quantum number, the colour. Each quark can have

three colours (R,G,B). Colour symmetry SU(3) is an exact symmetry of the quark
Lagrangian
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QCD Lagrangian

Some facts about quarks

@ All hadrons (p,n,w, K, ...) are constituted of quarks
@ Quarks are pointlike spin 1/2 particles

@ Quark have fractional electric charges and appear in 6 different flavours

f m (GeVIc?) Q (e) p
u | 0.0015 — 0.003 2/3
d 0.003 — 0.007 -1/3
c 1.25 +0.09 2/3
S 0.095 £ 0.025 -1/3
t 174.2 £ 3.3 2/3
b 4.2 +0.07 -1/3

@ Quarks have an additional quantum number, the colour. Each quark can have

three colours (R,G,B). Colour symmetry SU(3) is an exact symmetry of the quark
Lagrangian

@ Gauging colour symmetry the quark interact via the exchange of other coloured
objects, the gluons. Since SU(3) is a non-abelian group, the theory underlying
gluon exchange is a non-abelian gauge (a.k.a. Yang-Mills) theory, whose name is
Quantum Chromo-Dynamics
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QCD Lagrangian

The matter fi elds: the quarks

@ Each quark has spin 1/2 and a colour 4, the number of colours is N.
L = i) (105740 — m) vj(z) = ¥() (i — m) ¢ (x)

The matter field v; is in the fundamental representation 3 of SU(N.)
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QCD Lagrangian

The matter fi elds: the quarks

@ Each quark has spin 1/2 and a colour 4, the number of colours is N.
£ = i) (i8:57" 0 — m) 1 (2) = p(x) (i — m) ()
The matter field v; is in the fundamental representation 3 of SU(N.)
@ L is invariant under the global SU(N.) transformation

V(@) =Ud@) (@)= b) Ut
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QCD Lagrangian

The matter fi elds: the quarks

@ Each quark has spin 1/2 and a colour 4, the number of colours is N.
L = 1i(x) (105948 — m) 1 (x) = P(2) (i — m) (=)
The matter field v; is in the fundamental representation 3 of SU(N.)

@ L is invariant under the global SU(N.) transformation

V(@) =Ud@) (@)= b) Ut

@ Fundamental representation of SU(N.) has N2 — 1 generators t%, N. x N
hermitian traceless matrices

U=efet® = gl ooapy + 0 0y = iba t
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QCD Lagrangian

The matter fi elds: the quarks

@ Each quark has spin 1/2 and a colour 4, the number of colours is N.
£ =1s() (16570, — m) ¥;(2) = (@) (i) — m) P(=)
The matter field v; is in the fundamental representation 3 of SU(N.)
@ L is invariant under the global SU(N.) transformation
W) = Uga) ' (x) =) U

@ Fundamental representation of SU(N.) has N2 — 1 generators t%, N. x N
hermitian traceless matrices
U=eal” = g~y + 0 0 = ifa t;
@ The antiquarks ; transform according to the conjugate representation 3, whose

generators are ¢

S = i0a By B =t & = ()T
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QCD Lagrangian

The gauge fi elds: the gluons

@ The quark Lagrangian is not invariant under local SU(N.) (gauge)

' (z) = U(x) p(x) ' (z) = () Ul (2)

Andrea Banfi Lecture 1



QCD Lagrangian

The gauge fi elds: the gluons

@ The quark Lagrangian is not invariant under local SU(N.) (gauge)
' (z) = U(x) p(x) ' (z) = () Ul (2)
@ Invariance under gauge transformation <> covariant derivative D,

Op — Dy suchthat D, U(z) ¢(z) = U(z) Dy ¢(x)
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QCD Lagrangian

The gauge fi elds: the gluons

@ The quark Lagrangian is not invariant under local SU(N.) (gauge)
' (z) = U(x) p(x) ' (z) = () Ul (2)
@ Invariance under gauge transformation <> covariant derivative D,

Op — Dy suchthat D, U(z) ¢(z) = U(z) Dy ¢(x)
@ Vector field A,, (gluon) in the adjoint representation 8 (connection)

Du=0u+igA, AL, =UAU' + ;4@,‘ OUt =vA U - ;4U(8MUT)
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QCD Lagrangian

The gauge fi elds: the gluons

@ The quark Lagrangian is not invariant under local SU(N.) (gauge)
' (z) = U(x) p(x) ' (z) = () Ul (2)
@ Invariance under gauge transformation <> covariant derivative D,

Op — Dy suchthat D, U(z) ¢(z) = U(z) Dy ¢(x)
@ Vector field A,, (gluon) in the adjoint representation 8 (connection)

Dy =08, +igA, A, =UAU" + ;i@# nut=va,ut - éU(&MUT)
@ Dynamics for gluon field A, < field strength F,,, (tensor form)

=UF,,U'

v

F;U/ — —E[Du-, Dl/] — a,u,Au - (‘91/14;1, + 'Lg[Au-, Au] = F/

Field strength not gauge-invariant = Self interacting gluons
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QCD Lagrangian

The gluons in components

@ There are N2 — 1 gluons A,

Ay = A%t% = Dy =8, +ig A t°
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QCD Lagrangian

The gluons in components

@ There are N2 — 1 gluons A,
Ay = A} t" = Dy =0, +ig A}, t°
@ Using the definition of the structure constant f,.

[tu-, tb] = ifubz:t(‘ = fnb(' = _fbu(' = f('ub

we find the components of F,,,

Fg, = 8,A% — 9, A% — gf**c A AS
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QCD Lagrangian

The gluons in components

@ There are N2 — 1 gluons A,
Ay = A(7 t* = D, =0u+1ig A(7 t¢
@ Using the definition of the structure constant f,.
[ta, to] = ifabct® = fabe = —foac = feab
we find the components of F,,,
Fo, = 0uA) — 0 A, — Jf”"A AS
@ Generators of the adjoint representation
=UF, U = 6F%, =i0°(T%)acFS,  (T%)pe = —if*e =ifbec

l‘ v nv
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QCD Lagrangian

The gluons in components

@ There are N2 — 1 gluons A,
Ay = A(7 t* = D, =0u+1ig A(7 t¢
@ Using the definition of the structure constant f,.
[ta, to] = ifabct® = fabe = —foac = feab
we find the components of F,,,
Fo, = 0uA) — 0 A, — Jf”"A AS
@ Generators of the adjoint representation
=UF, U = 6F%, =i0°(T%)acFS,  (T%)pe = —if*e =ifbec

l‘ v nv

@ Transformation rule for AZ

1 . e
Al =UAUT+ - (d,,(/')(ﬂ = JA% = —;D;jbﬁb DY = 0,6"" +ig TS, AS,
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QCD Lagrangian

Classical Yang-Mills Lagrangian

@ Gauge invariant Yang-Mills Lagrangian

1 -
L= —ETI'(F,,,,F‘“') + ¢ (iD—m)
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QCD Lagrangian

Classical Yang-Mills Lagrangian

@ Gauge invariant Yang-Mills Lagrangian
1 -
L= —ETI'(F,,,,F‘“') + ¢ (iD—m)
@ Using TY(t“t”) = Trd% and setting Tr = 1/2we have £L = Lo + Lg
1
EG — __F°

4 n
-q abc« a a o v H
+ §f be(9, AL — v AL AL AL (3-gluon coupling)

1
FUY = = (0uAL - 0, AL)(0 AL — 07 AL)

2
- %f”b“f”d“Aﬁ; Ay AS AL (4-gluon coupling)

L =1 @ —m)yp — gih A%
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QCD Lagrangian

Classical Yang-Mills Lagrangian

@ Gauge invariant Yang-Mills Lagrangian
1 -
L= —ETI'(F,,,,F‘“') + ¢ (iD—m)
@ Using TY(t“t”) = Trd% and setting Tr = 1/2we have £L = Lo + Lg
1
EG — __F°

4 n
-q abc« a a o v H
+ §f be(9, AL — v AL AL AL (3-gluon coupling)

1
FUY = = (0uAL - 0, AL)(0 AL — 07 AL)

2
- %f”b“f”d“Aﬁ; Ay AS AL (4-gluon coupling)
L =1 @ —m)yp — gih A%

@ Aterm A, A" is forbidden by gauge invariance = the gluons are massless
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QCD Lagrangian

Fixing the gauge

@ Classical equation of motion for A%
Kb Ay = 6*°(—Oguu + 0,.0,) Ay = J

pv

is not solvable because the operator K% is not invertible = fix the gauge

v
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QCD Lagrangian

Fixing the gauge

@ Classical equation of motion for A%

Kb Ay = 6*°(—Oguu + 0,.0,) Ay = J

pv

is not solvable because the operator K% is not invertible = fix the gauge

v

@ At classical level the gauge fixing condition G[A[0(x)]] = 0 determines Af, [0(z)]
uniquely
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QCD Lagrangian

Fixing the gauge

@ Classical equation of motion for A%
Kb Ay = 6°%(—=Ogpw + 0u00)AY = T3t

is not solvable because the operator K;j,’i is not invertible = fix the gauge
@ At classical level the gauge fixing condition G[A[0(x)]] = 0 determines Af, [0(z)]
uniquely

@ At quantum level, integrating away all configurations obtained from Af, [6(x)] viaa
gauge transformation requires the addition of gauge-fixing and Fadeev-Popov
ghost Lagrangian

Lor = —L(G[A])z Lrp —5”(51«')760[(;22 Ei()xm (y)

2«

The ghosts ¢ (z) are scalar fields with Fermi statistics
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QCD Lagrangian

Fixing the gauge

@ Classical equation of motion for A%
Kb Ay = 60 (—Ogpw + 0,0,) Ay = J

is not solvable because the operator K% is not invertible = fix the gauge

nv
@ At classical level the gauge fixing condition G[A[0(x)]] = 0 determines Af, [0(z)]
uniquely

@ At quantum level, integrating away all configurations obtained from Af, [6(x)] viaa
gauge transformation requires the addition of gauge-fixing and Fadeev-Popov
ghost Lagrangian

Lop = —i(G[A])Z Lpp = —5(1(51«')%%1:)”&@)

The ghosts ¢ (z) are scalar fields with Fermi statistics
@ Example: linear gauge-fixing condition

5G[A*[0(a)]

L a a 1 ao :| ao g
O ALIO(@)] = O(Af, — D) = ° G R = OM Do —y)

Andrea Banfi Lecture 1



QCD Lagrangian

Covariant gauge

@ Gauge fixing condition: 9, AL = 0

1 . N o %
Laor = —E(dﬂf%)z = AL(K) = k_‘zdl“’
duw =Y e (k, New(k, \) = 1 Rk
pv : 6;1( ’ )El/( ) )—*!];41/+< 70‘) kl
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QCD Lagrangian

Covariant gauge

@ Gauge fixing condition: 9, AL = 0

1 . N o %
Laor = —E(dﬂf%)z = AL(K) = 52 dyuy
duw =Y e (k, New(k, \) = 1 Rk
pv : 6;1( ’ )El/( ) )—*!];41/+< 70‘) kl

@ Ghost Lagrangian:

p b p . AL b c
Lpp = 0" caD}cy = 0" caOuca — gfapc0"c® Aj
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QCD Lagrangian

Covariant gauge

@ Gauge fixing condition: 9, AL = 0

1

. i
Laor = (OuAL)? = AL (k) =
2« ?

Y d,u,u

" kpky
duv = 3 €k New (b, A) = —gu + (1= @) =5
A

@ Ghost Lagrangian:

p b p . AL b c
Lpp = 0" caD}cy = 0" caOuca — gfapc0"c® Aj

@ Quantum corrections introduce non-physical polarisations whose contribution is
cancelled by ghost-gluon interactions

2|
I A e S IN
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QCD Lagrangian

Axial gauge

@ Gauge-fixing condition: n, A% = 0

1
Lop =——(nuA")? = A% (k)= —

20 nv 2 d;u/
kuny +kuny  n? + ak?
dpv = —Guw + - ~ ek
a G (k-n) (k-n)2 "

Andrea Banfi Lecture 1



QCD Lagrangian

Axial gauge

@ Gauge-fixing condition: n, A% = 0

1 ) ) i
Lagr = “oa (n AL )2 = Afw(k) = k_‘zdl“’
kuny + kuny n? + ak?
v = =Gy + = - o Kk
a G (k-n) (k-n)2 "

@ Ghost Lagrangian:
EFP = *CanﬂDﬁbcb = *Canuauca

Ghosts do not couple to gluons = Only physical polarisations k- e =n-e¢ =0
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QCD Lagrangian

Axial gauge

@ Gauge-fixing condition: n, A% = 0

1
Lop =——(nuA")? = A% (k)= —

20 nv 2 d;u/
kuny +kuny  n? + ak?
dpv = —Guw + - ~ ek
a G (k-n) (k-n)2 "

@ Ghost Lagrangian:
Lrp = 7can“Dﬁbcb = —cantOuca
Ghosts do not couple to gluons = Only physical polarisations k- e =n-e¢ =0
@ Light-cone gauge: n?> =0, a =0

kuny + kuny,

dpv = —guv +
" I (k-n)
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Feynman rules

Outline

@ Feynman rules

Andrea Banfi Lecture 1



Feynman rules

Feynman rules: propagators

Quark propagator: £ = 1 (ig —m) ¢

. P . % 5
! J p—m+ie
Gluon propagator: £ = — 4 (9, A2 — 0, A%) (01 AL — 9V Aly) — 5= (G[A])?
AU vy BV dyu(q)d0q
q2 +ie . (q) b

Ghost propagator (covariant gauge): £ = 0*c*0ycq

q i 5
a--—-—=---b mab
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Feynman rules

Feynman rules: interaction vertexes

3-gluon: £ = § f20<(9, AL — 0, AL) A} AY

b,
% o
& —ig (ifabe)[9ap (@1 —a2)y +9p+(92 = 43)a + gyalds —a1)p]
aa {1 cy
2
4-gluon: £ = — % fabe pede AR AV A Al
aa b,p
—ig® [ % f°%(gargss — Gas9p~)
+ facefbde (gaﬁg’yé - ga59ﬂ’y)
+ £ £ (gayggs — gaﬂQ’yLS)]
cy d,5
Quark-gluon: £ = —gip A% t% 1) Ghost-gluon: £ = —gf,p.0"c" Ab e
ap ap
—ig t?j T q — 19 qu(—ifabe)
i j b-={-=-c
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Pictorial representation of SU (N ) identities

Outline

e Pictorial representation of SU(N.) identities
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Pictorial representation of SU (N ) identities

Fundamental relations

@ Fundamental representation 3 a

1
(o4}
|

a
i —<— = i i = b

@ Trace identities: Tr(t%) = 0 and Tr(t*t?) = TrH®

R o

@ Adjoint representation 8 b

avryryyr b = O avrrbrry ¢ = 1 fae
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Pictorial representation of SU (N ) identities

Casimir factors

@ Fundamental representation 3:

> oty =Cpoiy C _Ne—t
. iklkj — Y FOij F = 2N +&+ _ CF

@ Adjoint representation 8:

Z-fnud.fbud =Cad" Ca =N \(m = G vy
cd w A

@ Fierz identity:

R

) 1. 1 ———
(5 1), = Lot o — L st _ 1 _ !
J 2 J ZN(; J = 2 2NC

@ Gluons as carriers of colour in the large- N limit

g =1 /. + O(UNY
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Pictorial representation of SU (N ) identities

Useful identities

@ Commutator and structure constants: [t%, t%] = if,p.L°

_ ’Ez :

@ 1-loop quark-gluon vertex: note pedestrian rule

a b

. . . . Cya
'L.fabct(tb = 7'L.fabctbtb = Ttn SA
2

C 1
tbtutb — <CF o 7/1) @ — __— ga . = — 1 a
2 2N, N

C
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