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One-loop calculations in QCD and N=4 supersymmetric gauge theories

OUTLINE
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Lecture 2: One loop tensor integrals and their reduction
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Lecture 4: Analytic and numerical computations
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SU(3) vector Yang-Mills theory coupled to quarks:
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SU(3) vector Yang-Mills theory coupled to quarks:

L va v _(f) (£) a2 a
L= —ZGWG“ Z (iD —m )ijd; 7 (3”(}”) + ¢ TngJ ,
i,j,f

(Dp)ij = Ouoyy —igTiGL, 1,j=1,2,3; a=1,...,8

(D,u)ab — 8udab —igngGZ, a,b,c — 1,...,8
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SU(3) vector Yang-Mills theory coupled to quarks:

1 o~ _(f) (£) a2 a
L= —ZGWG“ Z (iD —m )ijd; 7 (3”(}”) + ¢ TngJ ,
ij,f

(Dp)ij = Ouoyy —igTiGL, 1,j=1,2,3; a=1,...,8

(D,u)ab — 8udab 1gF bG a, b, C — ]_, C e ey 8
a a a abc~bc
G2, = 9,G2 - 9,G2 + gf*PeGbae |

Quarks come in six different flavors (u,d,s,c,b,t) and three colors (red, blue, green).
Gi(x) = Qx)G.Q '(x) +Qx)0,2(x)"", G,=T*G?

q(X)i = (e{i a=1 Taga(X)}) B qJ(X) — Q(X)ij%(x) SU(3) gauge
Y transformations
8

5GA (x) = —é £20x) — 3 £ (x) G ()

b,c=1
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QCD is a consistent QFT with rich dynamical structure: —

® Asymptotic freedom:
Clue to resolve the apparent contradiction namely that
QCD is the theory of hadrons and their interactions
QCD is the theory of quark and gluon interactions
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QCD basics

QCD is a consistent QFT with rich dynamical structure:
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® Asymptotic freedom:
Clue to resolve the apparent contradiction namely that
QCD is the theory of hadrons and their interactions
QCD is the theory of quark and gluon interactions

® Confinement Hypothesis:
Spectrum of the theory is given by colorless states (hadrons).
The color degrees of freedom are permanently confined.

Hadrons are made from quarks and gluons, hold together by the color force
mediated by colored gluons.

1000 000 $ Milleneum Problem, Clay Mathematics Institute, Cambridge, MA
Existence of Yang-Mills Theories and proof of mass gap.

It is generally believed that the hypothesis is correct.
It is supported by large scale computer simulations of lattice QCD.
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QCD basics

Hadrons are made from quarks and gluons, hold together by the color force

mediated by colored gluons.

1000 000 $ Milleneum Problem, Clay Mathematics Institute, Cambridge, MA

Existence of Yang-Mills Theories and proof of mass gap.

It is generally believed that the hypothesis is correct.

It is supported by large scale computer simulations of lattice QCD.

® Spontaneous breaking of approximate chiral symmetry:

u,d,(s) quarks are massless: accidental SU(2) L X SU(2) R global symmetry

Pions are the Nambu-Goldstone bosons.
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Clue to resolve the apparent contradiction namely that
QCD is the theory of hadrons and their interactions
QCD is the theory of quark and gluon interactions

® Confinement Hypothesis:
Spectrum of the theory is given by colorless states (hadrons).
The color degrees of freedom are permanently confined.

Hadrons are made from quarks and gluons, hold together by the color force
mediated by colored gluons.

1000 000 $ Milleneum Problem, Clay Mathematics Institute, Cambridge, MA
Existence of Yang-Mills Theories and proof of mass gap.

It is generally believed that the hypothesis is correct.
It is supported by large scale computer simulations of lattice QCD.

® Spontaneous breaking of approximate chiral symmetry:
u,d,(s) quarks are massless: accidental SU(2) L X SU(2) R global symmetry
Pions are the Nambu-Goldstone bosons.

® Non-trivial topological gauge configurations: 2

Instantons, U(1), anomaly, Theta term in Lagrangian: — © i
7

UV AT (i i
2 S G/u/ Ao
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Weak coupling perturbation theory ﬁg

Perturbative series of renormalizable field theory in terms of gluons an quarks
with standard Feynman rules and Feynman diagrams.
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QCD basics

Weak coupling perturbation theory:

The diagrammatic rules mathematically are not always well defined. In higher orders
diagrams with closed loops can appear when the expressions given by the Feynman
diagrams have to be integrated over the internal loop momenta. Loop integrals can
become divergent both in the ultraviolet region ( at large values of the loop momenta)
and in the the infrared region (soft and collinear regions of the

loop momenta).
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Weak coupling dimensional regularization scheme:

Perturbative series of renormalizable field theory in terms of gluons and
quarks with standard Feynman rules and Feynman diagrams.
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Weak coupling dimensional regularization scheme:

Perturbative series of renormalizable field theory in terms of gluons and
qguarks with standard Feynman rules and Feynman diagrams.

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires the introduction of some convenient regularization scheme
for the divergent integrals and some conventions concerning the renormalization.

In QCD dimensional regularization is particularly convenient since it is a gauge
invariant and Lorentz invariant regularization scheme.
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QCD basics

Weak coupling dimensional regularization scheme:

Perturbative series of renormalizable field theory in terms of gluons and
qguarks with standard Feynman rules and Feynman diagrams.

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires the introduction of some convenient regularization scheme
for the divergent integrals and some conventions concerning the renormalization.

In QCD dimensional regularization is particularly convenient since it is a gauge
invariant and Lorentz invariant regularization scheme.

Integrals which are divergent in four dimensions are carried out

in different dimensions where the integrals are finite and the singularities
of the integrals are exhibited as poles in € with analytic continuation into
d=4-2 € dimensions.

d*2%¢dk 1 o, g o T(s—2+¢)
/ (2m)4-2¢ [—k2 + C — i¢]s = i(4m) o C — 16]2
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Weak coupling renormalization with counter terms:
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Weak coupling renormalization with counter terms:

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires regularization scheme for the divergent integrals and some
conventions concerning the renormalization.

The counter terms are generated with the help of the renormalization factors Z;
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Weak coupling renormalization with counter terms:

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires regularization scheme for the divergent integrals and some
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QCD basics
Weak coupling renormalization with counter terms:

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires regularization scheme for the divergent integrals and some
conventions concerning the renormalization.

The counter terms are generated with the help of the renormalization factors Z;
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Renormalization prescription: subtract the pole only (MS-scheme)
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QCD basics
Weak coupling renormalization with counter terms:

Ultraviolet divergences can be cancelled by renormalizing the parameters of
the theory. It requires regularization scheme for the divergent integrals and some
conventions concerning the renormalization.

The counter terms are generated with the help of the renormalization factors Z;

GN = Z;1/2G’/(LO)7 q= Zz_l/zq(())? C, = Z;l/zcgﬂ)’ g(,u) — ,u_GZIlZg/zg(O) (E) , m = Zr—nlm(O)

The difference of the bare Lagrangian and the renormalized Lagrangian gives the counter terms:
1 i i)2 g cpij i i ' v
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Renormalization prescription: subtract the pole only (MS-scheme)

Additional diagrams with counter term vertices cancel the UV divergences coming
from loop integrals order by order of perturbation theory iteratively.
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Weak coupling: running coupling constant, asymptotic freedom
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Weak coupling: running coupling constant, asymptotic freedom

g(p) = pZ7 25 %5 (¢)

Mittwoch, 5. September 2012



QCD basics

Weak coupling: running coupling constant, asymptotic freedom

g(p) = pZ7 25 %5 (¢)

In the massless limit the classical Lagrangian of QCD is scale invariant. It is destroyed
at the quantum level : performing renormalization a scale parameter had to be introduced.

If we change the parameter [/, a change is generated,in the renormalized parameters g(,u).

290 ag) . as = B Hlas) = —asbo —as®hs + Oas*)
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QCD basics

Weak coupling: running coupling constant, asymptotic freedom

g(p) = pZ7 25 %5 (¢)

In the massless limit the classical Lagrangian of QCD is scale invariant. It is destroyed
at the quantum level : performing renormalization a scale parameter had to be introduced.

If we change the parameter [/, a change is generated,in the renormalized parameters g(,u).

.2 dos(p) _ Blag), as= g* (1) , B(as) = —as®bo — ag®b1 + O(as®)

d 2 47
]_]_NC — 4nfTR
bg =
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1
bg >0 for N, =3,Tr = > provided ng < 16.5
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QCD basics

Weak coupling: running coupling constant, asymptotic freedom

g(p) = pZ7 25 %5 (¢)

In the massless limit the classical Lagrangian of QCD is scale invariant. It is destroyed
at the quantum level : performing renormalization a scale parameter had to be introduced.

If we change the parameter [/, a change is generated,in the renormalized parameters g(,u).

.2 dos(p) _ Blag), as= g* (1) , B(as) = —as®bo — ag®b1 + O(as®)

d 2 47
]_]_NC — 4nfTR
bg =
127
1
bg >0 for N, =3,Tr = > provided ng < 16.5

2
1 In In £
Oés(,u, nfaA) — 2 + O 92
bo In &% In %5

Experiment:  as(mz,5,AC)) = 0.1183 £ 0.0010 . AL~ 300 MeV

A% - hidden fundamental scale of QCD
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Asymptotic freedom, color confinement, lattice QCD
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QCD bs
Asymptotic freedom, color confinement, lattice QCD

Asymptotically free QFT’'s can be studied in the non-perturbative regions (strong
coupling) using lattice regularization.
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Asymptotically free QFT’'s can be studied in the non-perturbative regions (strong
coupling) using lattice regularization.

Wilson-formulation:

4-dimensional Euclidean hyper cubic lattice with periodic boundary conditions
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Asymptotic freedom, color confinement, lattice QCD

Asymptotically free QFT’'s can be studied in the non-perturbative regions (strong
coupling) using lattice regularization.

Wilson-formulation:

4-dimensional Euclidean hyper cubic lattice with periodic boundary conditions

Euclidean action is obtained by Wick rotation: x* = ix?, 9% = —ig" i/d4x L — —Sg
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QCD basics

Asymptotic freedom, color confinement, lattice QCD

Asymptotically free QFT’'s can be studied in the non-perturbative regions (strong
coupling) using lattice regularization.

Wilson-formulation:

4-dimensional Euclidean hyper cubic lattice with periodic boundary conditions

Euclidean action is obtained by Wick rotation: x* = ix?, 9% = —ig" i/d4x L — —Sg

/

Finite volume: infrared-cut, finite lattice spacing: ultraviolet cut-off
very large but finite degree of freedom.

<
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QCD basics

Asymptotic freedom, color confinement, lattice QCD

Asymptotically free QFT’'s can be studied in the non-perturbative regions (strong
coupling) using lattice regularization.

Wilson-formulation:

4-dimensional Euclidean hyper cubic lattice with periodic boundary conditions

Euclidean action is obtained by Wick rotation: x* = ix?, 9% = —ig" i/d4x L — —Sg

/

- Z = /DAM/])wDQZe—(JMerSG)

Finite volume: infrared-cut, finite lattice spacing: ultraviolet cut-off
very large but finite degree of freedom.
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Ty = Nud with n, s {O N, —1}
Ao O © O
]
A
\/ O O O O
U_,(x+ap+ av)
o o o
U_,(x+ av) U, (x +ap
o o o
U, (x)
o o o o

The path integral

Sc =4 3 (1 gTUL0+ UWe) + B

X, >V

Lattice QCD defines the theory with infrared and ultraviolet cut-off

The parallel transport U ,(x) is the
discretized version of the path ordered

product of continuum gauge fields GM

U, (x) = Pe's S dx, G (x)
U,(x) = Qx)U,(x) Q1 (x + 1)

The trace over a closed loop of parallel

transports is gauge invariant. The simplest of
these loops is the plaquette

U, (x) =U,(x)U,(x+ a)Ul (x + 2)U] (x)

g

0) = / pU, / DUDTOe—(FMU)T+56 (V)

IS carried out by numerical Monte Carlo integration
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Lattice QCD defines the theory with infrared and ultraviolet cut-off

Taking the continuum limit.

Let us imagine that measuring the correlation function of proton creation operators on the lattice with Monte Carlo
simulation, we extract the value of the proton mass.The cut-off scale on the lattice is the lattice distance “a”
therefore all physical quantities are obtained in its physical units.The value of the proton mass in such a lattice
measurement depends on the coupling constant and on the lattice distance as

d
mp af(g(a), 61‘1_r>r(1) mp af(g(a)) —const , AL Mmp
a<Rp<L=Na c’?g@ 3 .
° ° ° ° ° ° ° f(g) — a——f( ) g — 1 b/g
0a g *9a 47Tg i 4
. . 1 2 4 b’g? 5
° ° T T _|_ 2
b () (22
. . a gL 4ngr,
C e e e e e mp = cApg, dimensional transmutation
Ay ~ 1.7TMeV g2 =1, a ' ~2GeV, a=~ 0.1fermi

The relative magnitude of Aqcp with respect to the quark masses has important physical significance. In
particular, it is very important that the value of Aqcp is much bigger than the value of the light quark masses
m,,, mgq . Itis also important that in high energy experiments the typical energy scale of is much higher than the

value of Aqcp.
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Lattice QCD defines the theory with infrared and ultraviolet cut-off

30 years of effort of a large community

Hadron spectrum from lattice QCD

2000 -
| 0
| ==
1500+ | ay
S’ T — 2 B _T_ A
) I A
= | o
500_' e K —— experiment
. —— width
o input
—- T & QCD
0

S. Diirr et. al., Science 322:1224-12277,2008

Mittwoch, 5. September 2012



How to use perturbation theory for predictions for observables?
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How to use perturbation theory for predictions for observables?

® Asymptotic freedom (full control of UV region)
Clue to resolve the apparent contradiction namely that
QCD is the theory of hadrons and their interactions
QCD is the theory of quark and gluon interactions
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How to use perturbation theory for predictions for observables?

® Asymptotic freedom (full control of UV region)
Clue to resolve the apparent contradiction namely that
QCD is the theory of hadrons and their interactions
QCD is the theory of quark and gluon interactions

® QCD pertubation theory is plagued by infrared singularities:
Soft gluon singularities and collinear singularities provided by large
distance contributions of perturbation theory. They are controlled
by the powerful cancellation and factorization theorem.
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Only one large scale. Soft and collinear singularities cancel in all order of PT.
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by the powerful cancellation and factorization theorem.
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® Simplest example: The total cross section of €' e annihilation into hadrons

Only one large scale. Soft and collinear singularities cancel in all order of PT.

Assuming that the unitarity sum over all hadronic final state can be replaced
with the unitarity sum over all final state quark and gluons appearing in the
perturbative treatment, we get direct prediction for the measured cross-section.
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Assuming that the unitarity sum over all hadronic final state can be replaced
with the unitarity sum over all final state quark and gluons appearing in the
perturbative treatment, we get direct prediction for the measured cross-section.

Z 'h >< h| = Z lgluons, quarks >< gluons, quarks|
h a,g
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ete~ — q@ — hadrons

o(ete” — hadrons ~ 9
R(Qz)e+e— — ( — — ) _:‘[‘
o(ete” — ptpu~)
e~ e
Z 'h >< h|= Z |gluons, quarks >< gluons, quarks|
h a8
\/§:Q7 Q7>>7ma7 a:u7d7s7°"
ng
R(s) = 127 ImII™(5) =3 Q7 (1+ =2+
i=1 d
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The measured values of
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o(eTe” — hadrons)

R(Q%)ete =
The measured values of (Q%)ete olete— — utu)
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and its precise theoretical calculation to NNNLO order in perturbative QCD
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o(eTe~ — hadrons)

R(Q%)ete =
The measured values of (Q%)ete olete— — utu)
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and its precise theoretical calculation to NNNLO order in perturbative QCD

R(s) = 14 as + 1.4097a> — 12.76703a> — 80.0075a..

avs (M, )NYNEO = 0.1190 + 0.0026 6,
T Baikov, Chetyrkin,Kuhn
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Hadrons in the initial state; QCD improved parton model
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Hadrons in the initial state; QCD improved parton model

Infinite momentum frame: hadrons are beams of partons
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Hadrons in the initial state; QCD improved parton model

Infinite momentum frame: hadrons are beams of partons

arton number densities

_ hard parton x-section expande
extracted from the data +evolution

in the QCD coupling consta

A

Oab— partons (,as (/'lR ) HR, /"F)
dX

dridrs fo(z1, pur) fo(22, r)) X

doppdhadrons o
Y
a,b
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Infinite momentum frame: hadrons are beams of partons

arton number densities

_ hard parton x-section expande
extracted from the data +evolution

in the QCD coupling consta

dapp—ohadrons o
Y
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Drell-Yan process
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Hadrons in the initial state; QCD improved parton model

Infinite momentum frame: hadrons are beams of partons

arton number densities

_ hard parton x-section expande
extracted from the data +evolution

in the QCD coupling consta

doppdhadrons o
Y
a,b

Drell-Yan process

Many processes, many different multi particle final states
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Schematic view of hard processes at the LHC
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Hadrons in the initial state; QCD improved parton model

MSTW 2008 NNLO PDFs (68% C.L.)
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The hard parton cross-section:

dé_ab—>partons (as (,UR) y MR ,UF)

requires “collinear infrared renormalization”
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The hard parton cross-section:

da—ab—>partons (as (MR)» HR ,uF)

requires “collinear infrared renormalization”

In d-dimension the parton cross section is defined by a set of Feynman diagrams together

with the ultraviolet renormalization counter terms to cancel the ultraviolet divergences
appearing as poles in epsilon in the loop integrals.

The cross-section also have infrared singularities. They can also be regularized by
performing the calculation in d-dimension. For infrared safe observables the

final state soft and collinear singularities cancel. But the initial state collinear singularities do
not cancel. However they factorize into process indepenedent functions Fi/a(X, 6)
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The hard parton cross-section:

da—ab—>partons (as (NR)) HR ,LLF)

requires “collinear infrared renormalization”

In d-dimension the parton cross section is defined by a set of Feynman diagrams together
with the ultraviolet renormalization counter terms to cancel the ultraviolet divergences

appearing as poles in epsilon in the loop integrals.
The cross-section also have infrared singularities. They can also be regularized by

performing the calculation in d-dimension. For infrared safe observables the
final state soft and collinear singularities cancel. But the initial state collinear singularities do
not cancel. However they factorize into process indepenedent functions Fi/a(X, 6)

1 1
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The hard parton cross-section:

da—ab—>partons (as (NR)) HR ,LLF)

requires “collinear infrared renormalization”

In d-dimension the parton cross section is defined by a set of Feynman diagrams together
with the ultraviolet renormalization counter terms to cancel the ultraviolet divergences

appearing as poles in epsilon in the loop integrals.
The cross-section also have infrared singularities. They can also be regularized by

performing the calculation in d-dimension. For infrared safe observables the
final state soft and collinear singularities cancel. But the initial state collinear singularities do
not cancel. However they factorize into process indepenedent functions Fi/a(X, 6)
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Adding appropriate collinear counter terms one can obtain the finite short distance cross section
in any finite order of perturbation theory
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The hard parton cross-section:

da—ab—>partons (as (NR)) HR ,LLF)

requires “collinear infrared renormalization”

In d-dimension the parton cross section is defined by a set of Feynman diagrams together
with the ultraviolet renormalization counter terms to cancel the ultraviolet divergences

appearing as poles in epsilon in the loop integrals.
The cross-section also have infrared singularities. They can also be regularized by

performing the calculation in d-dimension. For infrared safe observables the
final state soft and collinear singularities cancel. But the initial state collinear singularities do
not cancel. However they factorize into process indepenedent functions Fi/a(X, 6)

1 1
do_;ll))are) (pa’ Pb, d) — g / an / deFi/a<Xa7 E)Fj/b(Xb, E)da'ij (q, XaPa XpPb, Os (,u), ,u)
«« JO 0
1)

Q 1

Fi/a(X) — 5i35(1 — X) — ﬁ (GPi/a(X, O) — Ki/a(X)> + @, (Oég) ,
Adding appropriate collinear counter terms one can obtain the finite short distance cross section
in any finite order of perturbation theory

dGab (Pas Pbs -+ 1) = A5 (Pa, Pb, --) + A3 (Pay Pbs ooy 1) + oo

doap = do'? +doll) | déap = d6'? +dsll)
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dff;%) (P1,P2) = dagl)a) (P1,P2)
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d5;?o) (P1,P2) = do_f(i(]?)) (P1,P2)

count

d&gﬁ (pl, pz) — dO'gt) (P1, p2) + dO_ab (p17 Pz)
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A6 (p1,p2) = doly) (p1, p2)

sl (p1,p2) = doly) (1, p2) + Aol (p1, P2)

coun Oés
dogp™ (p1,p2) = Z/dx( Pa/a(x,0) — Kq/a(x )) dac(i?a)(XPhPZ)
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dff;?,) (P1,P2) = dag,? (P1,P2)

d(ATSO)(PL 2) = dU.gb)(Plapz)+d000unt(P1,P2)

Qs
dgcount(p17p2 Z/dx( Pd/a(X O) Kd/a( )) dO'c(i?))(Xplal.DZ)

Similar to UV renormalization. Initial state collinear singularities do not cancel. But they can be
cancelled by counter terms generated from bare parton number densities. This “infrared
renormalization” requires regularization and renormalization prescription. The renormalized

parton densities depend on the corresponding factorization scale and obey the evolution
equation
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A6 (p1,p2) = doly) (p1, p2)

d(ATSO)(PL 2) = dUéb)(Plapz)+d000unt(P1,P2)

Qs
dgcount(p17p2 Z/dx( Pd/a(X O) Kd/a( )) dO'c(i%)(Xplal.DZ)

Similar to UV renormalization. Initial state collinear singularities do not cancel. But they can be
cancelled by counter terms generated from bare parton number densities. This “infrared
renormalization” requires regularization and renormalization prescription. The renormalized

parton densities depend on the corresponding factorization scale and obey the evolution
equation

d
d_dfa/A X :LL Z/ _Pa/b Z aS( ))fb/A(X/Znu)
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dff;?,) (P1,P2) = dag,? (P1,P2)

d6(1)(p1, 2) = dU( )(Plapz) +dogy "™ (p1, P2)

Qs
dgcount(p17p2 Z/dx( Pd/a(X O) Kd/a( )) dO'c(i?))(Xplal.DZ)

Similar to UV renormalization. Initial state collinear singularities do not cancel. But they can be
cancelled by counter terms generated from bare parton number densities. This “infrared
renormalization” requires regularization and renormalization prescription. The renormalized

parton densities depend on the corresponding factorization scale and obey the evolution
equation

d
_dfa/A X :LL _Pa/b Z aS( ))fb/A(X/ZMLL)
d

Physical cross section: the scale dependence of the parton number densitiesis cancelled by the
scale dependence of the hard scattering cross-section
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dff;?,) (P1,P2) = daé?)) (P1,P2)

d6(1)(p1, 2) = dU( )(Plapz) +dogy "™ (p1, P2)

Qs
dgcount(p17p2 Z/dx( Pd/a(X O) Kd/a( )) dO'c(i(:))(Xplal.DZ)

Similar to UV renormalization. Initial state collinear singularities do not cancel. But they can be
cancelled by counter terms generated from bare parton number densities. This “infrared
renormalization” requires regularization and renormalization prescription. The renormalized

parton densities depend on the corresponding factorization scale and obey the evolution
equation

d
p——dfy /A (x, 1) —Pa/b z, s (1)) fo /A (x/2, 1)
P

Physical cross section: the scale dependence of the parton number densitiesis cancelled by the
scale dependence of the hard scattering cross-section

dO_pp—>,u+,u_—|—hadrons — / fa/A (Xaa ,u)fb/B (Xba M)d&ab (Xasza My Os (,UJ))
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Cancellation and factorization theorems:

They constitute the theoretical basis of description of scattering processes of hadrons
in perturbative QCD. These theorems are valid for infrared safe measurables.

An observable is infrared safe if it is insensitive to collinear splittings of
partons and/or emission of soft gluons.
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Cancellation and factorization theorems:

They constitute the theoretical basis of description of scattering processes of hadrons
in perturbative QCD. These theorems are valid for infrared safe measurables.

An observable is infrared safe if it is insensitive to collinear splittings of
partons and/or emission of soft gluons.

In the case of infrared safe quantities the perturbative QCD predictions
are well defined in terms of partons.

The fundamental assumption of the QCD improved parton model:

Predictions made for infrared save quantities in terms of partons partons
give good approximation to the same

quantities measured in terms of hadrons (the power corrections are
small at high momentum scales).
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The spectacular success of perturbative QCD:

In all the cases considered, the comparison of observables that are calculable in
perturbative QCD with experimental results improved if next-to-leading order (NLO)
QCD computations were used. This fact establishes perturbative QCD as a
systematic framework to describe the physics of hard hadronic collisions. It also
suggests that, ideally, the theoretical toolkit for the LHC should contain next-to-leading
computation for a large variety of processes.
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QCD computations were used. This fact establishes perturbative QCD as a
systematic framework to describe the physics of hard hadronic collisions. It also
suggests that, ideally, the theoretical toolkit for the LHC should contain next-to-leading
computation for a large variety of processes.

Improvements at NLO
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The spectacular success of perturbative QCD:

In all the cases considered, the comparison of observables that are calculable in
perturbative QCD with experimental results improved if next-to-leading order (NLO)
QCD computations were used. This fact establishes perturbative QCD as a
systematic framework to describe the physics of hard hadronic collisions. It also
suggests that, ideally, the theoretical toolkit for the LHC should contain next-to-leading
computation for a large variety of processes.

Improvements at NLO

M Reduced theoretical uncertainties due to more meaningful scale
dependence and more precisely predicted rates and shapes

g Data at HERA,LEP, Tevatron and LHC fully validate the
improvements of the agreement between theory and experiment
If NLO corrections are included

M Smaller uncertainties in extrapolating measured background
cross-sections into signal regions

[ Better estimate for PDF uncertainties
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Hard parton cross-section at NLO
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Hard parton cross-section at NLO
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Hard parton cross-section at NLO
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction
method
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q rjj—<
v
g g 9

squared amplitude

g9

..times tree amplitude
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q rjj—<
”,
q q 4

g9

.times tree amplitude squared amplitude

do(V ~ M@ 2d®, 5 + 2Re(MOTMM)d®,, 5+ M%), 2d®, ,
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
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q q 4
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.times tree amplitude squared amplitude

Born
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q rjj—<
”,
q q 4

g9

.times tree amplitude squared amplitude

Born Virtual

do(V ~ M@ 2d®, 5 + 2Re(MOTMM)d®,, 5+ M%), 2d®, ,
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q rjj—<
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q q 4
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.times tree amplitude squared amplitude

Born Virtual Real
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q rjj—<
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q q 4
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.times tree amplitude squared amplitude

Born Virtual Real
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
e e
q £—<
v
g g g

g9

.times tree amplitude squared amplitude

Born Virtual Real

do(V ~ M@ 2d®, 5 + 2Re(MOTMM)d®,, 5+ M%), 2d®, ,

~hard born virt soft (coll,initial) (coll,final)
d alaz dO-a ag {dgalag Ua ag —I_ daalag _I_ dgalaz
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q H<
v
g g 9

g9

.times tree amplitude squared amplitude

Born Virtual Real

do(V ~ M@ 2d®, 5 + 2Re(MOTMM)d®,, 5+ M%), 2d®, ,

~hard __ born virt soft coll,initial coll,final
do =do do + do + do + do

aipaz aiaz aiaz aiaz aia2 aipaz

(coll,counter) (real,subtracted)
+doy ., +doy. A,
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction
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Hard parton cross-section at NLO

Soft and collinear singularities of virtual and real contributions are cancelled by subtraction

method
[ e
q H<
v
g g 9

g9

.times tree amplitude squared amplitude

Born Virtual Real

do(V ~ M@ 2d®, 5 + 2Re(MOTMM)d®,, 5+ M%), 2d®, ,

~hard __ born virt soft coll,initial coll,final
do =do do + do + do + do

aipaz aiaz aiaz aiaz aia2 aipaz

(coll,counter) (real,subtracted)
+doy ., +doy. A,
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N

Finite
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Calculating higher order corrections with many legs and loop is hard:
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Calculating higher order corrections with many legs and loop is hard:

A Traditional Feynman-diagram approach with Passarino-Veltman
reduction has factorial growth with the number of the legs

M Major improvements in the last 15 years

recursion relations, double box loop integral, IBP identities
and Lorenz invariance identities for loop integrals, Laporta
algorithm, understanding the structure of soft and collinear
singularities, unitarity method, OPP reduction....

M NNLO and multi-leg NLO spectacular progress

M NNLO evolution of patron densities (Moch, Vermaseren,Vogt,2005)

[ Subtraction methods for the real contributions (diploe, FKS)

M Embedding into shower Monte Carlo programs
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Engineering progress for NLO:

sk Application of unitarity to the
calculation of one loop diagrams.

%k Improvements in traditional techniques
for Passarino-Veltman reduction.

sk Generation of one loop integrand by
parametric fit, (in dimensions D, OPP).

sk Automatic procedures for generation of
graphs and the consequent integrands.

sk Automatic procedures for the
generation of counter terms to
iImplement the real virtual subtraction.

sk Tabulation and numerical
implementation of all integrals.
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5-loop NNLO calculation, 2-loop NNLO, 1-loop NLO multi-leg

Hadronic Z and tau decays, Baikov, Chetyrkin,Kuhn (2008)

R(s) =1+ as + 1.4097a® — 12.76703a> — 80.0075a?..

g (M. )NNNEO — 0.1190 £ 0.0026 exp

[ —
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5-loop NNLO calculation, 2-loop NNLO, 1-loop NLO multi-leg

Hadronic Z and tau decays, Baikov, Chetyrkin,Kuhn (2008)

R(s) =1+ as + 1.4097a® — 12.76703a> — 80.0075a?..
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5-loop NNLO calculation, 2-loop NNLO, 1-loop NLO multi-leg

Hadronic Z and tau decays, Baikov, Chetyrkin,Kuhn (2008)

R(s) =1+ a, + 1.4097a% — 12.76703a® — 80.0075a?..
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5 Hadronic Z and tau decays (NNNLO in a_s)
Baikov, Chetyrkin,Kuhn (D8)
4 NNNLO
s ©
a Babha-scattering NNLO
e Z-33jets |
DY
10 @70
MCFM -2 Wig+4
1 O/Y NLO
—»

16

I

Z->5jets,W/Z->3jets
ttbar+2jets, WW+2jets,...
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Loops

5 Hadronic Z and tau decays (NNNLO in a_s)
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CMS \s=8TeV,L=5.11b" y LHC 2012 RUN (4 TeV/beam)
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Figure 7: Distribution of my, for the zero-jet ey category in the H — WW search at 8 TeV.
The signal expected from a Higgs boson with a mass my = 125GeV is shown added to the
background.
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Schematic view of hard processes at the LHC

The NLO revolution G.Salam. ICHEP 2010 E

~L)
)
+J
o
L
o
=
S
N~ Cy &o A
4 i 4 7
Cv Y v v

1980 1985 1990 1995 2000 2005 2010

2009: NLO W3/ [Rocket: Ellis, Melnikov & Zanderighi] lunitarity
2009: NLO W+3j [BlackHat: Berger et al] [unitarity
2009: NLO tfbb [Bredenstein et al] [traditional]
2009: NLO ttbb [HELAC-NLO: Bevilacqua et al] lunitarity
2009: NLO qg — bbbb [Golem: Binoth et al] [traditional
2010: NLO ttjj [HELAC-NLO: Bevilacqua et al] [unitarity|
2010: NLO Z+3j [BlackHat: Berger et al] [unitarity

Gavin Salam (LPTHE, Paris QCD for LHC ICHEP 2010, July 27 13 / 30
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Les Houches Experimenters’ Wish List

2010

process wanted at NLO

background to

1. pp — VV 4 jet
2. pp — H + 2 jets
3. pp — ttbb

4. pp — tt + 2 jets
5. pp — VVbb

6. pp — VV + 2jets

7.pp — V + 3 jets

8. pp — VVV

9. pp — bbbb

tt H, new physics
Dittmaier, Kallweit, Uwer; Campbell, Ellis, Zanderighi
H in VBF BCDEGMRSW; Campbell, Ellis, Williams

Campbell, Ellis, Zanderighi; Ciccolini, Denner Dittmaier

ttH Bredenstein, Denner Dittmaier, Pozzorini,
Bevilacqua, Czakon, Papadopoulos, Pittau, Worek

tEH Bevilacqua, Czakon, Papadopoulos, Worek
VBF — H — V'V, ttH, new physics
VBF - H —- VYV

VBF: Bozzi, Jager, Oleari, Zeppenfeld
new physics

Berger Bern, Dixon, Febres Cordero, Forde, Gleisberg, Ita,

Kosower, Maitre; Ellis, Melnikov, Zanderighi
SUSY trilepton

Lazopoulos, Melnikov, Petriello; Hankele, Zeppenfeld.
Binoth, Ossola, Papadopoulos, Pittau

Higgs, new physics GOLEM

Feynman
diagram
methods

now joined
by

on-shell
methods

table courtesy of
C. Berger
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The field content of the model:
one gauge field Aw four Majorana fermions wi , three real scalars ,X, and three real

pseudo-scalars Y . Allfields are in the adjoint representation.

1 _
L = tr {— §FMVF“V —+ ’(ﬁiD’(ﬂi —+ D’uXpDMXp + D'LLYqDMYq

— ig@ZiOAE [Xp, @DJ] + gﬂi%ﬁg [an ¢J]
2
% ([Xl, Xk] [X], Xk] + [Y17 Yk] [Y], Yk] + 2[X17 Yk] [X17 Yk]) }7

1 7:0'2 0 2 0 —01 3 0 03

O‘_<0 z‘ag)’o‘_(al 0)’“‘(—03 0)’
1 _ _7:0-2 0 2 0 —’1:0'2 3 0 00
ﬁ_< O iOQ)’ﬁ_(—’iUQ O )75_(—()’0 O)

_I_

s, g3 /11 2 1
2
o) =15,z 167?2(3 31 6“) A
s, g /11 2 1
=y = — — —Z4-°-6|Ca=0
ble) =1g 167T2<3 37 6 ) A

Beta function vanishes to all orders in PT.
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4 Adranala

4 The scale invariance of the classical Lagrange density remains a symmetry at the
quantum level.

4 Nc limit, ‘t Hooft coupling )\ = N_.g% relation to string theory?

4+ It has a much reacher set of symmetries:
superconformal symmetry, integrability (hidden symmetry)

4+ Local gauge invariant composite operators (observables)
with calculable anonalous dimensions

+ AdS/CFT relates it to D=2 integrability, string theory in AdS, strong and
weak coupling

Mittwoch, 5. September 2012



On-shell methods of calculating amplitudes in

QCD and N=4 sYM at large N

-
-~ ~ | Complexification of external moment with
Helicity method twistors

unitarity cuts (BDDK), OPP, cuts in D-dim. CSW and BCFW recursion relations
soft and collinear limits BDS Ansatz: AdS/CFT

Anomalous dimensions at NNLO Amplitudes and Wilson loops

Regge limit Dual conformal invariance,

Automated NLO codes for phenomenology Yangian symmetry of tree amplitudes,
(MCFM, BH, Sherpa, Powheg) Integrability, Bethe Ansatz
\_ / . .

Relation to N=8 supergratvity

\_

QCD < > N=4 sYM
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¢* Tree-level amplitudes calculated in N=4 SYM could be carried over to
QCD since all possible spins appear

¢* Generalized unitarity was invented in the simple case of
N=4 SYM
Any 4D gauge theory can be viewed as N=4 sYM with some particles
and interactions added and removed

¢* Regge-limit and transcendentality in N=4 sYM and QCD

% New tree level recursion relations BCFW

«¢* Dual conformal invariance, Yangian symmetry for tree amplitudes,

2- loop results for 5, 6 point amplitudes

Mittwoch, 5. September 2012



Parma International School of Theoretical Physics

September 3 - September 8, 2012
Parma, Italy

Scattering Amplitudes in QCD, Supersymmetric G
Theories and Supergravity
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One-loop calculations in QCD and N=4 supersymmetric gauge theories

OUTLINE

Lecture 1: QCD and review its main features.

Lecture 2: One loop tensor integrals and their reduction
Lecture 3: Unitarity method and amplitudes

Lecture 4: Analytic and numerical computations

Lecture 5: Different implementations, Outlook

One-loop calculations in quantum field theory: from Feynman diagrams to unitarity cuts.
R .Keith Ellis,,Zoltan Kunszt, Kirill Melnikov, Giulia Zanderighi,

to appear in Phys. Rep. arXiv:1105.4319 [hep-ph]
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One loop calculation with traditional methods
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 1,1,1,15 _ (8uv8ps + 811p8us + 8us8up) / aP1 14
4 (2m)P [d(1)]4 D(D +2) (2m)P [d(1))4

PN
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One loop calculation with traditional methods
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One loop calculation with traditional methods

p3

PN

N (1) =1 one loop scalar, otherwise one loop tensor integral
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One loop calculation with traditional methods
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
[ N/ d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P
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PN
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/ (=07 /0 XA Em SN T'(D/2)T(m) !

i7TD/2 (12 _Mz)m — 7TD/2

Qp = 27°/2/T(D/2)

divergent if sufficient number o Finiteresultfor D #4 m=4,s=2
propagators can go to mass-shell.

Soft and collinear singularities.
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:

In = ) Cajlaj + calsj + cala + c1l1j + R+ O(D — 4).
J
Only one-,two-,three-,four-point scalar integrals occur.
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:
In = Z ca;jla;j + 35155 + c2;512;5 + c151; + R+ O(D — 4).
J

Only one-,two-,three-,four-point scalar integrals occur.

The problem of the analytic calculation of one-loop scalar integrals I,;, r=1,...,4
and of their numerical evaluation is solved (QCDLoop, OnelLOop).
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) <0
In = - Liioisisi
N / (27T)D H d(l) Z 11 ig,ig,ig,ig 1112 5

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Za(O)Ill +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) =(0)
In = = g Liiigisiai
N / (27)D 1. d-(l) €i1,i2,is,ia,i5 i1i2i3iais

i1,in,ig,ig,is

+ Y A T+ Y 8 T + Y bk T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l<Q'—Q')
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) ~(0)
In = H = g i Lizioisiai

i1,in,ig,ig,is

+ > A Tisieis + D "ff)lz Tinig + > b, T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l(q__q.)
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2

they contribute to the rational terms
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) <(0)
In = - Liisigigi
N / (27T)D H d(l) Z 11 ,i2,i3,iq,i5 1112131415

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Zém)lu +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy

Non-vanishing master integrals with (1-n.)? factors in the numerator

dPi 5° D —4
/ =\ D /2 d: d: d; d - 17311)’6'_{2_7323734’ lim M [(D+2) — 0
(Zﬂ_) 11 g Wiz tiy 2 D4 9 Q1428314 ~ )
/ dP1 s4 _ (D—2)(D—4)I.D.+4. i (D=4)(D=2) pey _ 1
(im)P/2 d;, di,diyd;, 4 iizisia’ Doy 4 nizigia — T3
Pl 2 (D — 4) i (P4 o2 _ 1
D/2 = 155233» D—4 2 hiizis T 97
(Z7T) di, diyd 2 " (D —4) 7(D+2) _ - mg, +my, 1
a1 52 (D-4) 7D+2 Doa g i % 5 (4ir =
(im)P/2 d; dy, 2

they contribute to the rational terms

7(4) ~(7) 2 2

R — — Z d11121314+ Z 111213 Z rni1 +m12 B (qil —qi2)2 B(g)

2 6

11,12,13,14 iy,iz,i3 i1,iz
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Ao(m;) = dP1 — di=(1+) pk)®—m;
k=1
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Ao(m;) = dP1 — di=(1+) pk)®—m;
k=1

1 1; 1+ 1#1¥
BO;BM;BHV(plamlamZ) — i7TD/2 / le d1d2 )
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1
1 . — E 2 _m?2
Ap(my) = / dP1 i) d; = (1+ 2 Pk) m;

1 1; 1+ 1#1¥
BO;BM;BW(pl’ml’mz):i7TD/2/le dids

5 o 1 1; 1% 117 1#171¢
CO;CM;CIJJ 7CM (p17p27m17m27m3) — i7TD/2 / le d.d-d )
142U3
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1
1 _ 2 m?
Ao(my) = / aP1 - d; (1+k§_1ﬁ Pk)” — mj

1 1; 1+ 1#1¥
BO;BM;BHV(p17m17m2) — i7TD/2 / le d1d2 )

5 o 1 1; 1% 117 1#171¢
CO;CM;CIJJ 7CM (p17p27m17m27m3) — i7TD/2 / le d.d-d )
142U3

1 NS YV V73 28 173 122 (2% 172 174 22 1)
DO;DM;DMV;DMVQ;D'L“/Oéﬁ(p17p27p37m17m27m37m4) — / le 171 ’l : 71 Il 71 Il

irD/2 d;d.dsdy
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ Z Pk)” — mj
k=1

1 1:1#: 1#1¥
Bo;B“§BW(P17m1,m2) = 3 / le — )
d;d2

1 1; 1% 117 1#171¢
CO; C/JJ’ C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D“”O‘;D/”Waﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

irD/2 d;d.dsdy

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ Z Pk)” — mj
k=1

1 1:1#: 1#1¥
Bo;B“§BW(P1,m1,m2) = 3 / le — )
d;d2

1 1; 1% 117 1#171¢
CO; CM, C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D’”“/O‘;D/”Waﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

irD/2 d;d.dsdy

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):

Examples:

2
CH =pi{C1 +p5Ca, CH =ghl’Cqgo + Z pi”pj”Cij , Cqi2 =Coq
ij=1
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ E pr)? - m;
k=1

1 1: 14 1#41¥
BOBBMQBHV(p17m17m2) = . / le — ;
d;d->

1 1; 1% 117 1#171¢
CO; CM, C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D’”“/O‘;D“Vaﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

i7TD/2 d1d2d3d4

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):

Examples:

2
CH =pi{C1 +p5Ca, CH =ghl’Cqgo + Z pi”pj”Cij , Cqi2 =Coq
ij=1

rank 1 and 2 tensor three point integrals
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Reduction of C* =p{C; + p5Ca,
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Reduction of C* =p{C; + p)Cs,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ,

G2:<p1'p1 p1'p2>7

P1 P2 D2 P2
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Reduction of C* =p{C; + p)Cs,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 dldzdg,
g 1
Rl — 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)), G, — ( p1-P1 P1- Do )

P1 P2 D2 P2

RY = Z(£,Co(1,2,3) + Bo(1,2) — Bo(1,3))

1
2
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Reduction of C* =p{C; + p)Cs,

Gz( C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

g 1
R[l]:§(f100(1,2,3)+B0(1,3)—B0(2,3)), G, — PP PP
P1-pP2 P2 P2 ’

R[ZC] — Z(f3Co(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors
2

1
2 1 2 2
1-p1:§(f1‘|‘d2—d1)7 f1:m2—m1—p1,

1
1'P2=§(f2+d3—d2), fo = m3 — mj — p5 — 2p1 - P2
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Reduction of C* =p{C; + p)Cs,

G2< C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

P1-P1 P1-P2 )

c 1
R[l] — 5(f1(30(1,2,3) + Bo(1,3) — Bo(2,3)), G, —
P1 P2 D2 P2

cancel terms in numerator with denominator factors

c ]_
RS = 5 (£2Co(1,2,3) + Bo(1,2) — Bo(1,3))
2

1
1'P1=§(f1+d2—d1), fi = m3 — m? — p?,

1
1'P2=§(f2+d3—d2), fo = m3 — mj — p5 — 2p1 - P2

B dP1 1
Bo(2,3) = Bo(p2, m2, m3) = irD/2 (12 — m2)((1+ pz)2 — m32)
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Reduction of C* =p{C; + p)Cs,

G2< C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

g 1
R[l]:§(f100(1,2,3)+B0(1,3)—B0(2,3)), G, — ( PrPr PPz
P1-pP2 P2 P2

cancel terms in numerator with denominator factors

RY = Z(£,Co(1,2,3) + Bo(1,2) — Bo(1,3))

2

1
2 1 2 2
1-p1:§(f1‘|‘d2—d1)7 f1:m2—m1—p1,

Solve for C; and Cs
1 2 2 2 .
l-p2——2(f2—|—d3—d2), fo =m3 —m35 — p3 — 2p1 - p2.

c ) , ( Rl ) dP] 1
— G'2 IS pu— B pu—
( , R[Q] Bo(2,3) = Bo(p2, mz, m3) / i7D/2 (12 — m3)((1+ p2)? — m32)
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
Rl — 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)), G, — ( p1-P1 P1- Do
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = mj — m3 — p5 — 2p1 - P2

Ch ) —1 ( Ry ) P
=G, i Bo(2,3) =B =/ 4 :
( 02 R2 O( 9 ) — 0(p27m27m3) i7TD/2 (12 _ m%)((l_l_ p2)2 _ mg)

Reduction of C* =p{C; + p5Cs>,
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
R = 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)). G, — PP PP
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = 3 §—P§—2P1'P2-

C1 ) —1 ( R[f] ) d®1
=G, €] Bo(2,3) =B :/ :
(& ! 0(2:3) = BolPz.m2.m3) = [ 457 (12— 102) (15 pa)? — m))

Reduction of C* =p{C; + p5Cs>,

p1,C" = pl(P1.P1C11 + P1.P2C12 + Coo) + P3(P1.P1C12 + P1.P2C22),

y y § trace with P1 and p2
P2 ,C" = p71(p1.p2C11 + P2.P2C12) + P3(P1.P2C12 + P2.p2Ca22 + Copo) -
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
R = 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)). G, — PP PP
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = 3 §—P§—2P1'P2-

C1 ) —1 ( Rgc] ) d®1
=G, B Bo(2,3) =B :/ :
(& ! 0(2:3) = BolPz.m2.m3) = [ 457 (12— 102) (15 pa)? — m))

Reduction of C* =p{C; + p5Cs>,

p1,C" = pl(P1.P1C11 + P1.P2C12 + Coo) + P3(P1.P1C12 + P1.P2C22),
p2 ,C" = pi(P1.P2C11 + P2.P2C12) + P5(P1.P2C12 + P2.p2C22 + Coo) -

CZ = BO(27 3) -+ mlCO(l 2 3) DCO() -+ p%Cll —+ 2p1.p2C12 -+ p3022 trace with g’LW

trace with P1 and p2
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, D;j,Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C};, Co
Doo — Dy, Dy, Cy

D; — Doy, Co

Ci;k —  Coos, Cij, Bij, Bi
Cooi — Uy, 05, B;, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; — Oy, By

Bi; —  Boo, By, Ao

Boo —  B;, Bo, Ao

B; —  Bp, Ag
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, D;j,Cij, C;
Dooi —  Dy;, Dy, Cs, Co
D;; —  Doo, D;,C};, Co
Doo — Dy, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, Bi
Cooi — Uy, 05, B;, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; — Oy, By

Bi; —  Boo, By, Ao

Boo —  B;, Bo, Ao

B; —  Bp, Ag

For more then 4 particles it is cumbersome
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Reduction chains for Passarino-Veltman procedure.

Disss —  Dooijs Dijk, Cijk, Cij, Ci, Co
Dooi; —  Dijk, Dij, Cij,Ci
Doooo —  Dooi, Doo, Coo
Di;k —  Doos, Dij, Csj, C
Doo;i —  D;;, D;, Cy, Co
D;; —  Doo, Dy, C;, Co
Doo —  D;, Do, Cy

D; — Dy, Cp

Ci;k —  Cooi, Cij, Bij, B;
Cooi — (4,04, B;, Bo
Ci; —  Coo, Ci, By, Bo
Coo —  (C};,Co, By

C; — Oy, By

Bi; —  Boo, B;, Ao

Boo — By, By, Ao

B; —  Bp, Ag

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, Dij, Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C;, Co
Doo —  D;, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, By
Cooi —  Cy,05, B, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; —  Cy, By

Bi; —  Boo, B, Ao

Boo —  B;, Bo, Ag

B; —  Bo, Ag

Well established technique, applied in many cases.

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, Dij, Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C;, Co
Doo —  D;, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, By
Cooi —  Cy,05, B, By
C;; —  Coo, (s, B;, Bo
Coo — (%, Co, By

C; —  Cy, By

Bi; —  Boo, B, Ao

Boo —  B;, Bo, Ag

B; —  Bo, Ag

Well established technique, applied in many cases.

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.

For 5-,6-, and more particles external momenta not linearly independent (additional input), Denner, Dittmaier 2006
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Singular regions in PV reduction:

Mittwoch, 5. September 2012



Singular regions in PV reduction:

Example: rank 1 triangle
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-P2 )
G,*!

—P1 P2 P1 - P1
el y
( Cs > \ RY

)

A2(p17 p2)

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-P2 )
G-1 —P1-P2 Pi1-P1
Ci ) _ g1 R 2 A>(p1,P2) |
Co 2 R[;]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

Mittwoch, 5. September 2012



Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 — —P1-P2 Pi1-P1
Ci ) _ g1 R 2 A>(p1,P2) |
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 —P1-P2 Pi1-P1
c, L Ry ? A ) |
— Qo 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if p1||pz with p? # 0 then Ay =0
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 —P1-P2 Pi1-P1
c, L Ry ? A ) |
— Qo 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if p1||p2 with p? # 0 then A, =0  and necessarily R[f] =0 and R[ZC] =0
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
1 —P1-P2 P1-P1

Gyl = ,
( o ) _ Gt ( Ry ) ? Az(p1;P2)

Cs
Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if pi1||p2 with p? #0 then A, =0  and necessarily RY =0 and RY =0

Exceptional points: vanishing Gram determinants, numerical instabilities
two and three point scalar integrals become linearly dependent
also higher powers of Gram-determinants
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 — —P1-P2 Pi1-P1
c, L[ RY ’ A ) |
— G2 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if pi1||p2 with p? #0 then A, =0  and necessarily RY =0 and RY =0

Exceptional points: vanishing Gram determinants, numerical instabilities
two and three point scalar integrals become linearly dependent
also higher powers of Gram-determinants

Exercise: Investigate the collinear behaviour of reduction using form factors with
: ~ P1 - P2
using P1 and P3 = P — 2 Py
1
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

Mittwoch, 5. September 2012



van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

1)\6011012 _ (1 , q1)6>\(h + (1 , q2)EQ1>\7

Mittwoch, 5. September 2012



van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1 1
lai = o [(1+a)* —mf) - (12 = m§) + m? —m§ —qf] = 2 [(di — do + m —m§ — qf]
Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

NeQrd2 — (1 , q1)6>\(h 4+ (1 : q2)€(ll>\7

\ €q1>\

V — V p— Vo . « — 5..
€d192 ’ 2 cd1d2 ) i dj 1)
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

1)\6011012 _ (1 , q1)6>\(h + (1 , q2)EQ1>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd1d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

IAEQ1Q2 _ (1 , q1)€>\(h + (1 , q2)€(h>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd19d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.

Can we embed this a coordinate into higher dimensional space time?
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

IAEQ1Q2 _ (1 , q1)€>\(h + (1 , q2)€(h>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd19d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.

Can we embed this a coordinate into higher dimensional space time?

Yes.
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Generalized Kronecker-symbols:
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Generalized Kronecker-symbols:

E’uqz eqllu

o’ €q1q2

o’ €q1q2
94192

V —
1 €919z

(12 __ SH1 M2 _ SH1 SH2 B — SH1p2
’ € 6V1V2'_'5u15V2 5w25V1'_'det|5ul'—'5yluz7

6Q1Q2 ECI1Q2
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Generalized Kronecker-symbols:

v qu g2 6/“12 v 6C11 g2 eql H
Vi~ 19z’ Va2 = q1qz’ el1h= Cvive = 51/;11 5522 B 5521 5512 = det |5z/j’ = 5511#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 49192 Mo 49192 — 9192 _ —
Vi = A, Vo = A, Az = 5q1q2 = q793 — (d192) , u=1,...,D
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Generalized Kronecker-symbols:

v qu g2 6/“12 v 6011 g2 eql H
Vi~ 19z’ Va2 = qidz’ Elulluze’/l’/Z - 5511 5522 o 5521 5512 = det |5llﬂ = 51’21#227
€q1q2€ €q1q2€
JHaz HALH o o 0
nwo_ 79192 Mo 9192 — Adi192 _ _
Vi = A, Vo = A, Az = 5q1q2 = q793 — (d192) , u=1,...,D

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space
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Generalized Kronecker-symbols:

v 6Q1Q2€uq2 v 6(110126011'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’/Z - 5511 5522 o 5521 6512 = det |5llﬂ = 51’21#227
€q1q2€ €q1q2€
JHaz HALH o o 0
nwo_ 79192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Az Az

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

T Ty S Y

H2 M2 M2

JH1IH2 " HR 5’/1 5’/2 o 5’/R
2R % . . .

R MR HR

SR GHR . GHR
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Az Az

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

T Ty S Y

H2 M2 M2

JH1IH2 " HR 5’/1 5’/2 o 5’/R
2R % . . .

R MR HR

SR GHR . GHR

k,UJZ,LLR L U122 UR 125
gl — g g s
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

g gra L m

H2 M2 M2

5#1#2"'MR _ 5’/1 5’/2 S 5’/R
V1 Vz...VR - o . o

R HR IR

SR GHR . GEE

k,UJZ,LLR L U122 UR 125
gl — g g s

A(ky kg, kg) = oKikekn
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

251 M1 251

g gra L m

H2 M2 M2

5#1#2"'MR _ 5’/1 5’/2 S 5’/R
V1 Vz...VR - o . o

R HR IR

SR GHR . GEE

k,UJZ,LLR L U122 UR 125
gl — g g s

A(ky kg, kg) = oKikekn

51{1 ...ki_]_,l,bki_|_1 kDP
ki..ki—1kikit1...kpp

Véjj(kla'“akDP)E A(kl kD ) )
s e P
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Generalized Kronecker-symbols:

v qu g2 6/“12 v qu g2 eql H
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 51’11#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

251 M1 251
g gHr L g
otz gH2 o HH2
SH1M2 IR 71 Y2 YR
I/ll/z...yR ° ° .
HR HR HR
JERGER KR
k,UJZ,LLR L U122 UR 125
SplE iR = gk ink, kY2
_ skikz---kr
A(kla k27 T 7kR) — 6k1k2---kR
5k1...ki_1/,bki_|_1...kDP
ki...ki—1kikit1...kp
7 _ P
vi(ky,....kpp) = ks — S :
l( ) ) P) A(kl,---,kDP) ) V]. kJ —51.]7 fOr J SDP
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Physical and transverse space
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(pLPZa -+ PN; 1)
dids - - -dgr

IN(P1,P2,---7PN“) —

ki
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(P17P2, -+, PN; 1)
dids - - -dgr

IN(PLPZ,---aPN“) —

The amplitude has R infow momenta kq,...,kg.

N
di = (14+q;)*—mi, ki=qi—qi—1, ki = Zaijpj :
j=1

ki
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)

IN(P1,P2,---7PN“) —

did,---dgr
[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A
N R
d; = (I4+qi)’*—m{, ki=qi—qi-1, ki= ZOéiij : Zki =0, a;5=0,1
R
j=1 i=1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

ke
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)
dids - - -dgr

IN(P1,P2,---7PN’1) —

[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A

R

N R
di = (I4+qi)*—m}, ki =qi—qi_1, ki = ZOéiij : Zki =0, ;5 =0,1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

D=Dp+Dt, Dp=min(D,R—-1), Dr =max(0,D-R +1), 1=1p + 17

ke
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)
dids - - -dgr

IN(P1,P2,---7PN’1) —

[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A

R

N R
di = (I4+qi)*—m}, ki =qi—qi_1, ki = ZOéiij : Zki =0, ;5 =0,1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

D=Dp+Dt, Dp=min(D,R—-1), Dr =max(0,D-R +1), 1=1p + 17

If R>D, the transverse space is zero dimensional.

ke
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Use NV (dual) coordinates in the physical space:
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1

Mittwoch, 5. September 2012



Use NV (dual) coordinates in the physical space:

Dp Dr Dp Dt
uv W v W v
=) (1 k) v+ ) (1-m;) nf' . g = ki'vi+ ) nin]
i=1 i=1 i=1 i=1
D~
174 174
Ny - Ng — r57k1 n, =0, vi-n, =0, wh” = § Hf-bnra
r=1
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1

D~

— - _ v __ 1%

n, ng =0, Ky -n, =0, vy - n, =0, wt —g nin;,
r=1

W, 1S the projector operator to transverse space

k1-kpp, v
kl---kDPH VV’u’u s DT , k'iu W/~”/ = ()7 W'UJOéWaV

Wuy(kl,..-,kDp)E A(kl ..., kp )
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1

D~

— - _ v __ 1%

n, ng =0, Ky -n, =0, vy - n, =0, wt —g nin;,
r=1

W, 1S the projector operator to transverse space

k1-Kpp,
kl---kDP/J» W,u’u p— DT) l{’iu W/~”/ p— ()7 W'uawa’/ p— W/““/.

W’uy(kl,...,kDP) = A(kl kD )

The dual coordinates of the loop momentum vector provide us the reduction at the integrand level:

1
l kl S 5 |:d1 dl—l — (ql o m12) + (ql—l o ml—l)]
Dp DT
¥ =Vg + = Z(dl —di_1) vy + Z(l n;)n; ,
i=1 i=1
1 &
VR=-3> ((a? —m?) — (aZ; —m?,)) v
i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I, = I3 , Ta =
2 / (27T)2 > ? dod;ds’
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d21 1
13:/ I3 , I = ,di=(1+q;))?—m?,ic€0,1,2], dj=(1+q;)? —m?, i€ ]0,1,2]
dod;ds
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2 13 Z3:d0d1dz’ di=(0+q;)?—m? ic0,1,2], dj = (1+q;)? —m?, i €]0,1,2]
H u_ %aiq w _ Odig
1" = 1 ]- — 192 _ 192
Vl( ql)"'“vz( qz), \&] Az , Vo Az :
1
: i = (dl_do_rl)a 1‘1=qi2—m12+m(2,, 1=1,2,
2 2
J=1 j=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3 = I3 , I3 = di = (14 q;)? —m?, i 1,2], di = 1+ q;)® — m?, i
3 /(27-‘-)2 3 3 dodle, ( +q) m1726[07 ) ]7 ( +q) m1726[07172]
047 Odiq
I =vi(l-q1)+vy(l-qz), Vvi= A, vy = A,
1
] qi = (dl_dO_r1)7 rlzqiz_m?+m(2)7 1:1727
2 2
g =) vig/ => viq
j=1 j=1
2 2
2(do +mf) =) (1-v;)(di —do) — Y (1 vi)r;
i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
Is = I3 , I3 = d; = 14 q;)® — m?, i 1,2], di = (1+q;)* —m?, ¢
3 /(27-‘-)2 3 3 d()dldz, ( +q) m1726[07 ) ]7 ( +q) m1726[07172]
e Od:1a
" =vi(l-q1) +vy(1-q2), Véb— A, Vg— A,
1
] qi = (dl_dO_rl)a rlzqiz_m?+m(2)7 1:1727
2 2
g =) vig/ => viq
j=1 j=1
2 2 2 2
2(do + m3) = Z(l -vi)(d; — do) — Z(l Vi)ri =) (1-vi)(d; —do) — 1, ¥ vi'r;
i=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3Zd0d1d2’di:(l+qi)2—mi27ie[071>2]>di:(1+qi)2—m?,z‘e[0,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do +mf) =) (1-v;)(di —do) — » (1 vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l vi)(d; —dg) —1-w
i=1 1=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do +mf) =) (1-v;)(di —do) — » (1 vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l vi)(d; —dg) —1-w
i=1 1=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] A2 , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(dg + m3) = Z(l -vi)(d; —do) — Z(l - Vi) = Z(l -vi)(d; — do) — 1, Zvi“ri — Z(l -vi)(dj —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 ! 1
= Z(l -vi)(di —do) — Z(l Qi) (vi-w) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i—=1 i—=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] A2 , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(do + m3)= Z(l -vi)(d; —do) — Z(l - Vi) = Z(l -vi)(d; — do) — 1, Zvi“ri — Z(l -vi)(dj —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 ! 1
= Z(l -vi)(di —do) — Z(l Qi) (vi-w) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i—=1 i—=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; I3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H M égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(do +m3)=>» (I-v;)(di —do) — » (1-vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l -vi)(di —do) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 . 1
= Z(l -vi)(dj — dg) — Z(l Qi) (vi-w) = 3 Z(Zl vi—w-vi)d; — (21 vy — w-vj)dg + sz
i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’iE[O’l’Q]’di:(l+Qi)2—mi2,iE[O,1,2]
H M égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do + mg))= Z(l -vi)(d; —do) — Z(l Vi)ri =) (1. vi)(d; —do) — 1, ¥ vi'r = Z(l -vi)(d; —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 . 1
= Z(l -vi)(di — do) — Z(l Qi) (Vi W) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i=1 i=1 i=1
1 1 2(1-vy) = (w-vq)  2(1-va)—(wW-vy) 4+ (2l—w)-(v1+v2)
dgdldg (41’[1(2) — W2) d0d2 dodl d1d2
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 2(1-V1)—(W°V1)+2(1-V2)—(W-V2) 4+ (21 —w) - (vy + va)
dodldz n (41’1’1(2) — Wz) dodz dodl d1d2
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {Z(I-Vl)—(w-vl)+2(1-V2)—(W'V2) 4+(21—w)-(vl+vZ)}.

d0d1d2 B (4m(2) — Wz) d0d2 d()dl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}

Exercise:

Any N-point scalar one-loop integrand function, for N > D, where D is the dimensionality of
space-time, can be written as a linear combination of the D-point scalar and vector integrand
functions.
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Example 2.: Reduction of a rank-two two point function in D=2-2¢
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(f-1)2
d.;d, ’

Z(k,m;, msy) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

I(kv mj, m2) —

Our aim is to reduce it using VN method.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

Z(kv mj, mZ) —

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

Mittwoch, 5. September 2012



Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,m;, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

% k” 2 1, n“n” + A*h
n" = n° = n“n” + n"n” = A
VK2’ = 8(2); (A-1)% =1% — (n-)* =1%) -

(1-k)*
k2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k+ 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
W= e T Lt =g, (812 =18 = (n-1)® = 1) — 5
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k# 2

nt — . n2 =1, n"n’ +d"a’ = g'¥ ) (1-k)
Vi ne BT = g (8-1)% =1f) — (n- )% = 1) — 55—
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—21-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,my, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

kH 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
e T T = ey (812 =1 — (n-1)? = 1% — 5~
¥ = (1-n)n” + (1-2)d* +n”(1-n,) 1%) =dy +mi —p*, 21-k=dy—dy —ri,
Mzz(ne'l)z

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—zl-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.

2 _ 1.2 2 2 2 _ 1.2 2 2
ri =k“4+mj—m5, r5=k*+m;—m7,

k® — 2k*(mf + m3) + (m} — m3)*
4k?

A2 =
It follows the parametrization:

(fl . 1)2 - b() -+ bl(fl . 1) -+ bz(ne . 1)2 _'_8170 —+ al,l(n . l) -+ al’z(ﬁ . l) _|_3_270 -+ 3271(n . l) -+ 3272(f1 . 1)
didy did2 d; d2 |
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} —+ [&170 -+ al,l(%—F al’z(ﬁ . 1)] d2 + [32,0 + 3.2,1(1’1><|- 8.2,2(ﬁ . 1)] dl
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} -+ [&170 -+ a1,1(><+ al’g(ﬁ . 1)] d2 + [32,0 + 32,1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l) =d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2

Calculate by assuming di;(l)=d2()=0 and 1-n=0
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo=-)2,b; =0
¢ — ) ﬁc = A 0 ’ 1
2v k2
Calculate by assuming di;(l)=d2()=0 and 1-n=0

_ 2

lf = aen tif:n, 0= (1+b2)\
by, = —1
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [32,0 -+ 3.271(H><|- 8.2’2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
Ol — ’ ﬁc = A 0 ’ 1
2v'k?2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
I¥ = aen +ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H><|- 8.2’2(IAI . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo = —-)?, by =0
7 — ) ﬁc = A 0 ’ 1
21/ k2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
1= = aen + ifen, 0= (1+bz)A
bs = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
h-1.)2 bo+bi(d-1)+ba(n.-1;)? + +
(n 1) B o1+ 1(n )—1— 2(n 1) :al,o+31,1(ﬂ'1)—i-al,z(ﬁ-l)—|—a20 8.21 n\hx/ d1 11

dz(ll) dz(ll)
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
Ke = — r% c:)\ bo:—)\z,blzo
2vk2’
Calculate b, assuming di(l)=d2()=0 and 1-n=0
le = aen + ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0

h-1)2 b bi(fi-1) + ba(n, - 1;)? as o + +

B L)% Do tba(hoD Ehalne W o oo 1) a1 + 2202210 “\'*/ Ve (1)

dz(ll) dz(ll)

l; = yin+92f, 7 +72 = mj

Choose 71 = 0,72 = =tm;

Choose 72 =0,71 =my
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
_ Iy L bO:_)\2,b1:O
ac 2\/@7 /BC — )\
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
lf = acn Eifen, 0=(1+bz)A
by = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
N . 2 N . . 2
(0-1)%  bo+bi(h-1) +ba(nc-1)” ajo+ayi(n-1)+ag(i-1)+ 820 ¥ 824 n\g\% d1 I1)
da(1y) do(1;)
~ m2 _|_ )\2 r2
L =yn+ 720, 77 +75 = mj} ajotajsm = ——5— = ——
ry 4k
Choose 71 = 0,72 = £my a;o=0,a; 9 =r2/(4k?),
V2 =0,71 =m -
Choose a;q = —(4k?)"1/2
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OPP reduction (Ossola, Papadopoulos, Pittau)

First we made direct NV reduction of the loop integrand.

Next we have pointed out a generic parametric form of the loop integrand
and fitted the parameters with the help of on-shell values of the loop momenta solving

first double cut and single cut conditions (iteratively).

The loop integration can be easily carried out:

d2—2€ b
I(k, mf, m3) = / i(zﬁ)z_%z(k» my,mz) = b Iz(k? mf, m3)+a; oI (m3) + az oI (m3) + ﬁ

Exercise:
Calculate the photon self-energy in D=2 QED (Scwinger-model) using NV reduction at the

integrand level.
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OPP reduction: general case
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift. Ky

with arbitrary number of external legs can always be wrltten in linear co
penta, quadru-,triple-,double- and single-pole terms [ + g,
k2

Mittwoch, 5. September 2012



Ordered amplitudes have well defined integrand

IN(P1{P2,- .,

P3

PN

7pN7l)_

‘ N(plapg:"'upi\r;i)

didp -+ dy

InN(p1,D2,s .-, D1
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

ks I

N
The number of terms with k denominators is (k)

> =<
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

_ [ Pl Num() _ [Pl 1 —_— .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12, 13714715]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (1) H d.i (l)+z 5‘i1 (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,iz J#[i1,i2] i1 J#i

dil)=(1+q))?-m?,i=0,...,4, qo=0
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
IN — / (27‘(‘)[) Hi dl(l) — / (27T)D Hi dl(l) { Z 11,12,13,14,15(1) H d.](l)

11,12,13,14,15 J#[ll 12, 13714715]

+ Z di iz ig,ia (1) H d;(1)

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i

2 2
; T IMg
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters;

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters; 13 =1*—1%, 1% = (Ig;)v!

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Go1234(1) = &\ has
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Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,
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Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,

51(1) — 5_0 -+ 51(1 . Ill) -+ 5_2(1 . Ilz) -+ 53(1 . Il3) -+ 5_4(1 . 114)

Mittwoch, 5. September 2012



Go1234(1) = &\ has

30123(1) — ao -+ al (l . Il4) —+ az(l . He)z —+ ag(l . He)z(l . Il4) -+ 514(1 . H€)4,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(l-n4)2)—|—64(l . Ilg)(l . H4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

Bgl (1) = f)oj—f)l(l-nz)—|—l~)2(l-n~3)—|—l~)3(l-n4)—i—l~)4(£l . n2)2 — (1 . n4)%) + 55«1 . Il3)2 — (l . n4>2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)+b8(l-n2)(l-n4)—I—bg(l-ne)z,

51(1) — 5.0 —+ 51(1 . 111) —+ 5_2(1 . 112) —+ 5_3(1 : 113) —+ 5_4(1 . 114)

The coefficients ag, ..., €g1234 are independent from the loop momenta and in all numerator
functions we can replace (1 - n;) with (It - n;)

Note that the integration over the transverse space is trivial

U
@@ <y = [a00t - ) (0, 82 2), Di=D-1
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) <0
In = - Liioisisi
N / (27T)D H d(l) Z 11 ig,ig,ig,ig 1112 5

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Za(O)Ill +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) =(0)
In = = g Liiigisiai
N / (27)D 1. d-(l) €i1,i2,is,ia,i5 i1i2i3iais

i1,in,ig,ig,is

+ Y A T+ Y 8 T + Y bk T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l<Q'—Q')
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) ~(0)
In = H = g i Lizioisiai

i1,in,ig,ig,is

+ > A Tisieis + D "ff)lz Tinig + > b, T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l(q__q.)
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2

they contribute to the rational terms

Mittwoch, 5. September 2012



Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) <(0)
In = - Liisigigi
N / (27T)D H d(l) Z 11 ,i2,i3,iq,i5 1112131415

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Zém)lu +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy

Non-vanishing master integrals with (1-n.)? factors in the numerator

dPi 5° D —4
/ =\ D /2 d: d: d; d - 17311)’6'_{2_7323734’ lim M [(D+2) — 0
(Zﬂ_) 11 g Wiz tiy 2 D4 9 Q1428314 ~ )
/ dP1 s4 _ (D—2)(D—4)I.D.+4. i (D=4)(D=2) pey _ 1
(im)P/2 d;, di,diyd;, 4 iizisia’ Doy 4 nizigia — T3
Pl 2 (D — 4) i (P4 o2 _ 1
D/2 = 155233» D—4 2 hiizis T 97
(Z7T) di, diyd 2 " (D —4) 7(D+2) _ - mg, +my, 1
a1 52 (D-4) 7D+2 Doa g i % 5 (4ir =
(im)P/2 d; dy, 2

they contribute to the rational terms

7(4) ~(7) 2 2

R — — Z d11121314+ Z 111213 Z rni1 +m12 B (qil —qi2)2 B(g)

2 6

11,12,13,14 iy,iz,i3 i1,iz
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Example: Projecting out individual (quadrupole) coefficients
in D-dimension

*’V(pla P2,---,PN, ﬂ) e
didop - --dy

IN(pl;pQ;- .. 7pN7l) -

: 9 €irigigigis () N

i1<i2<i3<i4<iz<n Qi i i iy i
E din'zze"aia(f) + E Ei1?:'f'?:(‘r)_+_ E E"ﬂ'lézﬂ)_i_ E EHU)
Efglff,!'?ffggdgi _dhdi?dfa _ ff,!']dg? ' t’}r.;l
1<11<ta<iz<a<N 1< <ia<i3 <N 1<31 <<\ 1<4; <N
Denote:

RR (1) = Residuumg;23(Integrand) ~
— pentagon contributions = dgy23(1)
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(L)+RR() -~ RR(L)—RR(L)
dO — ’ dl — 21J_

2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

aZ + 8412 — 12
1
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Comments on the rational part:

The originis UV divergent tensor integrals. Reduction requires regularization.
After reduction: D-dimensional finite tensor integrals. In the limiting case D=4
they provide finite constants independent from the kinematics.

It may happen that the numerator has manifest dependence on (D-4) coming from
polarization sum. These terms can only contribute if it appears in a term leading to

UV divergent integrals. There are only few UV divergent one-loop Feynman diagrams
even for large number of external particles (OPP).

Sophisticated recursion relations (BDK) as an option in Black Hat
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Comment on N=4 sYM amplitudes
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.

*

n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts

N=1 sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .

Excercise (not easy):

Find proper parametrization for the bubble numerator bo (1)
in case of light-like inflow momentum.
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Lecture 3: Unitarity method and amplitudes
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1

d*p iR s i ,
—/ : ‘_I»"-Tr}':ﬂ({.g—;rz.g)iﬁﬁH}{{i—;;az)

X A?EE{—{.L_ 1.2, 69) _-ilireeli—fg. .48 Y

Imaginary part of NLO an amplitude is calculated from tree amplitudes.

4 Non-linear relation, iterative in the coupling.
4 lterative in amplitudes. Building blocks are amplitudes and not Feynman

diagrams
4  Manifestly gauge invariant.

31
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Unitaritx and Cutkoskx rule:

Mittwoch, 5. September 2012



Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: STIS=1, S=1+IiT,
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?

More external particles?
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Unitarity and Cutkosky rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") = T'T = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:

Cutkosky rule: 1/(p%? — m? +id) — (—271)6(p% — m?)8(po)
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Cutkosky rule in case of the bubble integral:
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

el:\/l_é—|—m2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

|

—€] Py — €
C . o
>
el pl+e
|0
04 jﬁl .po — €]

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36/(27T) (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

—€ Py — €
c e .
>
el pi+e
o
04 :El .pO — €]

el:\/l_é—ka

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(Zw)lelDz’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 a3l dio 1
7 (p*,m”) / (27)3 c[ (27) (1§ — €7)((lo — po)? — €f)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo — —€; + ’LO,

Dy : az) lo = po + € — 10, b2) lo = po — € + 10,

Iﬁ

el:\/ﬁ+m2

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour

The distance of the

poles ai, bo

can vanish if Do > 2m
when these poles can
pinch the contour.

One can avoid pinching the contour by moving

To compensate the difference for the integral
we add an integral over a closed small circle

O L€l .po — €]
>
EZ p5 + € the first pole above the contour.
‘ o around the first pole
_E _
o4 L P9
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(%) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]

1 1
i [ ] i ()

Disc [IQ] = / (;ﬂ'§4 (—2%@)5_'_(12 _ m2) (—2%2)54_(([ — p)2 _ m2).
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Cutkosky rule, generalizations from the case of the bubble integral:
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0

oD

D(1) = (lo — a(l,p,m))(lo — b(l, p,m)), s —0

lo=a or b
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

> - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), 8—1 = ()
0 lo=a or b
: : : . . . . oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

I({pi}, {mi}) / H d4l’“ {111};]%}) D;=q; —m3,i€N
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

d4l l Pi _ 2 2
I({pz}v{mz /H k { }{ }) Di_Qz’ _mmZEN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)

Z oz,gj )qi = 0 for every loop.
1Cloop j
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
D(l) = (lo — a(l,p,m))(lo — b(l,p,m)), ETN =0
O 1lg=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*

d4lk l D 2 2 .
T({p:}, {m:}) /H WiHpd)  pi=g? —mbienN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)
Z oz(j) =0 f 1
i i = or every loop.

1Cloop j

Excercise: Work out the Landau equations and solve them for the self energy and two
different internal mass and find the location of the branch cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

Ly NP T (-2m0)0 (g2 — m?)

. . k 1=1
Disc [Z] = /kl_[l (om)3 IJ—V[ @

J=r—+1
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.

3
Disci—1,, 1yny [A%L_IOOP] — Z / §4 H —2mi)0 4 (17 —m3)
1=1

states

XA (—l3, 1) A7 (=, 1) AR (<o, 3),
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

ReSt 1,y pgn [AL9%] = 3

states
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states

Mittwoch, 5. September 2012



Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“43266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)7

states

Key point: two independent expressions for the same cut amplitude
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states

Key point: two independent expressions for the same cut amplitude

[Allq_loop} — Z én1n2n3n4n5 (1*> + an1n2n3n4 (l*)

Resi— =1 d,,_ (")
ns

n]_ n2 n3n4
s
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Projecting out individual quadrupole coefficients in D-dimension:
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

sing = 0,cos¢p = *1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sin¢g =0,cos¢ = +1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(L)+RR(L) -~ RR(L)-RR(L)

d — d p—
0 2 ) 1 21J_
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

Mittwoch, 5. September 2012



Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

dy +dyl? = >
1L
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The parameters are fixed by linear algebraic equations

Res;;.x [F(1)] = [.rj,-_(s)dj-(g) - dp(DF (1) } J -

—Lij.-k

diji (1) = Resj (ANU)) d=d=d,=d=0  two solutions

diini (1
Eijk,(f’-) = Res;;i An(l) — Z ikt () di=dj=dk=0 infinite # of solutions

did;drd,
{754,k
bi;i(1) = Res;; | Ax(l) — cije(l) 1 dijri (1) d=d;=0
| | ki, g dzd;dk 2! k=i, did“rd#di Infinite # of solutions

unitarity: the residues factorize into the products of tree amplitudes

we fully reconstruct the integrand in terms of product of tree amplitudes

no Feynman diagrams
Y
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Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)
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Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Bern, Dixon, Kosower (BDK) ; Ellis, Giele, ZK, Melnikov (EGKM); Britto, Cachazo, Feng (BCF)
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Managing color of amplitudes

Unitarity: instead of Feynman diagrams amplitudes
Tree and one loop Feynman diagrams: color and space time part

A ({k}, {h} {a}), A,7°°P({k}, {h}, {a})

=> Color decomposition of amplitudes with the help of a basis color space
(T-based, F-based, color flow based}

[T% T = —F2T°, Tr(TT") = qp.
[F* F°| = —FAF°, F&=—iv2fec, Tr(FF®) = 2N,04.
1
(F) g0y = — SN Tr ([, FO2)F*) = —Tr ([T, T%]T).

S HO I QO OO

1
(F2F9  F%n-2 F%n-1) = SN Tr ([[...[[F*, F*?], F*], ..., F9 2] [F% 1 F%])

= Tr([[...[[T%,T%], T4, ... T%-2] [T T%]).
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Color ordered n-gluon tree sub-amplitudes

n—2

tree __ 8s a, (1 a, (2 a, As(n tree
Atree — 2N, d o T (FrOFr@F2re) | Fom) Al
0ESn/Zn (n-1)! color ordered sub-amplitudes
A;ree _ ggl—2 Z Ty (Taa(l)Tao’(Z)Tao‘(S) o Tao'(n)) A’]Gnl“%e
oc€Sh/Zn
A‘:qr’%e — My (ga(1)7 85(2),85(3); - - - 7ga(n))
Some properties of sub-amplitudes:
mn(gla g2,83,. .. 7gn) — mn(g27 g3,---58n; gl) (cyclic identity)
m;(g1,82:83,---,8n-1,8n) = (—1)"Mu(8n, 8n-1,.--,82,81) (reflection identity)

my(1,2,...ny,n; +1,...,n) = Z My, (81,80(2):80(3):---180(n)) =0 (Abelian identity)

o(n) ~ Kleiss-Kuijf relations

A’;ree(l’ 27 37 e n) — 82_2 Z (Faa(2) o Fao(n—l))alan mn(gb ga(Z)a g0(3), ce 7ga(n—1)a gn) .
(n-2)! color ordered sub-amplitudes (see also BCJ relations)

Unitary color basis: on each pole of the tree amplitude the color factor of a given colorless amplitude also factorizes
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13, k3 i, ki
three gluon vertex

. 9

Zﬁ ((kl — k2),ugg/L1M2 T (kQ o 1, ko

four gluon vertex

2
7:?(29#1/%9#2#4 o gM1M49M2M3 o gul,u29,u3,u4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color stripped Feynman rules for color ordered sub-amplitudes

‘7]{‘ ,]{
three gluon vertex 3, k3 1, ki
Zi ((kl - k2) g + (k‘g —
\/§ M3 I 12 s

four gluon vertex

2
7:?(29#1,&39#2#4 o gM1M49M2M3 o gH1M29u3M4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color ordered n-gluon one-loop sub-amplitudes

Allq_loop — gSCI‘ Z A,(al) (gl; ga(2)7 < 7g0(n))7 cr = (471')2_6 I‘(1 _ 26)
0€ESn_1

Consider a double cut between external line k and k+1 and n and 1
Im(k,n) qul) (gla g2, .. 7gn) — {3—13-2 Tt ak}vu{ak+1 Tt an}uv

ka+2(gV7 g1,82,...,8k, gu>mn—k—|—2<gU7 gk+15---,8n, gV)
= {ajaz---ag} Im(k,n) {mg) (81,82, - 7gn)]

Al~loor — gl Z Tr(F2:, .. F2)mW) (g1, 80,...,8n)

P(2,-n)/R one loop color order sub-amplitude

A reflection transformation is factored out. The cyclic property and reflection symmetry remain
valid. The number of independent one-loop amplitudes is (n-1)!/2.
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Color ordered n-gluon one-loop sub-amplitudes for large N

Decomposition in T-basis:

Al=loop — o' N cr Z Tr(T2, ..., Ta‘“)m(ll,]z1 (21,82,---,8n)
P(2,--,n)/R

]
2

[n/2]4+1
+gler Y ( S Tr (T, ..., T ) Tr (T*>,..., T*) m}") (g1, 82, . ..
r— P(

2, >n)/Zr—1 XZn—r+1

The single-trace color structures have an explicit factor of Nc out.
They dominate in the large Nc limit.

The planar L-loop color decomposition formula remains the same .
The decomposition remains the same also for the N=4sYM theory.
T-based color decomposition is preferred.

111l

Two particle unitarity gives color decomposition of a quark-loop
to n-gluon amplitudes

Allfl;_fii)op — ggCI‘Hf Z Tr(Tal T2 . Taan) mgl];l)’lf (g17 8o(2)r- -+ ga(n)) )
UESn—l

7gn)>
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dq + (n — 2)g amplitudes and fully ordered primitive amplitudes

Color factors of Feynman diagrams (TP TP ) x (B2 F2)y o (B BTl

A‘lcqree((—l17 q_27 g37 ceey gn) — g;l_z Z (Taa(3) Taa(4) Taa(n) )1211 n((_l17 q2’ gO’(S)) c ooy ga(n))*
O'ESn—2
(n-2)! colorless color ordered tree sub-amplitudes

the quark labels do not participate in the permutation sum

Decomposition in mixed basis such that the quark is also in the permutation sum

A(@r, gz, 835 - 8n) = 852 Z Z (TY T+ T2 )i, Tr (B2 F2)
k=3 P(4,..

rhn(d17gn7 e 8k+1,92, 8k, - - - 7g3)

Color ordered tree “left primitive amplitudes”

ﬁln(ﬁla 8n, - 8(k+1),492, 8k, -+ g3) — (_]—)kmn((_I1a q2, ka ey 37 (k + 1)7 "+ H)

Excercise: derive this relation using commutator identities

When anti-quark is in the permutation sum: “right primitive amplitude”

This mixed basis is “unitary”

Mittwoch, 5. September 2012



dq+ (n —2)g colorless one-loop fully ordered left primitive amplitude

-

AL—IOOP (qu Cl27 g37 e gn) — g;lcl-w Z Z (TX2 Taa3 ,.Taap TXl )i271 (Faap—l-l ..Faan )X1X2
P=20€ES,_2

X (_1)nﬁ:11(r11> (Q17 Bo(p)s--»80(3), 42, 8o(n)s -+ ga(p—l—l))

Color ordered amplitudes for n-gluons and primitive amplitudes
for dq+ (n — 2)g can be calculated using colorless Feynman rules
Berends-Giele recursion relations

Comment: Leading color is good approximations for gluons only
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Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

ree 1 ree
(Ta5 )i471 5i273 Bt5;1 T & (Ta5 )i271 é‘147/3 Bt

Btree(q17q27Q3aQ47g5) — gs3 N

a ree 1 a ree
—I_(T 5)1223514711]3)65;3 +N—(T 5)147/3512711 t )

Bl—loop((—117 qz, Q3’ Qu, g5) _ gg Nc(Tas)i471 5i273B5;1+(Ta5)i271 51473B5;2 + Nc(Tas)izzg, 5i471 B5;3

- (Ta5 )14’&3 512%1 B5;4

B5;i — B[5]1 ;—B[1/2]7 i= 17 27 37 47

BE')];{z] — _A[l/z] (ql g5, Q47 QS) qZ) B[51£2] — _A[I:Jl/z] ((_I1? Q47 Q3? q2, g5)7

B{[’)I;I/iz] — _A[1/2 (A1, Qa, Qs, gs. dz), B[l/Z] = _AE/Z] (a1, Q4,85 Qs, qz)-

94 Q' Y Q' A O VQ/ A O VQ/ ro \(C'gb,"oi
q q q q q q q q
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Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

More and more complicated.....

End of color management
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Singular behavior of one loop primitive amplitudes

n-gluon:
1 1/11
O DI -l % ey | PRI PPN}
i—=1
_ Ly, =1 2 /(=S — 10
qq+(n—2)g: k H(N /(—sk ))

rhl(ql)((_Jna gk+1,:--;8n-1, 92, 83, gk) —

o k 1(3 &
mII(qn)gk—I—l)°°'7g1’1—17q_27g37"°gk) o 5+2Lii—|—1+Lkn

€ € .
i=1

Color is eliminated. Important for testing the calculations.
Primitive tree amplitude is calculated with Berends-Giele recursion

relations based on color stripped Feynman rules or BCFW recursion
relations
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One-loop calculations in QCD and N=4 supersymmetric gauge theories

OUTLINE

Lecture 1: QCD and review its main features.

Lecture 2: One loop tensor integrals and their reduction
Lecture 3: Unitarity method and amplitudes

Lecture 4: Analytic and numerical computations

Lecture 5: Different implementations, Outlook

One-loop calculations in quantum field theory: from Feynman diagrams to unitarity cuts.
R .Keith Ellis,,Zoltan Kunszt, Kirill Melnikov, Giulia Zanderighi,

to appear in Phys. Rep. arXiv:1105.4319 [hep-ph]
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One loop calculation with traditional methods
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (1 +q0)? — m7)((1+q1)? —m3)...((1 + an-1)? — mg;)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d4l dP1

PN

’ d(l) — 12 _MZ
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 1,1,1,15 _ (8uv8ps + 811p8us + 8us8up) / aP1 14
4 (2m)P [d(1)]4 D(D +2) (2m)P [d(1))4

PN

’ d(l) — 12 _MZ
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 lNlVlPl5 _ (g,uugp6 + Zup8urs T gm;g,,p) dP1 14
< (

PN

’ d(l) — 12 _:uz

2m)P [d(I)]* D(D + 2) 27)P [d(1)]4
d°1 (1P Op o opiaeam [T 5P (s D/2)T(m —s — D/2)
/ (=07 /0 XA Em SN T'(D/2)T(m) !

i7TD/2 (12 _qu)m — 7TD/2
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One loop calculation with traditional methods

p3

PN

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 lNlVlPl5 _ (g,uugp6 + Zup8urs T gm;g,,p) dP1 14
< (

’ d(l) — 12 _:uz

2m)P [d(D)]* D(D + 2) 2m)P [d(1))4
dP1 (12)5 _ Qp s—m , AD+2s—2m OO x2stb-1 _ (_1\r—s, D 25_2mF<S + D/Z)F(m — S — D/2)
J o (o ey o e [ = (O rD/2Tm)

Qp = 27°/2/T(D/2)
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
: / d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 lNlVlPl5 _ (g,uugp6 + Zup8urs T gm;g,,p) dP1 14
< (

PN

’ d(l) — 12 _:uz

2m)P [d(I)]* D(D + 2) 27)P [d(1)]4
le (12)5 L QD s—m D4+2s—2m > X2S+D_1 o __1\r—s, D 25_2mF<S + D/Z)F(m — S — D/2)
/ (=07 /0 XA Em SN T'(D/2)T(m) !

i7TD/2 (12 _qu)m — 7TD/2

Qp = 27°/2/T(D/2)

Finiteresultfor D #4 m=4s=2
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One loop calculation with traditional methods

p3

N (1) =1 one loop scalar, otherwise one loop tensor integral

N (1) is polynomial of degree rin | r <N
[ N/ d41 N(1)
N (2m)* (14 qo)? —mF)((1+ q1)? —m3)...(1+ an-1)? — mg)

@ divergentif r > 2N)

Only one-, two-, three- and four-point one-loop integrals can be UV-divergent.

d41 dP1
(2m)*  (2m)P

I, — / dP1 lNlVlPl5 _ (g,uugp6 + Zup8urs T gm;g,,p) dP1 14
< (

PN

’ d(l) — 12 _:uz

2m)P [d(I)]* D(D + 2) 27)P [d(1)]4
le (12)5 L QD s—m D4+2s—2m > X2S+D_1 o __1\r—s, D 25—2mr<s + D/Z)F(m — S — D/2)
/ (=07 /0 XA Em SN T'(D/2)T(m) !

i7TD/2 (12 _Mz)m — 7TD/2

Qp = 27°/2/T(D/2)

divergent if sufficient number o Finiteresultfor D #4 m=4,s=2
propagators can go to mass-shell.

Soft and collinear singularities.
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:

In = ) Cajlaj + calsj + cala + c1l1j + R+ O(D — 4).
J
Only one-,two-,three-,four-point scalar integrals occur.
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Integral basis in the limit D — 4
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and of their numerical evaluation is solved (QCDLoop, OnelLOop).

The problem of one-loop calculation is reduced to the determination of the coefficient  Cn;j and R

4—-D D
L4 d-'1
T pz;mz,m2 ———/ :
2( 1 1 2) iﬂ%rr d1d2

2 .2 2 2 _ 2 2 pt? d®1
I ) y 3 m ) m ) m — 7
3(P1; P2, P3; My, M3, m3) iTZrr / d;da2ds

2 2 2 2. .
I4(p17 p27 p37 p47 S12,523; m17 m27 m37 m4

2 2 2 2):M4_D/ dP1
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= 2
iT('%I'I‘ dy ’ sij = (Pi +P;)°,

4—-D D
L4 d-'1
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:
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and of their numerical evaluation is solved (QCDLoop, OnelLOop).

The problem of one-loop calculation is reduced to the determination of the coefficient  Cn;j and R

irBrpJ di’ di=(1+qi_1)>—m?+ic  si5=(pi+Dpj)?.

4—-D D
L4 d-'1
T pz;mz,m2 ———/ :
2( 1 1 2) iﬂ%rr d1d2

2 .2 2 2 _ 2 2 pt? d®1
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:

In = ) cajlag + caylsy + czlag + crliyy + R+ O(D — 4).

J
Only one-,two-,three-,four-point scalar integrals occur.
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Il(m%): ,uD 3 d: = (1 2 2 . —( . .)2
irzrpr ./ da i = (I+qi-1)” —m{ +ie  sij=(Pi +Pj)”,
M4—D dP1 dn = Z Pi, qo =20
fa(phimd,md) = Lo [ S
iT2rp did2

2 .2 2 2 _ 2 2 pt? d®1
I ) y 3 m ) m ) m — 7
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J
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Integral basis in the limit D — 4

Any one-loop integral can be written as linear combination of scalar one-loop integrals and rational terms:
In = Z ca;jla;j + 35155 + c2;512;5 + c151; + R+ O(D — 4).
J

Only one-,two-,three-,four-point scalar integrals occur.

The problem of the analytic calculation of one-loop scalar integrals I,;, r=1,...,4
and of their numerical evaluation is solved (QCDLoop, OnelLOop).

The problem of one-loop calculation is reduced to the determination of the coefficient  Cn;j and R

4—-D le

I, (m?) = .,ug o di=(+q 1)2-m?+tic sy=(p;+p;?
1T 2Tp 1 1 — di—1 i ij i j ,
Iu4—D dP1 dn = Z Pi, qo =20
La(pfimd,m3) = S [
iT2rp d;ds

rr = I'?(1 — €)T'(1 + €) /T (1 — 2¢)

2 .2 .2 2 2 2 pt—P dP1
I3 P1i, P2, Pg; 114, M5, 111 — / ’
( 1 2 3 1 2 3) iW%I‘F d1d2d3

4—-D le
I 2 2 .2 2 2 2 2 2y M
4(p17p27p37p478127s237m17m27m37m4>_, D d-dodad ’

iT2rr 1d2d3d4
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) <0
In = - Liioisisi
N / (27T)D H d(l) Z 11 ig,ig,ig,ig 1112 5

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Za(O)Ill +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) =(0)
In = = g Liiigisiai
N / (27)D 1. d-(l) €i1,i2,is,ia,i5 i1i2i3iais

i1,in,ig,ig,is

+ Y A T+ Y 8 T + Y bk T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l<Q'—Q')
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) ~(0)
In = H = g i Lizioisiai

i1,in,ig,ig,is

+ > A Tisieis + D "ff)lz Tinig + > b, T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l(q__q.)
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2

they contribute to the rational terms
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) <(0)
In = - Liisigigi
N / (27T)D H d(l) Z 11 ,i2,i3,iq,i5 1112131415

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Zém)lu +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy

Non-vanishing master integrals with (1-n.)? factors in the numerator

dPi 5° D —4
/ =\ D /2 d: d: d; d - 17311)’6'_{2_7323734’ lim M [(D+2) — 0
(Zﬂ_) 11 g Wiz tiy 2 D4 9 Q1428314 ~ )
/ dP1 s4 _ (D—2)(D—4)I.D.+4. i (D=4)(D=2) pey _ 1
(im)P/2 d;, di,diyd;, 4 iizisia’ Doy 4 nizigia — T3
Pl 2 (D — 4) i (P4 o2 _ 1
D/2 = 155233» D—4 2 hiizis T 97
(Z7T) di, diyd 2 " (D —4) 7(D+2) _ - mg, +my, 1
a1 52 (D-4) 7D+2 Doa g i % 5 (4ir =
(im)P/2 d; dy, 2

they contribute to the rational terms

7(4) ~(7) 2 2

R — — Z d11121314+ Z 111213 Z rni1 +m12 B (qil —qi2)2 B(g)

2 6

11,12,13,14 iy,iz,i3 i1,iz
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Ao(m;) = dP1 — di=(1+) pk)®—m;
k=1
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Ao(m;) = dP1 — di=(1+) pk)®—m;
k=1

1 1; 1+ 1#1¥
BO;BM;BHV(plamlamZ) — i7TD/2 / le d1d2 )
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1
1 . — E 2 _m?2
Ap(my) = / dP1 i) d; = (1+ 2 Pk) m;

1 1; 1+ 1#1¥
BO;BM;BW(pl’ml’mz):i7TD/2/le dids

5 o 1 1; 1% 117 1#171¢
CO;CM;CIJJ 7CM (p17p27m17m27m3) — i7TD/2 / le d.d-d )
142U3
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1
1 _ 2 m?
Ao(my) = / aP1 - d; (1+k§_1ﬁ Pk)” — mj

1 1; 1+ 1#1¥
BO;BM;BHV(p17m17m2) — i7TD/2 / le d1d2 )

5 o 1 1; 1% 117 1#171¢
CO;CM;CIJJ 7CM (p17p27m17m27m3) — i7TD/2 / le d.d-d )
142U3

1 NS YV V73 28 173 122 (2% 172 174 22 1)
DO;DM;DMV;DMVQ;D'L“/Oéﬁ(p17p27p37m17m27m37m4) — / le 171 ’l : 71 Il 71 Il

irD/2 d;d.dsdy
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ Z Pk)” — mj
k=1

1 1:1#: 1#1¥
Bo;B“§BW(P17m1,m2) = 3 / le — )
d;d2

1 1; 1% 117 1#171¢
CO; C/JJ’ C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D“”O‘;D/”Waﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

irD/2 d;d.dsdy

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ Z Pk)” — mj
k=1

1 1:1#: 1#1¥
Bo;B“§BW(P1,m1,m2) = 3 / le — )
d;d2

1 1; 1% 117 1#171¢
CO; CM, C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D’”“/O‘;D/”Waﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

irD/2 d;d.dsdy

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):

Examples:

2
CH =pi{C1 +p5Ca, CH =ghl’Cqgo + Z pi”pj”Cij , Cqi2 =Coq
ij=1
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PV reduction of one-loop tensor integrals (coming from individual Feynman diagrams):

i—1

1 1 L 2 _ 2

Apg(my) = ; dP1 —, d; = (1+ E pr)? - m;
k=1

1 1: 14 1#41¥
BOBBMQBHV(p17m17m2) = . / le — ;
d;d->

1 1; 1% 117 1#171¢
CO; CM, C'LW; Cuya(p17p27m17m27m3) — i7TD/2 / le d1d2d3 )

1 1:14: 1417 141719 141V 191P
Do;D”;D’W;D’”“/O‘;D“Vaﬁ(Plapzap&mLmz,m3,m4) = / dP1 2~ ’ ’

i7TD/2 d1d2d3d4

Reduction with the method of form factor expansions (Passarino, Veltman, 1979):

Examples:

2
CH =pi{C1 +p5Ca, CH =ghl’Cqgo + Z pi”pj”Cij , Cqi2 =Coq
ij=1

rank 1 and 2 tensor three point integrals
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Reduction of C* =p{C; + p5Ca,
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Reduction of C* =p{C; + p)Cs,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ,

G2:<p1'p1 p1'p2>7

P1 P2 D2 P2
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Reduction of C* =p{C; + p)Cs,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 dldzdg,
g 1
Rl — 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)), G, — ( p1-P1 P1- Do )

P1 P2 D2 P2

RY = Z(£,Co(1,2,3) + Bo(1,2) — Bo(1,3))

1
2
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Reduction of C* =p{C; + p)Cs,

Gz( C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

g 1
R[l]:§(f100(1,2,3)+B0(1,3)—B0(2,3)), G, — PP PP
P1-pP2 P2 P2 ’

R[ZC] — Z(f3Co(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors
2

1
2 1 2 2
1-p1:§(f1‘|‘d2—d1)7 f1:m2—m1—p1,

1
1'P2=§(f2+d3—d2), fo = m3 — mj — p5 — 2p1 - P2
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Reduction of C* =p{C; + p)Cs,

G2< C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

P1-P1 P1-P2 )

c 1
R[l] — 5(f1(30(1,2,3) + Bo(1,3) — Bo(2,3)), G, —
P1 P2 D2 P2

cancel terms in numerator with denominator factors

c ]_
RS = 5 (£2Co(1,2,3) + Bo(1,2) — Bo(1,3))
2

1
1'P1=§(f1+d2—d1), fi = m3 — m? — p?,

1
1'P2=§(f2+d3—d2), fo = m3 — mj — p5 — 2p1 - P2

B dP1 1
Bo(2,3) = Bo(p2, m2, m3) = irD/2 (12 — m2)((1+ pz)2 — m32)
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Reduction of C* =p{C; + p)Cs,

G2< C ) _ ( (I-p1) ) _ ( Rﬁ ) trace with P1 and p2 P
C l C ? - Pj .
2 (L-p2) Ity (I-pj) = / irD/2 d1d2213, ori=1,2

g 1
R[l]:§(f100(1,2,3)+B0(1,3)—B0(2,3)), G, — ( PrPr PPz
P1-pP2 P2 P2

cancel terms in numerator with denominator factors

RY = Z(£,Co(1,2,3) + Bo(1,2) — Bo(1,3))

2

1
2 1 2 2
1-p1:§(f1‘|‘d2—d1)7 f1:m2—m1—p1,

Solve for C; and Cs
1 2 2 2 .
l-p2——2(f2—|—d3—d2), fo =m3 —m35 — p3 — 2p1 - p2.

c ) , ( Rl ) dP] 1
— G'2 IS pu— B pu—
( , R[Q] Bo(2,3) = Bo(p2, mz, m3) / i7D/2 (12 — m3)((1+ p2)? — m32)
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
Rl — 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)), G, — ( p1-P1 P1- Do
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = mj — m3 — p5 — 2p1 - P2

Ch ) —1 ( Ry ) P
=G, i Bo(2,3) =B =/ 4 :
( 02 R2 O( 9 ) — 0(p27m27m3) i7TD/2 (12 _ m%)((l_l_ p2)2 _ mg)

Reduction of C* =p{C; + p5Cs>,
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
R = 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)). G, — PP PP
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = 3 §—P§—2P1'P2-

C1 ) —1 ( R[f] ) d®1
=G, €] Bo(2,3) =B :/ :
(& ! 0(2:3) = BolPz.m2.m3) = [ 457 (12— 102) (15 pa)? — m))

Reduction of C* =p{C; + p5Cs>,

p1,C" = pl(P1.P1C11 + P1.P2C12 + Coo) + P3(P1.P1C12 + P1.P2C22),

y y § trace with P1 and p2
P2 ,C" = p71(p1.p2C11 + P2.P2C12) + P3(P1.P2C12 + P2.p2Ca22 + Copo) -
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Reduction of C* =p{C; + p5Cs>,

G ( 4 ) _ ( (I p1) ) [ R trace with P1 and p2
NG )\ lp2) ) R[Qc] 7 (1-p;) = / d”L 1-p; for j=1,2

i7TD/2 d1d2d3 ’

c 1
R = 5(f1Co(1,2,3) + Bo(1,3) — Bo(2,3)). G, — PP PP
P1-DP2 P2-P2
c 1 . . .
R[z] — ~(£2C0(1,2,3) + Bo(1,2) — Bo(1,3)) cancel terms in numerator with denominator factors

1
l-p1=3(fi+dz—di), fr=mj—mi-pf,
Solve for C; and Cs

1
1'P2=§(f2+d3—d2)7 fo = 3 §—P§—2P1'P2-

C1 ) —1 ( Rgc] ) d®1
=G, B Bo(2,3) =B :/ :
(& ! 0(2:3) = BolPz.m2.m3) = [ 457 (12— 102) (15 pa)? — m))

Reduction of C* =p{C; + p5Cs>,

p1,C" = pl(P1.P1C11 + P1.P2C12 + Coo) + P3(P1.P1C12 + P1.P2C22),
p2 ,C" = pi(P1.P2C11 + P2.P2C12) + P5(P1.P2C12 + P2.p2C22 + Coo) -

CZ = BO(27 3) -+ mlCO(l 2 3) DCO() -+ p%Cll —+ 2p1.p2C12 -+ p3022 trace with g’LW

trace with P1 and p2
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, D;j,Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C};, Co
Doo — Dy, Dy, Cy

D; — Doy, Co

Ci;k —  Coos, Cij, Bij, Bi
Cooi — Uy, 05, B;, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; — Oy, By

Bi; —  Boo, By, Ao

Boo —  B;, Bo, Ao

B; —  Bp, Ag
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, D;j,Cij, C;
Dooi —  Dy;, Dy, Cs, Co
D;; —  Doo, D;,C};, Co
Doo — Dy, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, Bi
Cooi — Uy, 05, B;, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; — Oy, By

Bi; —  Boo, By, Ao

Boo —  B;, Bo, Ao

B; —  Bp, Ag

For more then 4 particles it is cumbersome

Mittwoch, 5. September 2012



Reduction chains for Passarino-Veltman procedure.

Disss —  Dooijs Dijk, Cijk, Cij, Ci, Co
Dooi; —  Dijk, Dij, Cij,Ci
Doooo —  Dooi, Doo, Coo
Di;k —  Doos, Dij, Csj, C
Doo;i —  D;;, D;, Cy, Co
D;; —  Doo, Dy, C;, Co
Doo —  D;, Do, Cy

D; — Dy, Cp

Ci;k —  Cooi, Cij, Bij, B;
Cooi — (4,04, B;, Bo
Ci; —  Coo, Ci, By, Bo
Coo —  (C};,Co, By

C; — Oy, By

Bi; —  Boo, B;, Ao

Boo — By, By, Ao

B; —  Bp, Ag

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, Dij, Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C;, Co
Doo —  D;, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, By
Cooi —  Cy,05, B, By
C;; —  Coo, (s, B;, Bo
Coo — (5, Co, By

C; —  Cy, By

Bi; —  Boo, B, Ao

Boo —  B;, Bo, Ag

B; —  Bo, Ag

Well established technique, applied in many cases.

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.
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Reduction chains for Passarino-Veltman procedure.

Disii —  Dooij, Dijk, Cijk, Cijz, Ci, Co
Dooij; —  Dijk,Dij, Cij, C;
Doooo —  Dooi;s Doo, Coo
Di;k —  Dooi, Dij, Cij, C;
Dooi —  Dy;, Dy, C5, Cy
D;; —  Doo, D;,C;, Co
Doo —  D;, Dy, Cy

D; — Doy, Co

Ci;k —  Cooi, Cij, Bij, By
Cooi —  Cy,05, B, By
C;; —  Coo, (s, B;, Bo
Coo — (%, Co, By

C; —  Cy, By

Bi; —  Boo, B, Ao

Boo —  B;, Bo, Ag

B; —  Bo, Ag

Well established technique, applied in many cases.

For more then 4 particles it is cumbersome

4 The number of Feynman diagrams
grows dramatically with the number of
external particle (factorial).

4 The number of terms generated
during the reduction of tensor integrals
grows rapidly with the number of
external particles and with the rank of
the integral.

4 In cases with degenerate kinematics,
the reduction procedure may lead to
numerical instabilities.

For 5-,6-, and more particles external momenta not linearly independent (additional input), Denner, Dittmaier 2006
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Singular regions in PV reduction:
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Singular regions in PV reduction:

Example: rank 1 triangle
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-P2 )
G,*!

—P1 P2 P1 - P1
el y
( Cs > \ RY

)

A2(p17 p2)

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-P2 )
G-1 —P1-P2 Pi1-P1
Ci ) _ g1 R 2 A>(p1,P2) |
Co 2 R[;]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 — —P1-P2 Pi1-P1
Ci ) _ g1 R 2 A>(p1,P2) |
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 —P1-P2 Pi1-P1
c, L Ry ? A ) |
— Qo 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if p1||pz with p? # 0 then Ay =0
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 —P1-P2 Pi1-P1
c, L Ry ? A ) |
— Qo 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if p1||p2 with p? # 0 then A, =0  and necessarily R[f] =0 and R[ZC] =0
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
1 —P1-P2 P1-P1

Gyl = ,
( o ) _ Gt ( Ry ) ? Az(p1;P2)

Cs
Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if pi1||p2 with p? #0 then A, =0  and necessarily RY =0 and RY =0

Exceptional points: vanishing Gram determinants, numerical instabilities
two and three point scalar integrals become linearly dependent
also higher powers of Gram-determinants
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Singular regions in PV reduction:

Example: rank 1 triangle ( P2 P2 —P1-° P2 )
G-1 — —P1-P2 Pi1-P1
c, L[ RY ’ A ) |
— G2 1 2(P1, P2
s 2 R[QC]

Az(p1,p2) = det|G2] = pip3 — (P1 - P2)°,

if p1|/p2 with py # 0 then Ay =0 but the integral is well defined in this limit

We assume in the PV expansion that P1; P2 are linearly independent

if pi1||p2 with p? #0 then A, =0  and necessarily RY =0 and RY =0

Exceptional points: vanishing Gram determinants, numerical instabilities
two and three point scalar integrals become linearly dependent
also higher powers of Gram-determinants

Exercise: Investigate the collinear behaviour of reduction using form factors with
: ~ P1 - P2
using P1 and P3 = P — 2 Py
1
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

1)\6011012 _ (1 , q1)6>\(h + (1 , q2)EQ1>\7
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1 1
lai = o [(1+a)* —mf) - (12 = m§) + m? —m§ —qf] = 2 [(di — do + m —m§ — qf]
Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

NeQrd2 — (1 , q1)6>\(h 4+ (1 : q2)€(ll>\7

\ €q1>\

V — V p— Vo . « — 5..
€d192 ’ 2 cd1d2 ) i dj 1)

Mittwoch, 5. September 2012



van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

1)\6011012 _ (1 , q1)6>\(h + (1 , q2)EQ1>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd1d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

IAEQ1Q2 _ (1 , q1)€>\(h + (1 , q2)€(h>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd19d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.

Can we embed this a coordinate into higher dimensional space time?
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van Nerveen-Vermaseren reduction of one-loop tensor integrals

Allows for decomposition at the integrand level.

PV reduction was achieved by canceling numerator terms with denominator factors:

1
lgi = o [(1+ i) — mf) — (17 — mg) + m; —mg — qf| =

> (di — do + m7 — m§ — g

1
2

Simplest example is in D=2 space-time:
M etibz — (B Ap2 4 M2 cH1A Shouten-identity

IAEQ1Q2 _ (1 , q1)€>\(h + (1 , q2)€(h>\7

€>‘q2 I\ qu A

V — V p— Vo . « — 5..
€d192 ’ 2 cd19d2 ) i dj 1)

" =(1-q1)vy + (1-q2)vs.

Can we embed this a coordinate into higher dimensional space time?

Yes.
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Generalized Kronecker-symbols:
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Generalized Kronecker-symbols:

E’uqz eqllu

o’ €q1q2

o’ €q1q2
94192

V —
1 €919z

(12 __ SH1 M2 _ SH1 SH2 B — SH1p2
’ € 6V1V2'_'5u15V2 5w25V1'_'det|5ul'—'5yluz7

6Q1Q2 ECI1Q2
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Generalized Kronecker-symbols:

v qu g2 6/“12 v 6C11 g2 eql H
Vi~ 19z’ Va2 = q1qz’ el1h= Cvive = 51/;11 5522 B 5521 5512 = det |5z/j’ = 5511#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 49192 Mo 49192 — 9192 _ —
Vi = A, Vo = A, Az = 5q1q2 = q793 — (d192) , u=1,...,D
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Generalized Kronecker-symbols:

v qu g2 6/“12 v 6011 g2 eql H
Vi~ 19z’ Va2 = qidz’ Elulluze’/l’/Z - 5511 5522 o 5521 5512 = det |5llﬂ = 51’21#227
€q1q2€ €q1q2€
JHaz HALH o o 0
nwo_ 79192 Mo 9192 — Adi192 _ _
Vi = A, Vo = A, Az = 5q1q2 = q793 — (d192) , u=1,...,D

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space
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Generalized Kronecker-symbols:

v 6Q1Q2€uq2 v 6(110126011'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’/Z - 5511 5522 o 5521 6512 = det |5llﬂ = 51’21#227
€q1q2€ €q1q2€
JHaz HALH o o 0
nwo_ 79192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Az Az

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

T Ty S Y

H2 M2 M2

JH1IH2 " HR 5’/1 5’/2 o 5’/R
2R % . . .

R MR HR

SR GHR . GHR
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Az Az

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

T Ty S Y

H2 M2 M2

JH1IH2 " HR 5’/1 5’/2 o 5’/R
2R % . . .

R MR HR

SR GHR . GHR

k,UJZ,LLR L U122 UR 125
gl — g g s
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

K1 H1 H1

g gra L m

H2 M2 M2

5#1#2"'MR _ 5’/1 5’/2 S 5’/R
V1 Vz...VR - o . o

R HR IR

SR GHR . GEE

k,UJZ,LLR L U122 UR 125
gl — g g s

A(ky kg, kg) = oKikekn
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Generalized Kronecker-symbols:

v 6Q1Q2€Mq2 v 6(110126(11'u
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 55:3#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

251 M1 251

g gra L m

H2 M2 M2

5#1#2"'MR _ 5’/1 5’/2 S 5’/R
V1 Vz...VR - o . o

R HR IR

SR GHR . GEE

k,UJZ,LLR L U122 UR 125
gl — g g s

A(ky kg, kg) = oKikekn

51{1 ...ki_]_,l,bki_|_1 kDP
ki..ki—1kikit1...kpp

Véjj(kla'“akDP)E A(kl kD ) )
s e P
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Generalized Kronecker-symbols:

v qu g2 6/“12 v qu g2 eql H
Vi~ qidz’ Va2 = qidz’ Elulluze’/l’@ - 5511 5522 o 5521 6512 = det |5llﬂ = 51’11#227
€q1q2€ €q1q2€
JHaz HALH o o 0
Mo 74192 Mo 9192 — Adi192 _ _
vy = vy = Az =0diq2 =qi92 — (1q2)° | 4 =1,....D

Ay Ay

In Kronecker-deltas we can have Lorenz-vector indices in any space and Shouten-identies
also valid in any space

251 M1 251
g gHr L g
otz gH2 o HH2
SH1M2 IR 71 Y2 YR
I/ll/z...yR ° ° .
HR HR HR
JERGER KR
k,UJZ,LLR L U122 UR 125
SplE iR = gk ink, kY2
_ skikz---kr
A(kla k27 T 7kR) — 6k1k2---kR
5k1...ki_1/,bki_|_1...kDP
ki...ki—1kikit1...kp
7 _ P
vi(ky,....kpp) = ks — S :
l( ) ) P) A(kl,---,kDP) ) V]. kJ —51.]7 fOr J SDP
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Physical and transverse space
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(pLPZa -+ PN; 1)
dids - - -dgr

IN(P1,P2,---7PN“) —

ki
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(P17P2, -+, PN; 1)
dids - - -dgr

IN(PLPZ,---aPN“) —

The amplitude has R infow momenta kq,...,kg.

N
di = (14+q;)*—mi, ki=qi—qi—1, ki = Zaijpj :
j=1

ki
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)

IN(P1,P2,---7PN“) —

did,---dgr
[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A
N R
d; = (I4+qi)’*—m{, ki=qi—qi-1, ki= ZOéiij : Zki =0, a;5=0,1
R
j=1 i=1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

ke
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)
dids - - -dgr

IN(P1,P2,---7PN’1) —

[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A

R

N R
di = (I4+qi)*—m}, ki =qi—qi_1, ki = ZOéiij : Zki =0, ;5 =0,1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

D=Dp+Dt, Dp=min(D,R—-1), Dr =max(0,D-R +1), 1=1p + 17

ke
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Physical and transverse space

QFT in D-dimension, N-particle scattering amplitude, consider
one one-loop Feynman-diagram with R loop-momentum
dependent propagator. The integrand is a rational function

of the loop momentum

NI(p17p27 -+, PN; 1)
dids - - -dgr

IN(P1,P2,---7PN’1) —

[+ qr
The amplitude has R inflow momenta kq,...,kgr. Ky A

R

N R
di = (I4+qi)*—m}, ki =qi—qi_1, ki = ZOéiij : Zki =0, ;5 =0,1

Physical space: vector space spanned by the inflow momenta.
D-dimensional vectors can be decomposed to physical space
and transverse space components:

D=Dp+Dt, Dp=min(D,R—-1), Dr =max(0,D-R +1), 1=1p + 17

If R>D, the transverse space is zero dimensional.

ke
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Use NV (dual) coordinates in the physical space:
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1
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Use NV (dual) coordinates in the physical space:

Dp Dr Dp Dt
uv W v W v
=) (1 k) v+ ) (1-m;) nf' . g = ki'vi+ ) nin]
i=1 i=1 i=1 i=1
D~
174 174
Ny - Ng — r57k1 n, =0, vi-n, =0, wh” = § Hf-bnra
r=1
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1

D~

— - _ v __ 1%

n, ng =0, Ky -n, =0, vy - n, =0, wt —g nin;,
r=1

W, 1S the projector operator to transverse space

k1-kpp, v
kl---kDPH VV’u’u s DT , k'iu W/~”/ = ()7 W'UJOéWaV

Wuy(kl,..-,kDp)E A(kl ..., kp )
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Use NV (dual) coordinates in the physical space:

Dp Dt Dp Dt
=S (1 k) v+ S (1ng) nf g = Ki'vi +> nlnf
i=1 i=1 i=1 i=1

D~

— - _ v __ 1%

n, ng =0, Ky -n, =0, vy - n, =0, wt —g nin;,
r=1

W, 1S the projector operator to transverse space

k1-Kpp,
kl---kDP/J» W,u’u p— DT) l{’iu W/~”/ p— ()7 W'uawa’/ p— W/““/.

W’uy(kl,...,kDP) = A(kl kD )

The dual coordinates of the loop momentum vector provide us the reduction at the integrand level:

1
l kl S 5 |:d1 dl—l — (ql o m12) + (ql—l o ml—l)]
Dp DT
¥ =Vg + = Z(dl —di_1) vy + Z(l n;)n; ,
i=1 i=1
1 &
VR=-3> ((a? —m?) — (aZ; —m?,)) v
i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I, = I3 , Ta =
2 / (27T)2 > ? dod;ds’
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d21 1
13:/ I3 , I = ,di=(1+q;))?—m?,ic€0,1,2], dj=(1+q;)? —m?, i€ ]0,1,2]
dod;ds
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2 13 Z3:d0d1dz’ di=(0+q;)?—m? ic0,1,2], dj = (1+q;)? —m?, i €]0,1,2]
H u_ %aiq w _ Odig
1" = 1 ]- — 192 _ 192
Vl( ql)"'“vz( qz), \&] Az , Vo Az :
1
: i = (dl_do_rl)a 1‘1=qi2—m12+m(2,, 1=1,2,
2 2
J=1 j=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3 = I3 , I3 = di = (14 q;)? —m?, i 1,2], di = 1+ q;)® — m?, i
3 /(27-‘-)2 3 3 dodle, ( +q) m1726[07 ) ]7 ( +q) m1726[07172]
047 Odiq
I =vi(l-q1)+vy(l-qz), Vvi= A, vy = A,
1
] qi = (dl_dO_r1)7 rlzqiz_m?+m(2)7 1:1727
2 2
g =) vig/ => viq
j=1 j=1
2 2
2(do +mf) =) (1-v;)(di —do) — Y (1 vi)r;
i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
Is = I3 , I3 = d; = 14 q;)® — m?, i 1,2], di = (1+q;)* —m?, ¢
3 /(27-‘-)2 3 3 d()dldz, ( +q) m1726[07 ) ]7 ( +q) m1726[07172]
e Od:1a
" =vi(l-q1) +vy(1-q2), Véb— A, Vg— A,
1
] qi = (dl_dO_rl)a rlzqiz_m?+m(2)7 1:1727
2 2
g =) vig/ => viq
j=1 j=1
2 2 2 2
2(do + m3) = Z(l -vi)(d; — do) — Z(l Vi)ri =) (1-vi)(d; —do) — 1, ¥ vi'r;
i=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3Zd0d1d2’di:(l+qi)2—mi27ie[071>2]>di:(1+qi)2—m?,z‘e[0,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do +mf) =) (1-v;)(di —do) — » (1 vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l vi)(d; —dg) —1-w
i=1 1=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do +mf) =) (1-v;)(di —do) — » (1 vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l vi)(d; —dg) —1-w
i=1 1=1 i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] A2 , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(dg + m3) = Z(l -vi)(d; —do) — Z(l - Vi) = Z(l -vi)(d; — do) — 1, Zvi“ri — Z(l -vi)(dj —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 ! 1
= Z(l -vi)(di —do) — Z(l Qi) (vi-w) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i—=1 i—=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H K égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] A2 , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(do + m3)= Z(l -vi)(d; —do) — Z(l - Vi) = Z(l -vi)(d; — do) — 1, Zvi“ri — Z(l -vi)(dj —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 ! 1
= Z(l -vi)(di —do) — Z(l Qi) (vi-w) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i—=1 i—=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; I3:d0d1d2’di:(l_l_qi)z_miz’ie[()’l’z]’di:(l+Qi)2—mi2,iE[O,1,2]
H M égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq

j=1 j=1
2 2 2 2 2
2(do +m3)=>» (I-v;)(di —do) — » (1-vi)r; = D> (1-vi)(di —do) — 1, Yy iy = Z(l -vi)(di —do) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 . 1
= Z(l -vi)(dj — dg) — Z(l Qi) (vi-w) = 3 Z(Zl vi—w-vi)d; — (21 vy — w-vj)dg + sz
i=1 i=1 i=1
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Example 1: Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

d?1 1
I3:/(27T)2Z3 ; Z3:d0d1d2’di:(l_l_qi)z_miz’iE[O’l’Q]’di:(l+Qi)2—mi2,iE[O,1,2]
H M égqczl W 5315
]_ — ]_ 1 — 142 — 192
Vl( ql) + V2( QZ) , \&] Az , Vo Az :

g =) vig/ => viq
j=1 j=1
2 2 2 2 2
2(do + mg))= Z(l -vi)(d; —do) — Z(l Vi)ri =) (1. vi)(d; —do) — 1, ¥ vi'r = Z(l -vi)(d; —dg) —1-w
i=1 i=1 i=1 i=1 i—
2 2 12 . 1
= Z(l -vi)(di — do) — Z(l Qi) (Vi W) = > Z(Zl vi—w-vi)d; — (21-vi — w - vj)dg + sz
i=1 i=1 i=1
1 1 2(1-vy) = (w-vq)  2(1-va)—(wW-vy) 4+ (2l—w)-(v1+v2)
dgdldg (41’[1(2) — W2) d0d2 dodl d1d2
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 2(1-V1)—(W°V1)+2(1-V2)—(W-V2) 4+ (21 —w) - (vy + va)
dodldz n (41’1’1(2) — Wz) dodz dodl d1d2
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {2(1.V1)—(w.v1)+2(1-v2)—(w-v2) 4+(21—w)-(vl+Vz)}.

dodldz B (4m(2) — Wz) dodz dodl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}
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Reduction of triangle scalar integrand to bubble integrands in D=2 dimension

1 1 {Z(I-Vl)—(w-vl)+2(1-V2)—(W'V2) 4+(21—w)-(vl+vZ)}.

d0d1d2 B (4m(2) — Wz) d0d2 d()dl B d1d2

In the right hand side the terms proportional to depend only on 1%

1, T and integrate to zero.
The inflow momenta for the three bubble denominators are different

g2 -v1i=0,q1-v2=0, (g2 —q1)-(vi+v2) =0

(1)

4m3 — w?2)

Is.012 = ( {(Ww-v1)I2.02+ (W-va)la01+(4—wW-(vi+Vv2))la12}

Exercise:

Any N-point scalar one-loop integrand function, for N > D, where D is the dimensionality of
space-time, can be written as a linear combination of the D-point scalar and vector integrand
functions.
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Example 2.: Reduction of a rank-two two point function in D=2-2¢
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(f-1)2
d.;d, ’

Z(k,m;, msy) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
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Example 2.: Reduction of a rank-two two point function in D=2-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

I(kv mj, m2) —

Our aim is to reduce it using VN method.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(8 -1)2

, di=1°-m?, dy=(1+k)?-—m3, i-k=0k*#0, and i’ =1
d;d,

Z(kv mj, mZ) —

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,m;, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

% k” 2 1, n“n” + A*h
n" = n° = n“n” + n"n” = A
VK2’ = 8(2); (A-1)% =1% — (n-)* =1%) -

(1-k)*
k2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k+ 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
W= e T Lt =g, (812 =18 = (n-1)® = 1) — 5
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

(f-1)2
d.;d, ’

Z(k,mp, my) = di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

k# 2

nt — . n2 =1, n"n’ +d"a’ = g'¥ ) (1-k)
Vi ne BT = g (8-1)% =1f) — (n- )% = 1) — 55—
V= (Lot + (1 )8 + (1) 2, = dy +m? — 2, 21 k=dy—dy 1},
p? = (n.-1)2

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—21-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.
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Example 2.: Reduction of a rank-two two point function in D=2—-2¢

A. 2
Z(k,my, my) = (2 (i) , di=1"-m?, do=(1+k)?—m2, 1-k=0,k*#0, and D> =1
142

Our aim is to reduce it using VN method.

The integral is UV divergent. We regularize it dimensionally D =2 — 2¢

kH 2

po_ 2 _ 1 nfn? + dthY = ot ) (1-k)
e T T = ey (812 =1 — (n-1)? = 1% — 5~
¥ = (1-n)n” + (1-2)d* +n”(1-n,) 1%) =dy +mi —p*, 21-k=dy—dy —ri,
Mzz(ne'l)z

Result of the reduction:

(f-1)2 (M2 4+p?) 1 r%—zl-k+r§+21.k+2k2

d;ds d;ds i 4k? d, d.

2 _ 1.2 2 2 2 _ 1.2 2 2
ri =k“4+mj—m5, r5=k*+m;—m7,

k® — 2k*(mf + m3) + (m} — m3)*
4k?

A2 =
It follows the parametrization:

(fl . 1)2 - b() -+ bl(fl . 1) -+ bz(ne . 1)2 _'_8170 —+ al,l(n . l) -+ al’z(ﬁ . l) _|_3_270 -+ 3271(n . l) -+ 3272(f1 . 1)
didy did2 d; d2 |
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} —+ [&170 -+ al,l(%—F al’z(ﬁ . 1)] d2 + [32,0 + 3.2,1(1’1><|- 8.2,2(ﬁ . 1)] dl
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ bz(ne . 1>2} -+ [&170 -+ a1,1(><+ al’g(ﬁ . 1)] d2 + [32,0 + 32,1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l) =d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2

Mittwoch, 5. September 2012



Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
07 — ’ ﬁc = A 0 ’ 1
2v/k2

Calculate by assuming di;(l)=d2()=0 and 1-n=0

Mittwoch, 5. September 2012



Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ a1,1(><+ 31’2(ﬁ . 1)] d2 + [32,0 + 32’1(H><|- 3.2,2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo=-)2,b; =0
¢ — ) ﬁc = A 0 ’ 1
2v k2
Calculate by assuming di;(l)=d2()=0 and 1-n=0

_ 2

lf = aen tif:n, 0= (1+b2)\
by, = —1
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [32,0 -+ 3.271(H><|- 8.2’2(ﬁ . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
ry bo=-)2, b; =0
Ol — ’ ﬁc = A 0 ’ 1
2v'k?2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
I¥ = aen +ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() —+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H><|- 8.2’2(IAI . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
1 bo = —-)?, by =0
7 — ) ﬁc = A 0 ’ 1
21/ k2
Calculate b, assuming di(l)=d2()=0 and 1-n=0
1= = aen + ifen, 0= (1+bz)A
bs = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
h-1.)2 bo+bi(d-1)+ba(n.-1;)? + +
(n 1) B o1+ 1(n )—1— 2(n 1) :al,o+31,1(ﬂ'1)—i-al,z(ﬁ-l)—|—a20 8.21 n\hx/ d1 11

dz(ll) dz(ll)
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
Ke = — r% c:)\ bo:—)\z,blzo
2vk2’
Calculate b, assuming di(l)=d2()=0 and 1-n=0
le = aen + ifen, 0= (1+bz)\
by = —1

Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0

h-1)2 b bi(fi-1) + ba(n, - 1;)? as o + +

B L)% Do tba(hoD Ehalne W o oo 1) a1 + 2202210 “\'*/ Ve (1)

dz(ll) dz(ll)

l; = yin+92f, 7 +72 = mj

Choose 71 = 0,72 = =tm;

Choose 72 =0,71 =my
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Connection to “unitarity” : evaluate coefficients with “on-shell” loop momenta

(ﬁ . 1)2 = [b() -+ bl(fl . l) -+ b2 (ne . 1>2} -+ [&170 -+ al,l(%—F al,g(ﬁ . 1)] d2 + [&2,0 -+ 3.271(H>><|- 8.2’2(fl . l)] dl

Calculate bg,b; assuming di(l)=d2()=0 and n.-1=0

I = aen +if.n bo +bifi-1IF = =A%, bg+byi-17 = —)\2
2
_ Iy L bO:_)\2,b1:O
ac 2\/@7 /BC — )\
Calculate b, assuming di(l)=d2()=0 and 1-n=0
_ 2
lf = acn Eifen, 0=(1+bz)A
by = —1
Calculate tadpole coefficients ai1,0.-21,1,21,2 assuming d;(1) =0
N . 2 N . . 2
(0-1)%  bo+bi(h-1) +ba(nc-1)” ajo+ayi(n-1)+ag(i-1)+ 820 ¥ 824 n\g\% d1 I1)
da(1y) do(1;)
~ m2 _|_ )\2 r2
L =yn+ 720, 77 +75 = mj} ajotajsm = ——5— = ——
ry 4k
Choose 71 = 0,72 = £my a;o=0,a; 9 =r2/(4k?),
V2 =0,71 =m -
Choose a;q = —(4k?)"1/2
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OPP reduction (Ossola, Papadopoulos, Pittau)

First we made direct NV reduction of the loop integrand.

Next we have pointed out a generic parametric form of the loop integrand
and fitted the parameters with the help of on-shell values of the loop momenta solving

first double cut and single cut conditions (iteratively).

The loop integration can be easily carried out:

d2—2€ b
I(k, mf, m3) = / i(zﬁ)z_%z(k» my,mz) = b Iz(k? mf, m3)+a; oI (m3) + az oI (m3) + ﬁ

Exercise:
Calculate the photon self-energy in D=2 QED (Scwinger-model) using NV reduction at the

integrand level.
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OPP reduction: general case
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift.
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OPP reduction: general case

4 Parametric integral over the loop momentum. Any integrand is decomposed in
terms a few known functions.

+ “Integrand of a diagram has fully ordered external legs:
Ordered amplitudes given as sums of diagrams.
N different I-dependent scalar propagators. Momentum inflow to the loop.

This gives unique prescription of the integrand function as a function of
the loop momentum modulo overall shift. Ky

with arbitrary number of external legs can always be wrltten in linear co
penta, quadru-,triple-,double- and single-pole terms [ + g,
k2
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Ordered amplitudes have well defined integrand

IN(P1{P2,- .,

P3

PN

7pN7l)_

‘ N(plapg:"'upi\r;i)

didp -+ dy

InN(p1,D2,s .-, D1

Mittwoch, 5. September 2012



The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

ks I

N
The number of terms with k denominators is (k)

> =<
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

_ [ Pl Num() _ [Pl 1 —_— .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12, 13714715]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (1) H d.i (l)+z 5‘i1 (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,iz J#[i1,i2] i1 J#i

dil)=(1+q))?-m?,i=0,...,4, qo=0
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
IN — / (27‘(‘)[) Hi dl(l) — / (27T)D Hi dl(l) { Z 11,12,13,14,15(1) H d.](l)

11,12,13,14,15 J#[ll 12, 13714715]

+ Z di iz ig,ia (1) H d;(1)

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z Eil 2,13 (l) H d )+ Z Bil iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i

2 2
; T IMg
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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The integrand can be decomposed to pentagon, box, triangle, bubble and tadpole terms

B d°1 Num(l) dP1 1 y S .
N = / (2m)P [T di(1) / (2m)P [T, ds(1) { D N VD
+ Z dij is.ia.ia (1) H d; (1)

11,12,13,14,15 J#[ll 12,13,14, 15]

i1,i2,i3,iq J#li1,iz,iz,ia]
+ Z 6i17i2,i3 (1) H d )+Z Bil,iz (l) H d.i (l)+z é‘il (1) H d.i (1) } :
ii1,iz,is #[i1,iz,iz] i1,i2 J#[i1,i2] i1 J#i
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters;

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Parameter counting

The numerators are simple polynomials of the loop momentum components of the
corresponding trivial space.

For a given 5,-4-,3-,2-,1 denominator 1, 5, 10, 10, 5 parameters; 13 =1*—1%, 1% = (Ig;)v!

Pentagon (rank five): Dp =4,Dt =0+ 1,13 = (In.)? = constant terms 4+ O(d;)

Box (rank four): Dp =3,Dt =1+1,15 = (Ing)* + (In.)? = const + O(d;)

Triangle (rank three): Dp =2,Dt =3+ 1,1% = (In3)? + (Ing)? + (In.)* = const + O(d;)
Bubble (ranktwo):  Dp =1,Dp =3+1,13 = (In3)?+(Ing)? + (Ing)? + (In.)? = const+ O(d;)

Tadpole (rank one):
pole { )Dp =0,Dt =4+1,13 = (In1)?+(In2)? + (In3)? + (Ing)? + (In.)? = const + O(d;)
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Go1234(1) = &\ has
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Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,
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Go1234(1) = &\ has

g

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,
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Go1234(1) = &\ has

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) +da(1-n.)?,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(lon4)2)—|—64(l . Ilg)(l . Il4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

601 (l) = Boj—f)l(I'H2)+62(l°n~3)—|—53(l-n4)—|—f)4(£l . n2)2 — (l . n4)%) + 55( | Il3)2 — (l . n4)2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)—I—bg(l-nz)(l-n4)—I—bg(l-n€)2,

51(1) — 5_0 -+ 51(1 . Ill) -+ 5_2(1 . Ilz) -+ 53(1 . Il3) -+ 5_4(1 . 114)
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Go1234(1) = &\ has

30123(1) — ao -+ al (l . Il4) —+ az(l . He)z —+ ag(l . He)z(l . Il4) -+ 514(1 . H€)4,

6012(1) = 60—|—61 (l-ng)—|—62(l-n4)—|—63((l-ng)z—(l-n4)2)—|—64(l . Ilg)(l . H4) -+ 65(1 . n3)3
+Cg(1-n4)° +¢7(1-n.)? 4+ Eg(1-n)%(1-n3) + Co(1-n.)%(1-ny)

Bgl (1) = f)oj—f)l(l-nz)—|—l~)2(l-n~3)—|—l~)3(l-n4)—i—l~)4(£l . n2)2 — (1 . n4)%) + 55«1 . Il3)2 — (l . n4>2)
—|—b6(l-n2)(l-n3)—|—b7(l-n3)(l-n4)+b8(l-n2)(l-n4)—I—bg(l-ne)z,

51(1) — 5.0 —+ 51(1 . 111) —+ 5_2(1 . 112) —+ 5_3(1 : 113) —+ 5_4(1 . 114)

The coefficients ag, ..., €g1234 are independent from the loop momenta and in all numerator
functions we can replace (1 - n;) with (It - n;)

Note that the integration over the transverse space is trivial

U
@@ <y = [a00t - ) (0, 82 2), Di=D-1
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) <0
In = - Liioisisi
N / (27T)D H d(l) Z 11 ig,ig,ig,ig 1112 5

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Za(O)Ill +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(1) =(0)
In = = g Liiigisiai
N / (27)D 1. d-(l) €i1,i2,is,ia,i5 i1i2i3iais

i1,in,ig,ig,is

+ Y A T+ Y 8 T + Y bk T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l<Q'—Q')
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) ~(0)
In = H = g i Lizioisiai

i1,in,ig,ig,is

+ > A Tisieis + D "ff)lz Tinig + > b, T, + Z a0, + R

11 12 13,14 11 12 13 11 i

Non-vanishing master integrals with (1-n.)? factors in the numerator

D 2
(im)P/2 d;, di, diy ds, 2 e A Ty fieii =0
/ .dDg st _(D=2)(D -4 pa  lim (D —4)(D —2) o+ _ 1
(ZT(')D/2 d d d d 4 11121314 D—4 4 1121314 3
dPr 82 (D—4) p.s fm (P =Y poe) L
€ —_ ) D—4 2 ht2ts D
(im)P/2 d;, d;,d 2 i
. D+2 ) ) 2
D 2 lim MI(JF) m1+m2+l(q__q.)
d l 86 . (D - 4) ID+2 D—4 2 1112 2 6 11 12
(im)P/2 d; d;, 2 2

they contribute to the rational terms
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Only the constant terms and some of the terms depending on (1.n.)? give non-vanishing integrals

dP1 Num(l) <(0)
In = - Liisigigi
N / (27T)D H d(l) Z 11 ,i2,i3,iq,i5 1112131415

i1,in,ig,ig,is

T Z 11 12 iz,ia Lisiziaia + Z ~f?)12 iz~ i1i2i3 + Z ~(O) Liio + Zém)lu +R

i1,iz,i3,ig i1,iz,i3 iy,iz iy

Non-vanishing master integrals with (1-n.)? factors in the numerator

dPi 5° D —4
/ =\ D /2 d: d: d; d - 17311)’6'_{2_7323734’ lim M [(D+2) — 0
(Zﬂ_) 11 g Wiz tiy 2 D4 9 Q1428314 ~ )
/ dP1 s4 _ (D—2)(D—4)I.D.+4. i (D=4)(D=2) pey _ 1
(im)P/2 d;, di,diyd;, 4 iizisia’ Doy 4 nizigia — T3
Pl 2 (D — 4) i (P4 o2 _ 1
D/2 = 155233» D—4 2 hiizis T 97
(Z7T) di, diyd 2 " (D —4) 7(D+2) _ - mg, +my, 1
a1 52 (D-4) 7D+2 Doa g i % 5 (4ir =
(im)P/2 d; dy, 2

they contribute to the rational terms

7(4) ~(7) 2 2

R — — Z d11121314+ Z 111213 Z rni1 +m12 B (qil —qi2)2 B(g)

2 6

11,12,13,14 iy,iz,i3 i1,iz
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Example: Projecting out individual (quadrupole) coefficients
in D-dimension

*’V(pla P2,---,PN, ﬂ) e
didop - --dy

IN(pl;pQ;- .. 7pN7l) -

: 9 €irigigigis () N

i1<i2<i3<i4<iz<n Qi i i iy i
E din'zze"aia(f) + E Ei1?:'f'?:(‘r)_+_ E E"ﬂ'lézﬂ)_i_ E EHU)
Efglff,!'?ffggdgi _dhdi?dfa _ ff,!']dg? ' t’}r.;l
1<11<ta<iz<a<N 1< <ia<i3 <N 1<31 <<\ 1<4; <N
Denote:

RR (1) = Residuumg;23(Integrand) ~
— pentagon contributions = dgy23(1)
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(L)+RR() -~ RR(L)—RR(L)
dO — ’ dl — 21J_

2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the residuum of the integrand for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

aZ + 8412 — 12
1
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Comments on the rational part:

The originis UV divergent tensor integrals. Reduction requires regularization.
After reduction: D-dimensional finite tensor integrals. In the limiting case D=4
they provide finite constants independent from the kinematics.

It may happen that the numerator has manifest dependence on (D-4) coming from
polarization sum. These terms can only contribute if it appears in a term leading to

UV divergent integrals. There are only few UV divergent one-loop Feynman diagrams
even for large number of external particles (OPP).

Sophisticated recursion relations (BDK) as an option in Black Hat
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Comment on N=4 sYM amplitudes
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.

*

n-particle one loop amplitudes in N = 4 are built out of only boxes.
No triangles, no bubbles, no rational parts

N=1 sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .
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Comment on N=4 sYM amplitudes

4 N =4 sYM scattering amplitudes are free from UV divergences.
n-particle one loop amplitudes in N =4 are built out of only boxes.
No triangles, no bubbles, no rational parts

4+ N=1sYM scattering amplitudes have no rational parts

BDDK theorem (1994) for one loop amplitudes:

The maximum number of loop momentum in the numerator
of Feynman-diagrams is reduced by one for N=1 and
by four for N=4 .

Excercise (not easy):

Find proper parametrization for the bubble numerator bo (1)
in case of light-like inflow momentum.
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Lecture 3: Unitarity method and amplitudes
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1

d*p iR s i ,
—/ : ‘_I»"-Tr}':ﬂ({.g—;rz.g)iﬁﬁH}{{i—;;az)

X A?EE{—{.L_ 1.2, 69) _-ilireeli—fg. .48 Y

Imaginary part of NLO an amplitude is calculated from tree amplitudes.

4 Non-linear relation, iterative in the coupling.
4 lterative in amplitudes. Building blocks are amplitudes and not Feynman

diagrams
4  Manifestly gauge invariant.

31
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Unitaritx and Cutkoskx rule:

Mittwoch, 5. September 2012



Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity:
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: STIS=1, S=1+IiT,
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

A2
S = 4E3m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?
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Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

A2
S = 4E§m, t = _(s ;m ) (1 — cos Oems)

The scattering amplitude as analytic function of s at fixed 6cmg ?

Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?

More external particles?
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Unitarity and Cutkosky rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)%,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") = T'T = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:

Mittwoch, 5. September 2012



Unitaritx and Cutkoskz rule:

Scattering amplitudes of scalar particles are functions of the external momenta AN({pi})

In case of 2 to 2 scattering with equal masses the scattering amplitude A 4(s, t) depends on
Lorenz-invariant Mandelstam-variables s,t, s = (p1 + p2)?,t = (p1 + p3)?,

s = 4E? (s — 4m®)

cm’ t=— 2

(1 — cos Ocpms)

The scattering amplitude as analytic function of s at fixed 6cmg ?
Unitarity: S'S=1, S=1+iT, 2Im T = —i(T - T") =TT = TT"

21m (ps, pa|T|p1, P2) = ) (nT|ps, pa)” (n|T|p1, p2)

n

(P3, P4|T|p1,pP2) = (2m)*0(p1 + P2 — P3s — P4)M(s, t)

As s increases :contributions form more and more intermediate states.

M(s,t) has branch cuts in the complex s-plane at (nm)?, (n=2,3,...)

More external particles?

In perturbation theory simple recipe to calculate discontinuities across branch cuts of
multi-leg, multi-loop Feynman diagrams:

Cutkosky rule: 1/(p%? — m? +id) — (—271)6(p% — m?)8(po)

Mittwoch, 5. September 2012



Cutkosky rule in case of the bubble integral:
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
I()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 _ B [ dl 1 Y
L) /(%)3/(2%) (1§ — /) ((lo —po)? — €7) l \/l !
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lo and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

el:\/l_é—|—m2
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(27r)4DlD2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36[(271') (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

|

—€] Py — €
C . o
>
el pl+e
|0
04 jﬁl .po — €]

el:\/l_é—ka
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(zw)4D1D2’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 437 dilg 1
I (p*, m”) /(277)36/(27T) (l5 — €)((lo —po)? — €)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo = —€] + ’LO,
Dy az)lo=po+ e —i0, b2) lo = po — € + 10,

—€ Py — €
c e .
>
el pi+e
o
04 :El .pO — €]

el:\/l_é—ka

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour
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Cutkosky rule in case of the bubble integral:

d*t 1
2 2 2
Z()(p’m):/(Zw)lelDz’ Dy =1? =m* 40, Dy = (p—1)* —m” +i0

Integrate over lp and calculate the discontinuity in s = p2

Work in the reference frame: p = (po, 6) and pg > 0

22 2 a3l dio 1
7 (p*,m”) / (27)3 c[ (27) (1§ — €7)((lo — po)? — €f)

The integrand has four poles in [,
D1 . al) lo — €] — ZO, bl) lo — —€; + ’LO,

Dy : az) lo = po + € — 10, b2) lo = po — € + 10,

Iﬁ

el:\/ﬁ+m2

No discontinuity in ~ Po
if the poles a2,b2 are
far from the contour

The distance of the

poles ai, bo

can vanish if Do > 2m
when these poles can
pinch the contour.

One can avoid pinching the contour by moving

To compensate the difference for the integral
we add an integral over a closed small circle

O L€l .po — €]
>
EZ p5 + € the first pole above the contour.
‘ o around the first pole
_E _
o4 L P9
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(%) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]
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Discontinuity of the bubble integral = discontinuity of the pinch contribution:

5 de dlo le dlo 1 _ dlo (—27Ti)5+ (l2 — m2)
¢ :/W /@+ ]{ 2n) 7{ (27) (1§ = €f)((lo — po)* — €7) /(27r) ((lo = po)? — €7)
C’ Yaq | Y1
d*l , 1
Disc [I5] = To(p* + i) — Tp(p* — i) = / 2 (—273)d4 (I — m?) x [(lo S P —C C]
[ dU , 5 5 1
_/(2ﬂ)4(—27m)5+(l —m?) [(l—p)Q—m2+i(5 —cc]

1 1
i [ ] i ()

Disc [IQ] = / (;ﬂ'§4 (—2%@)5_'_(12 _ m2) (—2%2)54_(([ — p)2 _ m2).
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Cutkosky rule, generalizations from the case of the bubble integral:
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(")=0

oD

D(1) = (lo — a(l,p,m))(lo — b(l, p,m)), s —0

lo=a or b
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

> - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), 8—1 = ()
0 lo=a or b
: : : . . . . oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

I({pi}, {mi}) / H d4l’“ {111};]%}) D;=q; —m3,i€N
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
‘D(l) — (lO o Cl,(l,p, m))(lo — b(l,p, m)), a—l = ()
0 lo=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: FIm =0
[=I*

d4l l Pi _ 2 2
I({pz}v{mz /H k { }{ }) Di_Qz’ _mmZEN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)

Z oz,gj )qi = 0 for every loop.
1Cloop j
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Cutkosky rule, generalizations from the case of the bubble integral:

Landau equations:

dt 1 d* 01— o)

Necessary condition for singularity: D,(1*) =0, D2(I*) =0 andso D(*)=0

~ - oD
D(l) = (lo — a(l,p,m))(lo — b(l,p,m)), ETN =0
O 1lg=a or b
oD
Since quadratic equation, the sufficient condition also requires that two poles coincide: B =0
[=I*

d4lk l D 2 2 .
T({p:}, {m:}) /H WiHpd)  pi=g? —mbienN
HD
Di=q¢ —mi=0, (i=12,...,r<4L)
Z oz(j) =0 f 1
i i = or every loop.

1Cloop j

Excercise: Work out the Landau equations and solve them for the self energy and two
different internal mass and find the location of the branch cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

Ly NP T (-2m0)0 (g2 — m?)

. . k 1=1
Disc [Z] = /kl_[l (om)3 IJ—V[ @

J=r—+1
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.
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Generalizations of the Cutkosky rule to L loop Feynman-diagrams with N denominators:

N {1} pih) TT(=270)8) (g2 — m2)

. d4lk =1
Disc [T / H ~
[I (¢f —m3)
1=r+1
Unitarity: Non-linear relations between scattering amplitudes.

It can be used to compute the discontinuities of scattering amplitudes at a given
order in PT in terms of amplitudes at lower order.

It is built into perturbation theory in even for external off-shell lines and external lines

with on-shell complex momenta.
If the Landau equations have solutions, the Cutkosky formula provide the correct

singularities.

The diagrammatic version of the Cutkosky formula also can be applied to scattering
amplitudes, leading to generalized unitarity relations. E.g. triple cut.

3
Disci—1,, 1yny [A%L_IOOP] — Z / §4 H —2mi)0 4 (17 —m3)
1=1

states

XA (—l3, 1) A7 (=, 1) AR (<o, 3),
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

ReSt 1,y pgn [AL9%] = 3

states

Mittwoch, 5. September 2012



Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(Ds—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“43266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)7

states

Key point: two independent expressions for the same cut amplitude
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Generalized cuts of the integrands of one loop amplitudes are a given
in terms of tree amplitudes:

The numerator of the propagators can be
replaced with their axial-gauge values.

1,b, —|—bl R
—g Ze

D 2(DS—2)/2 |
Y LT +m = > aPmu
u=1 i=1

Resl%lnlnznsnzl [A%I—IOOP] — Z Aglee(_l‘l? 11)“42266(_117 12)“’41;11:6(_127 13)“43;6(_137 14)?

states

Key point: two independent expressions for the same cut amplitude

[Allq_loop} — Z én1n2n3n4n5 (1*> + an1n2n3n4 (l*)

Resi— =1 d,,_ (")
ns

n]_ n2 n3n4
s
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Projecting out individual quadrupole coefficients in D-dimension:
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

sing = 0,cos¢p = *1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

3
1
1# = VF+1, (cos ¢ nlj+sin ¢ n*), VH = 5 ZV}M (af — m{ +myg),

i

e Choose sin¢g =0,cos¢ = +1
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Projecting out individual quadrupole coefficients in D-dimension:

do123(1) =do +d1(1-ng) +da(1-n)2 +ds(1-n)3(1-ng) + da(1-n)%,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2> v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(L)+RR(L) -~ RR(L)-RR(L)

d — d p—
0 2 ) 1 21J_
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,
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Projecting out individual quadrupole coefficients in D-dimension:
do123(1) =dg +d1(1-ng) +dz(1-n)% +ds(l-n)3(1-ng) +dg(1-n)?,

1
14 = V¥4, (cos ¢ nfj+sin ¢ nl), Vi=—2) v (af —mf +mj),

e Choose sing=0,cosd = =+1 denote Iy = V¥ 4+ 1, n},

calculate the numerator for these values

- RR(LL)+RR() =~  RR(L)—RR(L)
dO p— , d‘]_ p—
2 21,
e Choose cos¢=sing==+1/v2  denote . =V=+1,(ng +n)/V2

~ ~ ~

dy+ds % =177 (RR(1+) +RR() - 2 do) Jds =v217;3 (RR(L) ~“RR(L) - \/§&1h) .

e Choose 1¥=VH4+1,

Num(1L.) — dg

dy +dyl? = >
1L
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The parameters are fixed by linear algebraic equations

Res;;.x [F(1)] = [.rj,-_(s)dj-(g) - dp(DF (1) } J -

—Lij.-k

diji (1) = Resj (ANU)) d=d=d,=d=0  two solutions

diini (1
Eijk,(f’-) = Res;;i An(l) — Z ikt () di=dj=dk=0 infinite # of solutions

did;drd,
{754,k
bi;i(1) = Res;; | Ax(l) — cije(l) 1 dijri (1) d=d;=0
| | ki, g dzd;dk 2! k=i, did“rd#di Infinite # of solutions

unitarity: the residues factorize into the products of tree amplitudes

we fully reconstruct the integrand in terms of product of tree amplitudes

no Feynman diagrams
Y
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Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)
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Unitarity method: one-loop amplitudes from

tree amplitudes + scalar integral functions

Y

Decompose the amplitude in terms of basic set of scalar integral functions
and read out the coefficients using unitarity cuts (‘98) (BDK)

<> Consider the iIntegrand, the amplitude is parametric integral over the
loop momentum OPP('06) ( EGK ('07))

< Use generalized cuts, read out the coefficients in terms of tree amplitudes
at cut-momenta (complex) BCF/BDK('05)

<> Rational part is obtained by carrying out the algorithm in two different integer
D>4 dimensions GKM (08) (see also Badger,BDK, OPP)

Bern, Dixon, Kosower (BDK) ; Ellis, Giele, ZK, Melnikov (EGKM); Britto, Cachazo, Feng (BCF)
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Managing color of amplitudes

Unitarity: instead of Feynman diagrams amplitudes
Tree and one loop Feynman diagrams: color and space time part

A ({k}, {h} {a}), A,7°°P({k}, {h}, {a})

=> Color decomposition of amplitudes with the help of a basis color space
(T-based, F-based, color flow based}

[T% T = —F2T°, Tr(TT") = qp.
[F* F°| = —FAF°, F&=—iv2fec, Tr(FF®) = 2N,04.
1
(F) g0y = — SN Tr ([, FO2)F*) = —Tr ([T, T%]T).

S HO I QO OO

1
(F2F9  F%n-2 F%n-1) = SN Tr ([[...[[F*, F*?], F*], ..., F9 2] [F% 1 F%])

= Tr([[...[[T%,T%], T4, ... T%-2] [T T%]).
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Color ordered n-gluon tree sub-amplitudes

n—2

tree __ 8s a, (1 a, (2 a, As(n tree
Atree — 2N, d o T (FrOFr@F2re) | Fom) Al
0ESn/Zn (n-1)! color ordered sub-amplitudes
A;ree _ ggl—2 Z Ty (Taa(l)Tao’(Z)Tao‘(S) o Tao'(n)) A’]Gnl“%e
oc€Sh/Zn
A‘:qr’%e — My (ga(1)7 85(2),85(3); - - - 7ga(n))
Some properties of sub-amplitudes:
mn(gla g2,83,. .. 7gn) — mn(g27 g3,---58n; gl) (cyclic identity)
m;(g1,82:83,---,8n-1,8n) = (—1)"Mu(8n, 8n-1,.--,82,81) (reflection identity)

my(1,2,...ny,n; +1,...,n) = Z My, (81,80(2):80(3):---180(n)) =0 (Abelian identity)

o(n) ~ Kleiss-Kuijf relations

A’;ree(l’ 27 37 e n) — 82_2 Z (Faa(2) o Fao(n—l))alan mn(gb ga(Z)a g0(3), ce 7ga(n—1)a gn) .
(n-2)! color ordered sub-amplitudes (see also BCJ relations)

Unitary color basis: on each pole of the tree amplitude the color factor of a given colorless amplitude also factorizes
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13, k3 i, ki
three gluon vertex

. 9

Zﬁ ((kl — k2),ugg/L1M2 T (kQ o 1, ko

four gluon vertex

2
7:?(29#1/%9#2#4 o gM1M49M2M3 o gul,u29,u3,u4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color stripped Feynman rules for color ordered sub-amplitudes

‘7]{‘ ,]{
three gluon vertex 3, k3 1, ki
Zi ((kl - k2) g + (k‘g —
\/§ M3 I 12 s

four gluon vertex

2
7:?(29#1,&39#2#4 o gM1M49M2M3 o gH1M29u3M4)

gluon-quark-antiquark vertex

sign depends on orientation
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Color ordered n-gluon one-loop sub-amplitudes

Allq_loop — gSCI‘ Z A,(al) (gl; ga(2)7 < 7g0(n))7 cr = (471')2_6 I‘(1 _ 26)
0€ESn_1

Consider a double cut between external line k and k+1 and n and 1
Im(k,n) qul) (gla g2, .. 7gn) — {3—13-2 Tt ak}vu{ak+1 Tt an}uv

ka+2(gV7 g1,82,...,8k, gu>mn—k—|—2<gU7 gk+15---,8n, gV)
= {ajaz---ag} Im(k,n) {mg) (81,82, - 7gn)]

Al~loor — gl Z Tr(F2:, .. F2)mW) (g1, 80,...,8n)

P(2,-n)/R one loop color order sub-amplitude

A reflection transformation is factored out. The cyclic property and reflection symmetry remain
valid. The number of independent one-loop amplitudes is (n-1)!/2.
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Color ordered n-gluon one-loop sub-amplitudes for large N

Decomposition in T-basis:

Al=loop — o' N cr Z Tr(T2, ..., Ta‘“)m(ll,]z1 (21,82,---,8n)
P(2,--,n)/R

]
2

[n/2]4+1
+gler Y ( S Tr (T, ..., T ) Tr (T*>,..., T*) m}") (g1, 82, . ..
r— P(

2, >n)/Zr—1 XZn—r+1

The single-trace color structures have an explicit factor of Nc out.
They dominate in the large Nc limit.

The planar L-loop color decomposition formula remains the same .
The decomposition remains the same also for the N=4sYM theory.
T-based color decomposition is preferred.

111l

Two particle unitarity gives color decomposition of a quark-loop
to n-gluon amplitudes

Allfl;_fii)op — ggCI‘Hf Z Tr(Tal T2 . Taan) mgl];l)’lf (g17 8o(2)r- -+ ga(n)) )
UESn—l

7gn)>
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dq + (n — 2)g amplitudes and fully ordered primitive amplitudes

Color factors of Feynman diagrams (TP TP ) x (B2 F2)y o (B BTl

A‘lcqree((—l17 q_27 g37 ceey gn) — g;l_z Z (Taa(3) Taa(4) Taa(n) )1211 n((_l17 q2’ gO’(S)) c ooy ga(n))*
O'ESn—2
(n-2)! colorless color ordered tree sub-amplitudes

the quark labels do not participate in the permutation sum

Decomposition in mixed basis such that the quark is also in the permutation sum

A(@r, gz, 835 - 8n) = 852 Z Z (TY T+ T2 )i, Tr (B2 F2)
k=3 P(4,..

rhn(d17gn7 e 8k+1,92, 8k, - - - 7g3)

Color ordered tree “left primitive amplitudes”

ﬁln(ﬁla 8n, - 8(k+1),492, 8k, -+ g3) — (_]—)kmn((_I1a q2, ka ey 37 (k + 1)7 "+ H)

Excercise: derive this relation using commutator identities

When anti-quark is in the permutation sum: “right primitive amplitude”

This mixed basis is “unitary”
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dq+ (n —2)g colorless one-loop fully ordered left primitive amplitude

-

AL—IOOP (qu Cl27 g37 e gn) — g;lcl-w Z Z (TX2 Taa3 ,.Taap TXl )i271 (Faap—l-l ..Faan )X1X2
P=20€ES,_2

X (_1)nﬁ:11(r11> (Q17 Bo(p)s--»80(3), 42, 8o(n)s -+ ga(p—l—l))

Color ordered amplitudes for n-gluons and primitive amplitudes
for dq+ (n — 2)g can be calculated using colorless Feynman rules
Berends-Giele recursion relations

Comment: Leading color is good approximations for gluons only
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Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

ree 1 ree
(Ta5 )i471 5i273 Bt5;1 T & (Ta5 )i271 é‘147/3 Bt

Btree(q17q27Q3aQ47g5) — gs3 N

a ree 1 a ree
—I_(T 5)1223514711]3)65;3 +N—(T 5)147/3512711 t )

Bl—loop((—117 qz, Q3’ Qu, g5) _ gg Nc(Tas)i471 5i273B5;1+(Ta5)i271 51473B5;2 + Nc(Tas)izzg, 5i471 B5;3

- (Ta5 )14’&3 512%1 B5;4

B5;i — B[5]1 ;—B[1/2]7 i= 17 27 37 47

BE')];{z] — _A[l/z] (ql g5, Q47 QS) qZ) B[51£2] — _A[I:Jl/z] ((_I1? Q47 Q3? q2, g5)7

B{[’)I;I/iz] — _A[1/2 (A1, Qa, Qs, gs. dz), B[l/Z] = _AE/Z] (a1, Q4,85 Qs, qz)-

94 Q' Y Q' A O VQ/ A O VQ/ ro \(C'gb,"oi
q q q q q q q q

Mittwoch, 5. September 2012



Amplitudes with multiple quarks

Colorless ordered amplitudes, primitive amplitudes, parent diagrams

More and more complicated.....

End of color management
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Singular behavior of one loop primitive amplitudes

n-gluon:
1 1/11
O DI -l % ey | PRI PPN}
i—=1
_ Ly, =1 2 /(=S — 10
qq+(n—2)g: k H(N /(—sk ))

rhl(ql)((_Jna gk+1,:--;8n-1, 92, 83, gk) —

o k 1(3 &
mII(qn)gk—I—l)°°'7g1’1—17q_27g37"°gk) o 5+2Lii—|—1+Lkn

€ € .
i=1

Color is eliminated. Important for testing the calculations.
Primitive tree amplitude is calculated with Berends-Giele recursion

relations based on color stripped Feynman rules or BCFW recursion
relations
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