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Why Extra Dimensions?

 Why not? Or actually, why only 4 dimensions?
                                                                                (may be: Gauss law for gravity and e.m.; renormalizability;...)

 Extra dimensions can actually be quite useful 

 unification of fundamental interactions:
 old Kaluza-Klein idea: 5D gravity=4D gravity + U(1)em ?

 quantization of gravity: superstrings need extra dimensions

 hierarchy problem, i.e., why is gravity so weak
 large (mm size) extra dimensions
 warped extra dimensions

 symmetry breaking by orbifold compactification or boundary conditions

 dynamical generation of fermion mass hierarchy + flavour structure

 dark matter particles; inflation; accelerated expansion...

 Tools to study strongly coupled systems

 technicolor/composite Higgs models

 QCD

 plasma, condense matter systems (superconductors, vortices...)
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 Hierarchy problem, i.e., why is gravity so weak

 large (mm size) extra dimensions

 gravity is diluted into space while we are localized on a brane

 warped extra dimensions
 gravity is localized away from SM matter and we feel only the tail of the graviton

 Fermion mass hierarchy & flavour structure

 EW symmetry breaking

fermion profiles: 
      the bigger overlap with Higgs vev, the bigger the mass

Extra Dimensions for TeV/LHC Physics

SM M 2
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al structure in the theory of gravity, as op-
posed to all previous ideas that tried to intro-
duce new structure in the particle physics
sector associated with the electroweak scale.
ADD observed that with sufficiently large
dimensions, one can equate the fundamental
gravitational and weak interaction mass
scales. This follows from the relation be-
tween Planck scales given above; a large
volume permits MP to be large, whereas M,
the gravitational scale in the higher dimen-
sional theory, is far lower, on the order of 103

GeV. This does not resolve the hierarchy but
transforms it into a different problem, that of
explaining the very large size of the extra
dimensions. This proposal has many interest-
ing experimental consequences. It turns out
that with two extra dimensions, their size
would be on the order of a millimeter, which
is precisely the size that is explored in current
precision tests of gravity. This was one of the
chief reasons for the excitement associated
with these theories and motivated the work of
Adelberger (6), which ruled out deviations
from Newton’s law on scales of a millimeter.
Furthermore, large extra dimensions that ad-
dress the hierarchy problem would lead to
observable consequences at the same mass
scale we mentioned above in association with
supersymmetry. The same experiments that
search for supersymmetry can also search for
large extra dimensions. For the ADD scenar-
io, the signature would be missing energy;
particles can collide to produce gravitational
particles that escape into the extra dimension
and are therefore not observed. Phenomeno-
logical and astrophysical constraints and im-
plications of this scenario were considered in
(21, 22).

Certainly one unsatisfying feature of the
large-dimension proposal is the difficulty in
stabilizing large extra dimensions. But if one
has uniform isotropic extra dimensions, the
large volume is essential to explain the hierar-
chy. The weakness of gravity that we see as
four-dimensional observers is due precisely to
the fact that the gravitational force is spread out
over a large volume. Sundrum and I, in a theory
referred to as RS1 (3), realized that the very
different geometry we had found, given a brane
in a single extra dimension, can also address the
hierarchy but with a rather modestly sized extra
dimension if there is a second brane some
distance away from the first. The geometry is
very similar to RS2 but with space ending on
the second brane.

This is due to the form of gravity; the
strength of gravity decreases exponentially
with distance from the brane because of the
exponential rescaling of masses. The strength
of gravity is not uniform; the gravitational
force is weak away from the brane even
without diluting the force over a large vol-
ume. The proposal is the following. Suppose
that in addition to the Planck brane, which

traps gravity, there is an additional brane
separated from the first. Quarks, leptons,
photons, and other ingredients of the standard
model are stuck on this brane. Then the elec-
troweak force sees only the second (TeV)
brane, while gravity probes the entire space.
Because the electroweak mass scale decreas-
es exponentially with distance from the brane
that traps gravity, a hierarchy in masses on
the order of 1016 only requires a distance
scale of order log1016 ! 35. If one can
naturally stabilize the length at this value,
there is a natural solution to the hierarchy
problem. The large number that separates the
TeV and Planck scales arises from the fact
that the gravitational coupling changes so
rapidly (exponentially) over this relatively
modest distance. Unlike the previous scenar-
io, this is not a very large extra dimension but
one of a relatively natural size. In this picture,
there are separate physical theories confined
to the two different branes. The TeV brane on
which we live would house all the ingredients
of the standard model. The Planck brane
could be host to all sorts of other interactions
we don’t see. The only reason why the Planck
brane is important to us is that it traps gravity,
thereby explaining the hierarchy (Fig. 3).

However, because this scenario relied cru-
cially on the separation of branes, it was essen-
tial to have a mechanism that could stabilize
this distance. Goldberger and Wise (23) showed
that this stabilization could be achieved in the
presence of an additional scalar field, which is a
particle whose energy is minimized for a par-
ticular value of the size of the fifth dimension.
Subsequently, much work was done on this
scenario. Recently, Giddings et al. (24) showed
an example of a stabilized hierarchy derived
explicitly from string theory based on an idea of
Verlinde (25).

As with the large extra dimension sce-
narios, the experimental consequences of
this warped geometry scenario (RS1) are
quite dramatic. Al-
though in the sim-
plest scenario no new
physics effects will
occur in gravity exper-
iments at a millimeter,
there will be signifi-
cant effects in high-
energy particle physics
experiments, should
this scenario be cor-
rect. In the version
of our theory present-
ed in (3), there would
be particles asso-
ciated with the gra-
viton (those that car-
rymomentum in the
fifth dimension) that
would be observed to
decay in the detector

into known particles such as an electron and
positron that we can observe. This is a very
distinctive signature; these particles would
have spin 2, like the graviton, and would
come with definite mass relations. There are
other possibilities as well. In a variant of the
original proposal (26), in which the second
brane does not end space but resides in an
infinite extra dimension (essentially combin-
ing RS1 and RS2), one would have missing
energy signatures identical to those one
would obtain with six large ADD-type extra
dimensions. Other ranges of parameters for
which low-energy tests, such as tests of grav-
ity over short distances, might be relevant
were considered (27).

Another remarkable feature of the warped
metric solution to the hierarchy problem
(RS1) is that the unification of couplings at a
high energy scale can be readily incorporated
(28, 29). This is possible because, unlike the
large extra dimension scenario, the TeV scale
is not the highest energy scale accessible to
the full higher-dimensional theory. Incorpo-
rating this feature means that RS1 can be
considered as a theory with all forces unified,
thereby achieving a major goal of particle
physics.

Another interesting feature of this scenar-
io is that because of the inclusion of high-
energy scales, conventional inflation (30) can
readily be incorporated. Moreover, it has also
been shown to reproduce the known low-
energy cosmology (24). This makes this the-
ory a realistic candidate for the solution to the
hierarchy.

Other Implications for Particle Physics
Extra dimensions can have other important
ramifications for particle physics in our ob-
servable world. We have already discussed
two ways in which they might address ques-
tions about the relative size of mass scales.
There is another big difference between phys-

Planck brane Tev brane

!(r)

Fig. 3. "(r) is the graviton wavefunction. Gravity is weak because of the
exponential suppression of "(r) on the TeV brane.
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S P A C E T I M E

graviton wavefunction is exponentially 
localized away from SM brane

v = M!e
−πRM!

v = 1 TeVM∗ = 1019 GeV R ∼ 11/M∗

Orbifold breaking, Higgsless

<Higgs>
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Disclaimer & References

I will introduce the notion of Kaluza-Klein decomposition but 

I won’t describe in details the various incarnations of extra dimensions

nor present the collider signatures and discuss the constraints

 Flat

 small (MPlanck/GUT size)
 Kaluza-Klein
 string/sugra compactications
 GUT orbifold breaking  

 intermediate (TeV size)
 universal extra dimensions (UED)
 constrained standard model
 gauge-Higgs unification

 large (mm size)
 Arkani-Hamed Dvali Dimopoulos

 infinite
 Dvali Gabadadze Porrati

 discrete
 Little Higgs

 Curved/Warped

 Randall-Sundrum
 RS1

 RS2

 Susy RS
 GUT RS  

 Higgsless
 Composite Higgs
 Gaugephobic
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Disclaimer & References

 Csaki hep-ph/0404096 @ TASI’02 

 Gabadadze hep-ph/0308112 @ ICTP’02

 Rattazzi hep-ph/0607055 @ Cargèse’03

 Kribs hep-ph/0605325, Sundrum hep-th/0508134 @ TASI’04

 Rizzo hep-ph/0409309 @ SLAC Summer Institute’04

 Gherghetta hep-ph/0601213, Grojean, Hewett, Rubakov hep-ph/0104152

@ Les Houches’05 (slides at http://lavignac.home.cern.ch/lavignac/Houches/)

 Agashe @ TASI’06 (slides at http://quark.phy.bnl.gov/~dawson/agashe_1.pdf)

 Dobrescu @ TASI’08 (slides at http://physicslearning2.colorado.edu/tasi/tasi_2008/tasi_2008.htm)

 Dvali @ Zuoz’08 (slides at http://ltpth.web.psi.ch/zuoz_school/)

 Cheng, Gherghetta  @ TASI’09 

(slides at http://physicslearning2.colorado.edu/tasi/tasi_2009/tasi_2009.htm)

 Shifman hep-ph/0907.3074

(Partial) list of references to learn more about extra dimensions

http://arXiv.org/abs/0907.3074
http://arxiv.org/abs/hep-ph/0404096
http://arxiv.org/abs/hep-ph/0404096
http://arxiv.org/abs/hep-ph/0308112
http://arxiv.org/abs/hep-ph/0308112
http://arxiv.org/abs/hep-ph/0607055
http://arxiv.org/abs/hep-ph/0607055
http://arXiv.org/abs/hep-ph/0605325
http://arXiv.org/abs/hep-ph/0605325
http://arXiv.org/abs/hep-th/0508134
http://arXiv.org/abs/hep-th/0508134
http://arxiv.org/abs/hep-ph/0409309
http://arxiv.org/abs/hep-ph/0409309
http://arXiv.org/abs/hep-ph/0601213
http://arXiv.org/abs/hep-ph/0601213
http://arxiv.org/abs/hep-ph/0104152
http://arxiv.org/abs/hep-ph/0104152
http://lavignac.home.cern.ch/lavignac/Houches
http://lavignac.home.cern.ch/lavignac/Houches
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://ltpth.web.psi.ch/zuoz_school/
http://ltpth.web.psi.ch/zuoz_school/
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://quark.phy.bnl.gov/~dawson/agashe_1.pdf
http://arXiv.org/abs/0907.3074
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KK decomposition



Christophe Grojean Extra Dimensions for TeV Physics Parma, September '09

Compactification on a Circle: real scalar field

circle = !/T2πR

y ∼ y + 2πR

y

πR

−πR

0

the fields at y and y+2πR should be equal
φ(y, x) = φ(y + 2πR, x)

y=coordinate along the extra dimension

x=usual 4D coordinates

the 5D fields can be decomposed 
in Fourier modes

= Kaluza-Klein modes

φ(y, x) =
∑

n

N+
n cos

(ny

R

)
φ+

n (x) +N−n sin
(ny

R

)
φ−n (x)

the coefficients        are fixed by requiring a canonical normalization of the 4D KK modesN±n

4D 
Kaluza-Klein modes

wavefunction =
localization of KK mode 

along the xdim
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Compactification on a Circle: real scalar field
φ(y, x) =

∑

n

N+
n cos

(ny

R

)
φ+

n (x) +N−n sin
(ny

R

)
φ−n (x)

5D Lagrangian ! 4D Lagrangian for KK modes

4D kinetic terms 4D mass term

(+----) metric

[Φ]=mass3/2S =
∫

d4x

∫ πR

−πR
dy

(
1
2
∂µφ∂µφ− 1

2
(∂5φ)2 − 1

2
m2

5Dφ2

)

S =
∫

d4x
∞∑

n=0

(
1
2
∂µφ+

n ∂µφ+
n −

1
2

(
m2

5D +
n2

R2

)
φ+

n
2
)

+
∞∑

n=1

(
1
2
∂µφ−n ∂µφ−n −

1
2

(
m2

5D +
n2

R2

)
φ−n

2
)

∫ πR

−πR
dy cos

(ny

R

)
cos

(my

R

)
= 2δn0πR δmn

∫ πR

−πR
dy sin

(ny

R

)
sin

(my

R

)
= πR δmn

N+
n =

1√
2δn0πR

N−n =
1√
πR

!

! N±n[   ]=mass1/2

[Φn]=mass

.

m2
5D

m2
5D + 1/R2

+ states - states

... ...

5D field=infinite tower of massive 4D fields

depending of the energy available, you can 
probe more and more of these KK modes

m2
5D + 4/R2

m2
5D + 9/R2
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Compactification on a Circle: real scalar field

complex linear 
combinations

φn =
1√
2

(
φ+

n − iφ−n
)

φ−n = φ†
n

φ0 = φ† = φ+
0

L =
1
2
∂µφ0∂

µφ0 −
1
2
m2

5Dφ2
0 +

∞∑

n=1

(
∂µφn∂µφ−n −

(
m2

5D +
n2

R2

)
φnφ−n

)

KK number conservation = conversation of momentum along 5th dimension

∫ πR

−πR
dy λ5Dφ4 [Φ]=mass3/2

[λ5D]=mass-1

=
∞∑

m,n,p,q=−∞

λ5D

(2πR)2

∫ πR

−πR
dy ei(m+n+p+q)y/R φm(x)φn(x)φp(x)φq(x)

=
∑

m+n+p+q=0

λ5D

2πR
φm(x)φn(x)φp(x)φq(x) =

λ5D

2πR

(
φ4

0 + 2
∞∑

n=1

φ2
0φnφ−n

)

let us introduce a complex notation that will simplify the computations once interactions are introduced

Let us introduce interactions, e.g.  Φ4

2πRδm+n+p+q
}

φ(y, x) =
+∞∑

n=−∞

1√
2πR

einy/Rφn(x)
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Compactification on a Circle: gauge field
complex 
notation

AM (x, y) =
1√
2πR

∞∑

n=−∞
einy/R A(n)

M (x) M = (µ = 0 . . . 3, 5)

∫
d4x dy

(
−1

4
FMNFMN

)

=
∫

d4x dy

(
−1

4
FµνFµν − 1

2
Fµ5F

µ5

)

gauge
transformation

(n!0)

A(n)
µ → Ã(n)

µ = A(n)
µ − i

n/R
∂µA(n)

5

F (n)
µν → F̃ (n)

µν = F (n)
µν

=
∫

d4x

(
−1

4
F (0)

µν F (0) µν +
1
2
∂µA(0)

5 ∂µA(0)
5 + 2

∞∑

n=1

(
F̃ (n)

µν F̃ (−n) µν +
n2

2R2
Ã(n)

µ Ã(−n) µ

))

=
∫

d4x
+∞∑

n=−∞

(
−1

4
F (n)

µν F (−n) µν +
1
2

(
∂µA(n)

5 − in

R
A(n)

µ

) (
∂µA(−n)

5 +
in

R
A(−n) µ

))

=
∫

d4x dy

(
−1

4
FµνFµν +

1
2

(∂µA5 − ∂5Aµ) (∂µA5 − ∂5A
µ)

)
(+----) metric

focusing on “kinetic piece”
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Compactification on a Circle: gauge field
complex 
notation

AM (x, y) =
1√
2πR

∞∑

n=−∞
einy/R A(n)

M (x) M = (µ = 0 . . . 3, 5)

∫
d4x dy

(
−1

4
FMNFMN

)

=
∫

d4x

(
−1

4
F (0)

µν F (0) µν +
1
2
∂µA(0)

5 ∂µA(0)
5 + 2

∞∑

n=1

(
F̃ (n)

µν F̃ (−n) µν +
n2

2R2
Ã(n)

µ Ã(−n) µ

))

4D vectors

...

4D (adj) scalars

1/R2

0

massive KK      

    are  eaten

= longitudinal

A(n)
5

A(n)
µ

9/R2

4/R2

m2
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Compactification on a Circle: gauge field

AM (x, y) =
1√
2πR

∞∑

n=−∞
einy/R A(n)

M (x)

let us turn on some non-trivial non-abelian interactions

Dµ = ∂µ + i
g5D√
2πR

A(0)
µ

DM = ∂M + ig5DAM
[AM]=mass3/2

[g5D]=mass-1/2

NKK <
16π2

g2
4D

g2
4D NKK

g4
4D

16π2
>

g4D =
g5D√
2πR!

Λ =
NKK

R
=

16π2

g2
4DR

5D cutoff

perturbativity holds if
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Compactification on a Circle: gauge field
KK unitarization

massive KK gauge boson
non-linear realization of the gauge symmetry

WL are Goldstone bosons ~ pions of QCD

Σ = eiσaπa/v Lmass =
v2

4
Tr

(
DµΣ†DµΣ

)

bad behavior of scattering amplitudes

A = g2

(

E

MW

)2L

L

L

L

εl =

(

|"k|

M
,

E

M

"k

|"k|

)

loss of perturbative unitarity 

Λ~ 4π MW/g < Λ5D

scattering of WL
~

 scattering of QCD pions
(Goldstone equivalence theorem)

the growth of the (elastic) cross section is cancelled 

by the exchange of KK modes (see Higgsless’ lecture)
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Compactification on a Circle: fermion
4D Dirac matrices

γµ =
(

0 σµ

σ̄µ 0

)
σ0 =

(
1 0
0 1

)
σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

σ̄0 = σ0 σ̄1 = −σ1 σ̄2 = −σ2 σ̄3 = −σ3

γ5 = −iγ0γ1γ2γ3 =
(

12

−12

)

5D Dirac matrices

Γµ = γµ Γ5 = iγ5 = i

(
12

−12

) {
ΓM ,ΓN

}
= 2ηMN

(+----) metric

5D Dirac action
∫

d4xdy

(
i

2
(Ψ̄ ΓM∂MΨ− ∂M Ψ̄ ΓMΨ)−mΨ̄Ψ

)
Ψ =

(
χ

ψ̄

)
5D spinor = 4D Dirac spinor 
2 vector-like 2-components spinors  

check: {γµ, γν} = 2ηµν
(+---) metric

−iσ̄µ∂µχ− ∂5ψ̄ + mψ̄ = 0
−iσµ∂µψ̄ + ∂5χ + mχ = 0

5D
eqs of motion {

=
∫

d4xdy
(
−iχ̄σ̄µ∂µχ− iψσµ∂µψ̄ + 1

2 (ψ∂5χ− ∂5ψχ− χ̄∂5ψ̄ + ∂5χ̄ψ̄) + m(ψχ + χ̄ψ̄)
)



Christophe Grojean Extra Dimensions for TeV Physics Parma, September '09

Compactification on a Circle: fermion

(
χn

ψ̄n

)
4D Dirac spinor

of mass mn

5D
eqs of motion

diff. eqs for
wavefunction!

g′
n + m gn −mn fn = 0

f ′
n −m fn + mn gn = 0 !

g′′
n + (m2

n −m2)gn = 0
f ′′

n + (m2
n −m2)fn = 0

remark: there exist zero modes iff m=0

Vector-like spectrum: cannot describe chiral theory as SM
Witten ’81

χ =
∑

n

gn(y)χn(x)

ψ̄ =
∑

n

fn(y)ψ̄n(x){ −iσ̄µ∂µχn + mn ψ̄n = 0
−iσµ∂µψ̄n + mn χn = 0{

KK decomposition

∫
d4xdy

(
i

2
(Ψ̄ ΓM∂MΨ− ∂M Ψ̄ ΓMΨ)−mΨ̄Ψ

)
5D Dirac action

−iσ̄µ∂µχ− ∂5ψ̄ + mψ̄ = 0
−iσµ∂µψ̄ + ∂5χ + mχ = 0

5D eqs of motion

{

gn = Nn cos ny
R

fn = Nn

(
m

mn
cos ny

R − n
mnR sin ny

R

)

m2
n = m2 + n2/R2

1 gn = Nn sin ny
R

fn = Nn

(
n

mnR cos ny
R + m

mn
sin ny

R

)

m2
n = m2 + n2/R2

2
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Compactification on a Circle: fermion

Contrary to scalar/gauge cases, in general KK modes don’t have a definite parity y ↔ -y
y → −y Ψ(y)→ Γ5Ψ(−y) Ψ̄(y)→ Ψ̄(−y)Γ5

 the kinetic term is invariant: Ψ̄ΓM∂MΨ→ Ψ̄(−y)Γ5
(
Γµ∂µ − Γ5∂−y

)
Γ5Ψ(−y)

= Ψ̄(−y)
(
Γµ∂µ + Γ5∂−y

)
Ψ(−y)

 the mass term is *not* invariant: Ψ̄Ψ→ Ψ̄(−y)Γ5Γ5Ψ(−y) = −Ψ̄(−y)Ψ(−y)

definite parity iff m=0, then χ and ψ have opposite parities

χn and ψn have separate kinetic terms  ! a priori 2 independent normalization conditions

 the 2 normalization conditions are equivalent provided that the quantization eq. holds

∫ πR

−πR
dy cos2 ny

R =
∫ πR

−πR
dy

(
m

mn
cos ny

R − n
mnR sin ny

R

)2
= πR iff m2

n = m2 + n2/R2

Nn = 1/
√

πR

KK mode 5D parity

KK mode normalization
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Compactification on a Circle: graviton

 diffeomorphism invariance: hMN→hMN+"MξN+"NξM

            can eliminate D components: e.g., "MhMN=½"Nh
! D(D-1)/2

massless  level

massive level

4D graviton
2

4D vector
2

4D scalar
1

gµν gµ5 g55

4D massive graviton
5

gµν

5D
5 dof

5 dof

massless graviton in D dimensions seen from 4D

gMN=ηMN+hMN  DxD symmetric matrix ! D(D+1)/2 components
D=4 ! 10

D=5 ! 15

D=6 ! 21{
 residual invariance: "ξN=0 keeps "MhMN=½"Nh

            can eliminate D more components
! D(D-3)/2

D=4 ! 2

D=5 ! 5

D=6 ! 9{
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Compactification on a Circle: graviton
massless graviton in D dimensions seen from 4D

D(D-3)/2 degrees of freedom

massive level

massless  level

4D graviton
2

n 4D vectors
2n

n(n+1)/2 4D scalars
n(n+1)/2

gµν

1
4D massive graviton

5

gµν

(4+n)D

n-1 
4D massive vectors

3(n-1)

n(n-1)/2 
4D massive scalars

n(n-1)/2

gµi gij

gµi gij

(4+n)(4+n-3)/2 dof

(4+n)(4+n-3)/2 dof

1 vector is eaten 
by the graviton

1 scalar is eaten by 
the graviton

(n-1) scalars are 
eaten by the vectors

for the explicit KK decomposition 

of the (4+n)D graviton,  see e.g. 
Giudice, Rattazzi, Wells ’98
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Compactification on a Circle: graviton
5D graviton = massless 4D (graviton +  vector + scalar)+ massive dof

M2
Pl = 2πR M3

∗ φ̂ = 1
2MPlφ Âµ = MPlAµ

the result also holds at the full non-linear level 
which legitimates the identification of the Planck scale 

(at the quadratic order, one cannot identify the proper noramlization of the graviton)

gMN = ηMN + hMN

√
gR = 1

4∂Mh∂Mh− 1
4∂MhNP ∂MhNP + 1

2∂MhMP ∂NhN
P − 1

2∂MhMN∂Nh +O(h3)

hµν = ĥµν + 1
2ηµνφ hµ5 = h5µ = Aµ h55 = φ

[      ]=mass0ĥµν Aµ[    ]=mass0 φ[  ]=mass0

√
gR =

√
ĝR̂− 1

8∂µφ∂µφ + 1
4 (∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

∫ πR

−πR
dy M3

∗
√

gR = M2
Pl

√
ĝR̂− 1

2

√
ĝ∂µφ̂∂µφ̂ + 1

4

√
ĝF̂µνF̂µν
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Compactification on a Circle: graviton
5D graviton = massless dof + massive 4D graviton

As in the previous cases, the derivative along the 5th coordinate gives rise to a mass term
let us look at the Lorentz structure of the KK graviton mass term

√
gR = 1

4∂Mh∂Mh− 1
4∂MhNP ∂MhNP + 1

2∂MhMP ∂NhN
P − 1

2∂MhMN∂Nh +O(h3)

∂5 → in/R

n2

4R2
h2 n2

4R2
hµνhµν non contribution to the mass

only structure (in flat space) which doesn’t give a ghost/tachyon

hµν = ĥµν + ∂µ∂νφ

φ drops out from the graviton kinetic term (gauge invariance)
√

gR =
√

ĝR̂

the Fierz-Pauli combination is the only one where the four derivative terms cancel out

but appears in the mass term m2(ĥ2 + 2ĥ!φ + φ!2φ− ĥµν ĥµν − 2ĥµν∂µ∂νφ− φ!2φ)

Fierz-Pauli structure: m2(h2 − hµνhµν)
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Compactification on a Circle: graviton

m2(ĥ2 − ĥµν ĥµν + 2ĥ!φ− 2ĥµν∂µ∂νφ)Fierz-Pauli mass term:
kinetic mixing

scalar-graviton

M2
Pl

(
−√gR−m2(h2 − hµνhµν)

)
= M2

Pl

(
−

√
g̃R̃−m2(h̃2 − h̃µν h̃µν)− 6m4φ!φ

)

Weyl rescaling to 
undo the kinetic mixing

healthy scalar
kinetic term

M2
Plm

2(h2 − hµνhµν) = M2
Pl(m

4(∂φ)2 + m2(∂2φ)3 + . . .)

= (∂φc)2 +
1

m4MPl

(∂2φc)3 + . . .

A ∼ s5

m8M2
Pl

s3

m4MPl

s3

m4MPl

1
s

(partial) unitarization by KK dynamics? no explicit check!

φc = m2MPlφ
canonically normalized

[Φc]=mass

hµν = ĥµν + ∂µ∂νφ = h̃µν + ∂µ∂νφ + 2m2ηµν φ
[Φ]=mass-2

[      ]=mass0ĥµν

Goldstone 

self-interactions

Λ ∼ 5
√

m4MPlamplitude becomes strong  at

analog of              in gauge theory Λ ∼ m/g

Arkani-Hamed, Georgi, Schwartz ’02
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Orbifold compactification
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Compactification on an Orbifold

U
2

= 1

orbifold = (!/T2πR)/Z2

y ∼ y + 2πR

φ(y, x) = φ(y + 2πR, x)

y ∼ −y

φ(−y, x) = Uφ(y, x)

the fields at y and -y 
should be equal

up to sym. transformation

U=+1:

φ(y, x) =
∞∑

n=0

1√
2δn0πR

cos
(ny

R

)

...

0
1/R
2/R

3/R

U=-1:

φ(y, x) =
∞∑

n=1

1√
πR

sin
(ny

R

)

...
0

1/R
2/R

3/R

πR

−πR

0

y

Z2

!

!

−y
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πR

−πR

0

Orbifold Symmetry Breaking

Z2

y ∼ −yorbifold

!

!

y

−y

Aµ(−y) = UAµ(y)U†

A5(−y) = −UA5(y)U†

U
2

= 1

0 ! R

Aµ(0) = UAµ(0)U†Breaking of gauge group at the end-points of the orbifold

at the end-points, the surviving gauge group commute 
with the orbifold projection matrix U

KK effective theory
zero mode:      is independent of Aµ y

Aµ = UAµU
†

A5 = −UA5U
†

G
H0 H0

gauge symmetry breaking
(+ chiral fermions)

- signs are compensating
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SU(3) ! SU(2)xU(1)  5D Orbifold Breaking

U =





−1

−1

1



 U ∈ SU(3) U
2

= 1

massless vectors Aµ

[Aµ, U ] = 0 Aµ =
1

2













A3
µ + A8/

√

3 A1
µ − iA2

µ

A1
µ + iA2

µ −A3
µ + A8

µ/
√

3

−2A8
µ/

√

3













SU(2) × U(1)

massless scalars A5

{A5, U} = 0 A5 =
1

2













A4
5 − iA5

5

A6
5 − iA7

5

A4
5 + iA5

5 A6
5 + iA7

5













SU(3)

SU(2) × U(1)
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Orbifold Projection as Boundary Conditions

G → H by orbifold projection

πR

−πR

0

!

!Z2

y

−y
U

2
= 1 BC BC
!

which is equivalent to the BCs
at the fixed points

∂5A
H
µ = 0

AH
5 = 0

AH
µ (−y) = AH

µ (y)

AH
5 (−y) = −AH

5 (y)

H subgroup

A
G/H
µ (−y) = −A

G/H
µ (y)

A
G/H
5

(−y) = A
G/H
5

(y)

which is equivalent to the BCs
at the fixed points

A
G/H
µ = 0

∂5A
G/H
5

= 0

G/H coset
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y-y

P

! R - y ! R + y

P’

P

= P φ(πR + y)
P

-! R - y

T

= φ(−πR− y)
T

1D Orbifold

can we have different breaking pattern at the two end-points?

0 ! R

G
H0 H ! R

this extra freedom would be needed if we want to reduce the rank of the bulk gauge group

P = P’
2! R0 ! R-! R

In usual compactification...

φ(πR− y)
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2! R0 ! R-! R

y-y 2! R + y

φ(2πR + y) = P ′φ(−y)

P’

= P ′P φ(y)

P

T = P ′P

T

Z2xZ’2 orbifold

y+2! R

y

T

φ(2πR + y) = P ′P φ(y)

non-trivial compactification
à la Scherk-Schwarz
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Wave-functions for flat space Z2xZ’2 orbifold
assuming Z and Z’ commute

cos
ny

R
mn =

n

R
n = 0 . . .∞#(+,+) states: 

sin
ny

R
mn =

n

R
n = 1 . . .∞#(-,-) states:

cos
(2n + 1)y

2R
mn =

2n + 1
2R

n = 0 . . .∞#(+,-) states:

sin
(2n + 1)y

2R
mn =

2n + 1
2R

n = 0 . . .∞#(-,+) states:

KK tower
with a 

massless 
mode

#(+,+) states: cos
ny

R
mn =

n

R
n = 0 . . .∞
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Two Examples of Orbifold Breaking

0 ! R

SU(3)
SU(2)xU(1) SU(2)xU(1)

: SU(2)xU(1) : SU(3)/SU(2)xU(1)µ(+,+)
(-,-)5

µ(-,-)
(+,+)5

0 ! R

S0(5)xU(1)X

SU(2)LxU(1)Y SO(4)xU(1)X

       :        :        : SO(5)/SO(4)SU(2)LxU(1)Y
SO(4)xU(1)X

SU(2)LxU(1)Y

µ(+,+)
(-,-)5

µ(-,-)
(+,+)5

µ(-,+)
(+,-)5

massless Higgs doublet

massless Higgs doublet
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Fermion on Orbifold: Chirality

Ψ =

(

χα

ψ̄α̇

)

5D spinor = 4D Dirac spinor = 2 vector-like 2-components spinors  

variation of the action ! bulk eqs. of motion

−iσ̄µ∂µχ − ∂5ψ̄ + mψ̄ = 0

−iσµ∂µψ̄ + ∂5χ + mχ = 0

Boundary conditions:

the bulk eqs. evaluated at the boundary couple the two fields: 
need to impose BCs only on one field

ψ| = 0 ⇔ (∂5χ + mχ)| = 0
different BCs also means chiral spectrum and there should exist a massless mode

ψ = 0 χ = e−myχ̃(x) with − iσ̄µ∂µχ̃ = 0massless mode

S =

∫

d5x
(

−iχ̄σ̄µ∂µχ − iψσµ∂µψ̄ + 1

2
(ψ

←→
∂5 χ − χ̄

←→
∂5 ψ̄) + m(ψχ + χ̄ψ̄)

)

flat space...



Christophe Grojean Extra Dimensions for TeV Physics Parma, September '09

Fermion on Orbifold: Chirality
−iσ̄µ∂µχ − ∂5ψ̄ + mψ̄ = 0

−iσµ∂µψ̄ + ∂5χ + mχ = 00 ! R
Ψ =

(

χα

ψ̄α̇

)

χn ψn

χ zero mode iff ψ  is (--) i.e. ψ =0 at y=0 and y=πR

...

0
1/R
2/R

3/R

...

0
1/R
2/R

3/R

 unlike scalar/gauge cases, the zero mode wavefct 
is not flat in general

χ0 =
√

2m

1− e−2mπR
e−my

m>0
m<0

ψ̄n =
√

2
πR sin ny

R

χn =
√

2
πR

(
− n

mnR cos ny
R + m

mn
sin ny

R

)

m2
n = m2 + n2/R2

ψ zero mode iff χ is (--) i.e. χ =0 at y=0 and y=πR

...

0
1/R
2/R

3/R

...

0
1/R
2/R

3/R m<0
m>0

χn ψn

ψ̄0 =
√

2m

1− e2mπR
emy

χn =
√

2
πR sin ny

R

ψ̄n =
√

2
πR

(
n

mnR cos ny
R + m

mn
sin ny

R

)

m2
n = m2 + n2/R2
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Warped compactification
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Anti de Sitter Background
So far we have assumed a flat extra dimension. Let us now move to a curved space

AdS is maximally sym. sol. of Einstein eqs in presence of negative vacuum energy

Look for a 
conformally flat solution

Ω(z) is the “warp” factords2 = Ω2(z)
(
dx2

4 − dz2
)

ds2 =
R2

z2

(
dx2

4 − dz2
)Randall-Sundrum

background

M−1
Pl ∼ R < z < R′ ∼ TeV−1

Pl
TeV

∫
d5x
√

g
(
−M3

5R− Λ5

)
! GMN ≡ RMN − 1

2R gMN = − 1
2M3

5
Λ5 gMN

Gµν = −3
Ω′′

Ω
ηµν =

Λ5

2M3
5

Ω2ηµν

Gzz = 6
(

Ω′

Ω

)2

= − Λ5

2M3
5

Ω2

Ω =
R

z
R =

√
12M3

5

−Λ5
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RS solution to the Hierarchy Problem

ds2 =
R2

z2

(
dx2

4 − dz2
)Randall-Sundrum

background

M−1
Pl ∼ R < z < R′ ∼ TeV−1

Pl
TeV

Higgs on the TeV brane ! its vev gets redshifted to a TeV scale

vc =
R

R′ veffective vev: ~ TeV even if v ~ MPl

.

=
∫

d4x

(
R2

R′2 (∂h)2 − λ
R4

R′4 (h2 − v2)2
)

is canonically normalizedhc =
R

R′ h

=
∫

d4x

(
(∂hc)2 − λ

(
hc2 − R2

R′2 v2

)2
)

∫
d4x
√

g
(
gµν∂µh∂νh− λ(h2 − v2)2

) brane localized action 
(the Higgs lives on the IR brane)
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Scalars in AdS

ds2 =
R2

z2
(dx2 − dz2)AdS z = R . . . R′

δL = 0
m2

}# −∂2
µφ +

z3

R3
∂z

(
R3

z3
∂zφ

)
− R2

z2
M2φ = 0

φn(z) =
z2

N 2
n

(Jν(mnz) + bnYν(mnz))

ν2 = 4 + M2R2

exerci
se

L =
∫

dz

[
R3

z3

(
1
2
(∂µφ)2 − 1

2
(∂zφ)2

)
− R5

z5

1
2
M2φ2

]
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assuming Z and Z’ commute

(-,-) states: 

(+,+) states:

mn ∼ (n + ν/2− 3/4)π/R′

mn ∼ (n + ν/2− 1/4)π/R′

φ|z=R,R′ = 0

φn(z) =
z2

N 2
n

(Jν(mnz) + bnYν(mnz))

Jν(mR)
Yν(mR)

=
Jν(mR′)
Yν(mR′)

discrete spectrum

(∂zφ)|z=R,R′ = 0

(2− ν)Jν(mR) + mRJν−1(mR)
(2− ν)Yν(mR) + mRYν−1(mR)

=
(2− ν)Jν(mR′) + mR′Jν−1(mR′)
(2− ν)Yν(mR′) + mR′Yν−1(mR′)

discrete spectrum

#

#

Scalars in AdS Z2xZ’2 Orbifold
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Gauge Fields in AdS

ds2 =
R2

z2
(dx2 − dz2)AdS z = R . . . R′

δL = 0 #

L = − 1
4g2

5

∫
dzFMNFMN = − 1

4g2
5

∫
dz

R

z

(
(∂µAν − ∂νAµ)2 − 2(∂zAµ)2

)

∂ν(∂νAµ − ∂µAν)− z

R
∂z

(
R

z
∂zAµ

)
= 0

(+,+) states: J0(mR)
Y0(mR)

=
J0(mR′)
Y0(mR′)#∂zA

(n)
µ |z=R,R′ = 0

exerci
se

A(n)
µ (z) =

z

N 2
n

(J1(mnz) + bnY1(mnz))

mR′ ∼ 2.44, 5.56, 8.70, 11.83 . . .
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Fermions in AdS: Partial Compositeness 

S =

∫

d5x
R4

z4

(

−iχ̄σ̄µ∂µχ − iψσµ∂µψ̄ + 1

2
(ψ

←→
∂5 χ − χ̄

←→
∂5 ψ̄) +

c

z
(ψχ + χ̄ψ̄)

)

5D mass term in AdS unit: c ~ O(1)

c > 1/2: the zero is normalizable when 

zIR is sent to infinity (no IR brane): UV localized

c < 1/2: the zero is normalizable when 

zUV is sent to 0 (no UV brane): IR localized

Elementary fermion Composite fermion

fermion zero mode:

χ = a0

(

z

zUV

)2−c

χ̃4D

∫ zUV

zIR

dz a
2

0

(

z

zUV

)2−c

= 1with

Grossman and Neubert, ’00
Gherghetta and Pomarol, ‘00

bulk eqs of motion: wavefunctions

χ = (mz)5/2
(

anJ1/2+c(mz) + bnJ
−1/2−c(mz)

)

ψ = (mz)5/2
(

anJ
−1/2+c(mz) − bnJ1/2−c(mz)

)

−iσ̄µ∂µχ− ∂5ψ̄ +
c + 2

z
ψ̄ = 0

−iσµ∂µψ̄ + ∂5χ +
c− 2

z
χ = 0
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Masses from IR overlaps

light fermion exponentially localized on the UV brane
$ overlap with Higgs vev on the IR tiny

$ exponentially small 4D mass

UV

IR

u,d,s

c,bR t,bL

fermion zero-mode has 
an exponential profile 

in the bulk
χ(z) =

fc√
R′

( z

R

)2 ( z

R′

)−c

fc is the "value" of wavefct. on the IR:

fc =

√
1− 2c

1− (R/R′)1−2c

fc ∼ (R/R′)c−1/2 " 1

fc ∼ O(1)
c < 1/2: heavy fermion

c > 1/2: light fermion

partial compositeness
zero is mixture of elementary and composite fermion

fc is the amount of compositness

[Grossman and Neubert, ’00]
[Gherghetta and Pomarol, ‘00]
[Huber, ‘03]
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Partial Compositeness: Yukawa Couplings 

Higgs part of the strong sector: it couples only to composite fermions

when the Higgs gets a vev, the light dof will acquire a mass prop. to 

Yukawa hierarchy comes from the hierarchy of compositeness

Y eff = Y! fcLfcR

~ the 5D picture gives a rationale for hierarchical fc ~

H

|light〉R|light〉L

Yukawa coupling 
in the strong sector

f f
cL cRY*
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Y eff
uij

= Y !
dij

fqifuj

Anarchy: mixing angles from mass hierarchy
[Froggatt, Nielsen '79]

Yu, Yd ~O(1): anarchic structure fi: hierarchic structure: f1<<f2<<f3

Not only, it leads to a hierarchical spectrum

mui ∝ fqifui mdi ∝ fqifdi

It also gives hierarchical angles

UuL Y eff
u U†

uR = diag UdL Y eff
d U†

dR = diag
with (for i < j)

V ij
CKM ∼ fqi/fqj

U ij
uL,dL ∼ fqi/fqj U ij

uR ∼ fui/fuj U ij
dR ∼ fdi/fdj

and therefore, we also get

alignment angles/masses nicely explained$ $

Y eff
dij

= Y !
dij

fqifdj
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FCNC from KK gluons/rho meson

|light〉iL

|light〉jL |light〉kL

|light〉lL

KK gluon
rho meson

g∗ g∗

1

M2
ρ

Built-in GIM supression
smaller the mass $ smaller the compositeness $ smaller the amplitude

Agashe, Perez, Soni ’04
Contino, Kramer, Son, Sundrum ‘06

fcL

fcL

fcL

fcL

i

j k

l

Aijkl
LL ∼ g2

!

m2
ρ

fci
L
fcj

L
fck

L
fcl

L

structure similar to the general set-up recently proposed by Davidson et al.
“Solving the flavour problem with hierarchical fermion wave functions”, 0711.3376
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RS-GIM suppression of FCNC 

KK gluon

KK gluons are flat in UV     flavor universal
flavor violation are coming from IR

FCNC are suppressed for light fermions

$

gg̃KKQi
LQi

L
∼ g!

(
–
O(1)

log R′/R
+O(1)f2

ci
L

)

gg̃KKQi
LQj

L
∝ g!fci

L
fcj

L

$

KK gluons are spread along the extra-dim.
feel all differences in fermion profiles

maximal flavour violation

KK gluon

√
2zJ1(xnz/R′)
J1(xn)

√
RR′

KK profiles:

KK profiles:
√

2
L

cos(nπz/L)UV

IR

warped flat

"low" KK scale allowed

"high" KK scale required

[Gherghetta, Pomarol '00]
[Huber, ‘03]
[Agashe et al. '04]
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“AdS/CFT” correspondence for model-builder

Warped gravity with fermions 
and gauge field in the bulk 

and Higgs on the brane

Strongly coupled theory
with slowly-running couplings in 4D

Holographic Approach to Strong Sector

UV
IR

H

H
H0

G

5D

motion along 5th dim

UV brane

IR brane

bulk local sym.

KK modes

Strong
BSM

SM

gρgSM proto-Yukawa 

gauge

g2

SM
/gρ

4D

RG flow

UV cutoff

break. of conformal inv.

global sym.

vector resonances (!mesons in QCD)

AdS = warped space
curvature ~ 1/MPl

size ~!40/MPl

exponential red-shift 

ds2 =
(

R

z

)2 (
dx2 − dz2

)

RUV

RIR
∼ 10−16
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Holographic Models of EWSB

cutoff ~!1 TeV

conflict with EW precision data

problems with flavour

UV

IR

All SM fields
on the IR brane

Gravity in
the bulk

Original Randall-Sundrum proposal: ‘99
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Holographic Models of EWSB
Bulk gauge fields: Pomarol, ‘00

Holographic technicolor=Higgsless: Csaki et al., ‘03

Holographic composite Higgs: Agashe et al., ‘04 

UV

IR

Higgs on the IR brane
or 

Gauge breaking by 
boundary conditions

Gauge fields + fermions 
in the bulk

UV completion: log running of gauge couplings

Custodial symmetry from bulk SU(2)R

Dynamical ‘explanation’ of fermion masses

Built-in flavour structure

G

G=SU(2)LxSU(2)RxU(1)B-L

G=SO(5)xU(1)X

G=SO(6)xU(1)X
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Hi$sl%s Models
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Higgsless Approach

Gauge symmetry breaking

In orbifold compactification, we have seen that we can break
 gauge symmetry by appropriate boundary conditions

Why can’t we break directly SU(2)xU(1) to U(1)em by orbifold?

Let us try...

πR

−πR

0

!

!Z2

y

−y
U

2
= 1

Csaki, Grojean, Murayama, Pilo, Terning ‘03
Csaki, Grojean, Pilo, Terning ‘03
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Dynamical Origin of the BCs

S =

∫

d4x

∫ πR

0

dy

(

1

2
∂Mφ∂Mφ
︸ ︷︷ ︸

−V (φ)

)

−

∫

y=0,πR

d4x 1

2
M2

0,πRφ2

integration by part

δS =

∫

y=0,πR

d4x δφ
(

∂5φ + M2
0,πRφ

)

BC’s

δφ
(

∂5φ + M2

0,πRφ
)

= 0

+         Bulk Part

bulk eq. of motion

!5φ = −V ′(φ)

Dirichlet BC: φ = cst.

Mixed BC: ∂5φ0,πR = −M2

0,πRφ0,πR

M
2 →

∞ φ0,πR = 0 Dirichlet BC

M 2

→
0

∂5φ0,πR = 0 Neumann BC
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quantum mechanics in a box

Higgsless Models

boundary conditions generate a transverse momentum

Is it better to generate a transverse momentum than introducing 
by hand a symmetry breaking mass for the gauge fields?

ie how is unitarity restored without a Higgs field?

m2
= E2

− !p3
2
− !p⊥

2

momentum along extra dimensions ~!4D mass 

mass without a Higgs
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Unitarization of (Elastic) Scattering Amplitude
Same KK mode

‘in’ and ‘out’ εµ

⊥
=

( |"p|

M
,

E "p

M |"p|

)

A = A(4)

(

E

M

)4

+ A(2)

(

E

M

)2

+ . . .

n

k

n

n n

s channel exchange

contact interaction

A = A(4)

(
E

M

)4

+ A(2)

(
E

M

)2

+ . . .

εµ
⊥ =

( |"p|
M

,
E "p

M |"p|

)

1

n

k

n

n n

s channel exchange

n n

n n

contact interaction

A = A(4)

(
E

M

)4

+ A(2)

(
E

M

)2

+ . . .

εµ
⊥ =

( |"p|
M

,
E "p

M |"p|

)

1

n n

k

n n

t channel exchange

n

k

n n

n

u channel exchange

Mγ = 0

MW± =
1

2R

MZ =
1

R

A3
µ(x, y) =

∞∑

k=0

√
2

2δk0πR
cos

ky

R
γ(k)

µ (x)

A1
µ(x, y) =

∞∑

k=0

1√
πR

sin
(2k + 1)y

2R

(
W+(k)

µ (x) + W− (k)
µ (x)

)

2

n n

k

n n

t channel exchange

n

k

n n

n

u channel exchange

Mγ = 0

MW± =
1

2R

MZ =
1

R

A3
µ(x, y) =

∞∑

k=0

√
2

2δk0πR
cos

ky

R
γ(k)

µ (x)

A1
µ(x, y) =

∞∑

k=0

1√
πR

sin
(2k + 1)y

2R

(
W+(k)

µ (x) + W− (k)
µ (x)

)

2

gnnkg
2

nnnn gnnk

gnnk gnnk

gnnkgnnk

!
!p

!q
!p

!q

A(4) = i

(

g2
nnnn −

∑

k

g2
nnk

)

(

fabefcde(3 + 6cθ − c2
θ) + 2(3 − c2

θ)f
acef bde

)

A(2)
= i

(

4g2
nnnn − 3

∑

k

g2
nnk

M2
k

M2
n

)

(

facef bde − s2
θ/2f

abefcde
)
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KK Sum Rules

A(4) ∝ g
2
nnnn −

∑

k

g
2
nnk A(2) ∝ 4g2

nnnn − 3
∑

k

g2
nnk

M2
k

M2
n

E4 Sum Rule

g2
nnnn −

∑
k

g2
nnk = g2

5D

∫ πR

0

dyf4
n(y) − g2

5D

∫ πR

0

dy

∫ πR

0

dzf2
n(y)f2

n(z)
∑

k

fk(y)fk(z) = 0

∑

k

fk(y)fk(z) = δ(y − z)

Completness of KK modes
A(4)

= 0

In a KK theory, the effective couplings are given by overlap integrals of the wavefunctions

gmnp = g5D

∫ πR

0

dyfm(y)fn(y)fp(y)g2

mnpq = g2

5D

∫ πR

0

dyfm(y)fn(y)fp(y)fq(y)
contact interaction

A1,2
µ = 0

∂⊥A3
µ = 0

Tr (UF56(0)) → Tr (Ug(0)F56(0)g−1(0)) = Tr (UF56(0)g−1(0)g(0)) = Tr (UF56(0))

Veff(A5) = f(Wn)

Wn = ei
R 2nπR
0 A5dy

fHHH , fG/H G/H H

[H, H ] ⊂ H [H, G/H ] ⊂ G/H

δAG/H
µ = 0

δAG/H
5 = ∂5ε

G/H + gfG/H G/H HAG/H
5 εH

7

s channel exchange

A3
µ(x, y) =

∞∑

k=0

√
2

2δk0πR
cos

ky

R
γ(k)

µ (x)

A1
µ(x, y) =

∞∑

k=0

1√
πR

sin
(2k + 1)y

2R

(
W+(k)

µ (x) + W− (k)
µ (x)

)

A2
µ(x, y) =

∞∑

k=0

1√
πR

sin
(2k + 1)y

2R

(
W+ (k)

µ (x) − W− (k)
µ (x)

)

f = 0 or f ′ = 0 at y = 0, πR

f ′′
n(y) = −m2

nfn(y)

Aµ(x, y) =
∑

n

fn(y)An
µ(x)

!4A
a
µ − ∂2

5A
a
µ = 0

6

Csaki, Grojean, Murayama, Pilo, Terning ‘03
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Postponing Pert. Unitarity Breakdown

Is it a counter-example of the theorem by Cornwall et al.?
i.e. can we unitarize the theory without scalar field?

No! g2

nnnn =
∑

k

g2

nnk =
∑

g2

nnk

3M2

k

4M2
n

E4 E2

the sum rules cannot be satisfied with a finite number of KK modes 
(to unitarize the scattering of massive KK modes, you always need heavier KK states)

Pushing the need for a scalar to higher scale
With a finite number of KK modes

MW

MW ′

MW ′′

MW (n)

4πMW /g4
Naive 
cutoff

4πMW (n)/g4
5D 

cutoff

New Physics 
(Higgs/strongly coupled theory?) { not directly set by the weak scale

flat space

a factor 15 higher than the naive 4D cutoff
thanks to the non-trivial KK dynamics

Λ5D = 24π3/g2
5 = (3π/g4) Λ4D

g4 = g5/
√

2πR MW = 1/R( )&
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{
Warped Higgsless Model

Csaki, Grojean, Pilo, Terning ‘03

SU(2)LxSU(2)R

x
U(1)B-L

U(1)em

SU(2)LxU(1)y U(1)B-LxSU(2)D

AR±
µ = 0

g′5Bµ − g5A
R 3
µ = 0

∂5(g5Bµ + g′5A
R 3
µ ) = 0

AL a
µ − AR a

µ = 0

∂5(AL a
µ + AR a

µ ) = 0

UV brane IR brane

Ω =
RIR

RUV

≈ 10
16

GeV

ds2
=

(

R

z

)2
(

ηµνdxµdxν
− dz2

)

z = RUV ~ 1/MPl z = RIR ~ 1/TeV

log suppression
!

!

“light” mode: M2

W =
1

R2

IR
log(RIR/RUV )

M2

Z ∼

g2
5 + 2g′25
g2
5

+ g′2
1

R2
IR

log(RIR/RUV )

KK tower: M
2

KK =
cst of order unity

R2

IR

BCs kill all A5 massless modes: no 4D scalar mode in the spectrum
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SM Fermions in Higgsless Models 

SU(2)LxSU(2)R

x
U(1)B-LSU(2)Lx U(1)y SU(2)DxU(1)B-L

vector-like brane
isospin invariant mass only

(same mass for the top and bottom or electron and neutrino)

Chiral brane
no possible mass term

The fermions have to live in the bulk
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Fermion Masses

SU(2)Lx U(1)y SU(2)DxU(1)B-L

isospin splitting

−iκψdR
σµ∂µψ̄dR

vector-like mass

RIRMD (χuL
ψuR

+ χdL
ψdR

+ h.c.)

χL +

ψL −

χR −

ψR +

ψL|TeV
= 0

χR|TeV
= 0

MD

χuR
−

ψuR
+

χuR |UV
= 0

discontinuities 

in 
χL & ψR

ψL|TeV
= −MDRIR ψR|TeV

χR|TeV
= MDRIR χL|TeV

ψuR

discontinuities in 
χuR |UV

= κmψuR |UV

κ

brane operators will modify the BCs

m ≈

√
2cL − 1

√

κ2 − 1/(2cR + 1)
MD

(

RUV

RIR

)cL−cR−1

Vector like mass

Isospin splitting
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a narrow and light resonance

Collider Signatures
unitarity restored by vector resonances whose masses and 

couplings are constrained by the unitarity sum rules

WZ elastic cross section

Birkedal, Matchev, Perelstein ’05
He et al. ‘07

gWW ′Z ≤
gWWZM2

Z√
3MW ′MW

Γ(W ′
→ WZ) ∼

αM3
W ′

144s2
wM2

W

550 GeV → 10 fb
−1

1 TeV → 60 fb
−1

Number of events at the LHC, 300 fb-1

discovery reach 
@ LHC 

(10 events)

W’ production 

should be seen 
within one/two year

q

q

Z0

W±

W’
Z0

q

q

W±

VBF (LO) dominates over DY since 

couplings of q to W’ are reduced 

2j+3l+ET

no resonance in WZ for SM/MSSM
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Composite Hi$s Models
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SM Higgs as a peculiar scalar resonance

A single scalar degree of freedom with no charge under SU(2)LxU(1)Y 

LEWSB = a
v

2
h Tr

(
DµΣ†DµΣ

)
+ b

1
4

h2 Tr
(
DµΣ†DµΣ

)

‘a’ and ‘b’ are arbitrary free couplings

For b = a2: perturbative unitarity also maintained in inelastic channels 

‘a=1’ & ‘b=1’ define the SM Higgs

Lmass + LEWSB can be rewritten as DµH†DµH

H =
1√
2

eiσaπa/v

(
0

v + h

)

growth cancelled for 
a = 1

restoration of 
perturbative unitarity

h and πa (ie WL andZL) combine to form a linear representation of SU(2)LxU(1)Y

A =
1
v2

(
s− a2 s2

s−m2
h

)
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Deformations of the SM

 Why a single Higgs?

 why not? Simplicity argument.

 more Higgs doublets could be dangerous:

 more complicated vacuum structure

 possible Higgs-mediated FCNCs

 triplet Higgs etc: custodial breaking ! small vevs only

 A composite Higgs seems a “soft” deformation of the SM
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How to obtain a light composite Higgs?
Higgs=Pseudo-Goldstone boson of the strong sector

strong sector broadly characterized by 2 parameters
mρ = mass of the resonances

Strong
BSM

SM

gρgSM
proto-Yukawa 

gauge

g2

SM
/gρ

global 
symmetry G/H residual 

global symmetry

mHiggs=0 when gSM=0

gρ = coupling of the strong sector or decay cst of strong sector f =

mρ

gρ

usual resonances of the strong sector 

UV completion

Higgs = light resonance of the strong sector

10 TeV4πf

mρ = gρf

246 GeVv

3 scales:

not directly 
accessible to LC}

 indirect
probes
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Continuous interpolation between SM and TC 

SM limit Technicolor limit
all resonances of strong sector,

except the Higgs, decouple
Higgs decouple from SM;

vector resonances like in TC

ξ = 0 ξ = 1

Composite Higgs 
vs. 

SM Higgs
a

1

1
SM

LEWSB =
(

a
v

2
h + b

1
4

h2

)
Tr

(
DµΣ†DµΣ

)

Composite Higgs
universal behavior for large f

a=1-v/2f  b=1-2v/f

ξ =
v2

f2
=

(weak scale)2

(strong coupling scale)2

b

Composite Higgs 
vs.

Dilaton

Dilaton
b=a2
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Model-dependent: production of resonances at m!

Model-independent: study of Higgs properties & W scattering

strong WW scattering

strong HH production

Higgs anomalous coupling

anomalous gauge bosons self-couplings

Testing the composite nature of the Higgs?

if LHC sees a Higgs and nothing else*:
is it elementary or composite?

* a likely possibility that precision data seems to point to, 

at least in strongly coupled models

   evidence for fine-tuning & string landscape ??????

 Higgs forces have a secret hidden gauge origin ??????
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What distinguishes a composite Higgs?

L ⊃
cH

2f2
∂µ

(

|H|2
)

∂µ

(

|H|2
)

cH ∼ O(1)

Giudice, Grojean, Pomarol, Rattazzi ‘07

U = e
i

0

@

H/f
H†/f

1

A

U0

f2
tr

(

∂µU†∂µU
)

= |∂µH|2 +
"

f2

(

∂|H|2
)2

+
"

f2
|H|2 |∂H|2 +

"

f2

∣

∣H†∂H
∣

∣

2
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Anomalous Higgs Couplings

L ⊃
cH

2f2
∂µ

(

|H|2
)

∂µ

(

|H|2
)

cH ∼ O(1)

H =

(

0
v+h
√

2

)

L =
1

2

(

1 + cH
v2

f2

)

(∂µh)2 + . . .

Modified 
Higgs propagator

Higgs couplings 

rescaled by ~

Giudice, Grojean, Pomarol, Rattazzi ‘07

1√
1 + cH

v2

f2

∼ 1− cH
v2

2f2
≡ 1− ξ/2
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SILH Effective Lagrangian
Giudice, Grojean, Pomarol, Rattazzi ‘07

extra derivative: ∂/mρH/fextra Higgs leg:  

(strongly-interacting light Higgs)

cH

2f2

(

∂µ

(

|H|2
))2 cT

2f2

(

H†←→DµH
)2

custodial breaking

cyyf

f2
|H|2f̄LHfR + h.c.

c6λ

f2
|H|6

loop-suppressed strong dynamics

icW

2m2
ρ

(

H
†
σ

i←→
D

µ
H

)

(Dν
Wµν)i icB

2m2
ρ

(

H
†←→
D

µ
H

)

(∂ν
Bµν)

icHW

m2
ρ

g2
ρ

16π2
(DµH)†σi(DνH)W i

µν

icHB

m2
ρ

g2
ρ

16π2
(DµH)†(DνH)Bµν

minimal coupling: h → γZ

cγ

m2
ρ

g2
ρ

16π2

g2

g2
ρ

H†HBµνBµν
cg

m2
ρ

g2
ρ

16π2

y2
t

g2
ρ

H†HGa
µνGaµν

Goldstone sym.

Genuine strong operators (sensitive to the scale f)

Form factor operators (sensitive to the scale m!)
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Higgs anomalous couplings

Γ
(

h → ff̄
)

SILH
= Γ

(

h → ff̄
)

SM

[

1 − (2cy + cH) v2/f2
]

Γ (h → gg)
SILH

= Γ (h → gg)
SM

[

1 − (2cy + cH) v2/f2
]

Lagrangian in unitary gauge

L = LSM +
(
−m2

H

2v
(c6 − 3cH/2)h3 +

mf

v
f̄f(cy + cH/2)h− cH

m2
W

v
hW+

µ W−µ − cH
m2

Z

v
hZµZµ

)
v2

f2
+ . . .

gSM

(
1− (cy + cH/2)v2/f2

)
gSM

(
1− cHv2/f2

)

f f̄

h h

W
+

W 
-

"

"

Note: same Lorentz structure as in SM. Not true anymore if form factor ops. are included
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Higgs anomalous couplings for large v/f

The SILH Lagrangian is an expansion for small v/f
The 5D MCHM gives a completion for large v/f

ghWW =
√

1− ξ gSM
hWW

Fermions embedded in spinorial of SO(5) Fermions embedded in 5+10 of SO(5)

mf = M sin v/f mf = M sin 2v/f

ghff =
√

1− ξ gSM
hff ghff =

1− 2ξ√
1− ξ

gSM
hff

"

" "

universal shift of the couplings
no modifications of BRs

BRs now depends on v/f

m2
W =

1
4
g2f2 sin2 v/f

(
ξ = v2/f2

)
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Fermions embedded in 5+10 of SO(5)

Higgs BRs

cc

BRs remain SM like except 

for very large values of v/f

h    WW can dominate 

even for low Higgs mass

0 0.2 0.4 0.6 0.8 1
0.00001

0.0001

0.001

0.01

0.1

1

WW
ZZ
bb
gg
!!

ξ

H
ig

g
s
 B

R
s

mH=180 GeV



Christophe Grojean Extra Dimensions for TeV Physics Parma, September '09

Higgs anomalous couplings @ LHC

Γ
(

h → ff̄
)

SILH
= Γ

(

h → ff̄
)

SM

[

1 − (2cy + cH) v2/f2
]

Γ (h → gg)
SILH

= Γ (h → gg)
SM

[

1 − (2cy + cH) v2/f2
]

observable @ LHC?

Duhrssen ‘03

LHC can measure

cH
v2

f2
, cy

v2

f2

up to 0.2-0.4

(ILC could go to few % ie 
    test composite Higgs up to                   )4πf ∼ 30 TeV

ATLAS∫
Ldt = 300 fb

−1

cHv2/f2 = 1/4
cyv2/f2 = 1/4

i.e. 4πf ∼ 5− 7 TeV
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LV = −ig cos θW gZ
1 Zµ

(

W+νW−

µν − W−νW+
µν

)

−ig (cos θW κZZµν + sin θW κγAµν) W+
µ W−

ν

gZ
1 =

m2

Z

m2
ρ

cW κγ =
m2

W

m2
ρ

( gρ

4π

)2

(cHW + cHB) κZ = gZ
1 − tan2 θW κγ

TGC are generated by heavy resonances

@ LHC 100fb-1 g
Z
1 ∼ 1% κγ ∼ κZ ∼ 5%

sensitive to resonance 
up to m!~800 GeV

not competitive with the measure of S at LEPII

T. Abe et al, Snowmass ‘01

sensitive to resonance 
up to m!~8TeV

@ ILC

Triple gauge boson couplings (TGC) @ LC

0.1% accuracy

e+e- # W+W-

Z

e+

e-

W
+

W 
-

!

e+

e-

W
+

W 
-

"
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Strong WW scattering

L ⊃
cH

2f2
∂µ

(

|H|2
)

∂µ

(

|H|2
)

cH ∼ O(1)

H =

(

0
v+h
√

2

)

L =
1

2

(

1 + cH
v2

f2

)

(∂µh)2 + . . .

Modified 
Higgs propagator

Higgs couplings 

rescaled by ~

no exact cancellation 
of the growing amplitudes

Giudice, Grojean, Pomarol, Rattazzi ‘07

Even with a light Higgs, growing amplitudes (at least up to     )mρ

A
(
W a

LW b
L →W c

LW d
L

)
= A(s, t, u)δabδcd +A(t, s, u)δacδbd +A(u, t, s)δadδbc

ALET(s, t, u) =
s

v2

1√
1 + cH

v2

f2

∼ 1− cH
v2

2f2
≡ 1− ξ/2

= −(1− ξ)g2 E2

M2
W

Aξ = ξ ALET

LET=SM-Higgs
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Strong Higgs production

O(4) symmetry between WL, ZL and the physical Higgs

strong boson scattering ⇔ strong Higgs production

A
(

Z0
LZ0

L → hh
)

= A
(

W+
L

W−

L
→ hh

)

=

cHs

f2

signal: hh!! bbbb

hh !!4W !!3l±3ν + jets

q

q

h

h

W

W

More complicated final states than for WW ! WW, 
smaller BRs,

but no T polarization pollution
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Strong Higgs production: (3L+jets) analysis

l+

l+

l-h

h

W+

W-

W+

W+

W-

W-

ν

ν

ν

pT ≥ 30 GeV
δRjj > 0.7
|ηj | ≤ 5

jets

pT ≥ 20 GeV
δRlj(ll) > 0.4(0.2)
|ηj | ≤ 2.4

leptons
acceptance cuts

Contino, Grojean, Moretti, Piccinini, Rattazzi  ‘in progress

mh = 180 GeV
fermions in spinorial

cH=1

strong boson scattering ⇔ strong Higgs production

A
(

Z0
LZ0

L → hh
)

= A
(

W+
L

W−

L
→ hh

)

=

cHs

f2

v/f 1
√

.8
√

.5
significance (300 fb−1) 4.0 2.9 1.3

luminosity for 5σ 450 850 3500
.

Dominant backgrounds: Wll4j, ttW2j, tt2W, 3W4j...
forward jet-tag, back-to-back lepton, central jet-veto

good motivation to SLHC"
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“theorists are getting cold feet”

“they have done their best to predict the possible and impossible”

J. Ellis

G. Giudice

LHC is prepared to discover the "Higgs"
collaboration EXP-TH is important to make sure 

e.g. that no unexpected physics is missed (triggers, cuts...)
and in this regards, approaches like "unparticle" or  "hidden valleys" might be useful.

I guess, during these lectures, I gave you a flavour of what the impossible could be!

&

Conclusions
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'ank y(  for y(r a)ention
and good luck for y(r PhD.


