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II. Nonabelian Superconductors and Confinement

III. Recent developments



Lectures on Supersymmetric Gauge Theories I:

Introduction: a Review

e Symmetries and anomalies

e Nonrenormalization theorem
e NSVZ 3 functions

e Instantons and anomalies

e Seiberg’s duality

e Gluini condensate

e Phases of SQCD



Why Supersymmetry?

o H=Q'Q,

Q : |Boson) « |Fermion)
<H> Z 07 — ACosm < AQCD
e Hierarchy (naturalness) problem in the standard model

MHiggs; MW < Mpianek ~ 1019GGV

e Susy GUTs: coupling constant unification at u ~ 10 GeV? MSSM —
LHC (> 2007)

e Deep results on details of nonperturbative dynamics

e Haag-Lopuszhanski-Sohnius: Susy algebra is the only possible nontriv-

ial generalization involving Poincaré and internal symmetry algebra.

(¢fr. Coleman-Mandula )

e “A truely beautiful idea never really dies... ” (Y. Nambu)



Susy gauge theories

e Susy algebra
{Qow Qd} - ZO_Z’QP/U
e Superfields

F(2,0,0) = f(z) + 0(z) +

0 . 0
QQ == aT—ZO"u 6 @L, Qd — %—29 O‘g@au,

e Chiral superfields: D® =0 ( D' =0 )

O(z,0,0) = d(y) + V204(y) + 00 F(y), y=x+ifod
— 0 e N. — 0 o’ u
Da—aea+za 0 Oy, D, = — 24 — 0% 8

e Verctor superfields VI =1V,

o |
Wo = —1D% " Dae = —id + %(0“ GV F s+ ...



e Supersymmetry transformation of fields:

Chiral superfields
[Qaa gb] — \/§¢a§ {Qm%} — \/§F§ [Qaa F] =0,
{Qo'm ¢} - Ou {Qd7 ¢ﬁ} — i\/éang,MA; [Qd7 F] — iﬁ(aﬂ)dﬁpu¢ﬁ7

In particular, D® =0 = [Q4,¢] =0: ¢ is a “chiral field”;

Vector superfields
[Q°, A% = —ivV2 " ; {Q", X"} = 0" Fl, +iD"; [Q*, D] = =" D, \%

Qs Al = —iv20)"; {Qs, N} = 0; Q%, D] = =D, \"o";



e Lagrangian ([ df, 6, = 1, etc)

1 1
L= lm [ / d'0 dleV d + / d*0 5WW] -+ / O W(®)

e VW(P) = superpotential;

0 +47Ti
Tl = — + ——

e Scalar potential
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e For SQCD, {d} - Q ~ N, Q ~ N* of SU(N)

> o t%

mat

VSC:Z a¢

mat

GF = SU(nf) X SU(TLf) X Uv(1> X UA(l) X U)\(l)



e Flat directions (CMS)

e.g., for ny < n,,

Q:

Superpotential generated? CMS modified? Symmetry breaking?



Nonrenormalization theorem

_ 1 _
L= / d*0d*0 (dd + 5c1>252(9) + h.c.)
e Perturbative N.R. theorem
(T@(x,@,@)@(m’,&’,@'))

= —m 620 — ) e 100NN (1 — o)

Only D terms oc [ d*0d?0 (. ..) generated. No F' terms

e [f d exact non-anomalous symmetry G — No terms violating G' generated;
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e Perturbative anomaly ( West, Grisaru, et. al., SVZ )
2 27 ol 20 &3
AL = d@d@CDHCDN a6 o

However, no such nonlocal term simulating F'-term, in Sy

e Terms protected only by anomalous (e.g. U4(1)) symmetries can be generated by

instantons

e Generalized non-renormalization theorem ( SVZ):

The gauge kinetic term
/ O W, W = / d*0 d*0 [(e™" Dye” Y W]

can be generated by 1 loop corrections - only.

— NSVZ exact ( functions:



e E.g. SU(N) SQCD:

1 1 by M ‘
L==]d log — | WeW + h.c. 4 Ejzl- M)D!e2Vid,
4/d9<92(M)+87r20g,u)WW +hc+/d9i (, M)Dje :

1
bg = —3N,. + Z T Tr; = 2 (quarks) .

e Renormalize the fields ¢; — Z; V2p, = e~ilosZig, (D(—1%log Z;) = 0) = Anomaly

o rikz( b log Z,(u, M) WWW

1 1 bo M 1
P00~ PO T %8 T g e A M)
61(9) = i g =~ (3N, = 3 Tl = (o)
n\g 'ud,u 167T2 c i Fq Yi\g )
where i(g(p)) = —puzr log Zi(p, M)|arg(an)
o Actually by recaling A, = g.Acu, A = geA,

1 1 N, gg 3N, — Z‘TF’L 1 — Yildc
—2:—4‘—210&%: B(ge) = — 2 2 g 2 9:)
g> g% 8nm 167 1 — N.g?/8n
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2 N2_1
*(g9)=—&=-%

(g")

e Zero of the beta function at g* where

Susy Identities

e Susy transf. of &(z,0,0) = ¢(y) + 20 + 00F (y):
[Qda ¢] - 07 {Qda wa} - _\/§5ua,u¢7

= (To1(@1)ga(x2) . . - Prlar))
oI G = (T[Q%, (1(x1)¢a(z2) .. )]) = 0,
etc. G indep. of z; — =[];(¢:)
e Analytic dep. on g;,m; etc (W(®) =m P>+ gd? +...)

gs (T1Q", (|5 p1(z1)ga(x2) .. .)]) =0, oG
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e Symmetries

Fields A qv ar ax

Q,Q 1 1,—1 1

nc_nf

Qﬁ@,iﬁ@ 3/2 1,—1 O N

Ao ; 0 1 —ny

q 2 —1 —(l—l—l) 1—1 2

AN 2N 2N AR 0
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Anomalies and Instantons

(] UA(].) anomaly (Steinberger, Schwinger, Adler, Bell, Jackiw)

2

€ nIlZ
O = < FL P (m—2)
e QCD:
g’ -
K _ a,pv
9 ~
AQE) = an/d xWGNVaG o # 0!

Axial Uy(1) broken: solution of “U(1)” problem (m, > m.? Why NO
U4(1) Goldstone boson ); But e GG = 0, K" 1?

3272

e Finite energy config. classified by the Pontryagin number
A, ~ U Hx)d,U(z), T — 00 [I3(SU(2) =Z

2
/d‘{r %GMWGW = n, n=0,%+1,+2, ...
T
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e Config with n = 1: instanton (1)

L TM’T_V - 7_7/77-,[,6

4

4 2t (T — )y

— , Ty
1% gz (az _ x0>2 +p2 K

e Instanton effects in QCD (’t Hooft’)

i1...0p i —Jn
Lepp~ € ! ijl...janLl(iU) L f@WR,z’l(ﬂ?) . -wR,inf (z)
Ua(1) broken to Zon s SUL(nyg) x SUg(ny) unbroken

Ur

i

T

N

R

e . —J
(e fejl,,.jnf?%l (z1) - .. ¢Lnf (x”f

N——

ris (1) - VR (Yny)) 70




e 0 term

g° .
L=0-~2—@G,.G"""
3272 #

renormalizable. Experimentally (d, < 107 e cm —
0] < 1077

“Strong CP Problem” (Why?)

PQ symmetry (axions); m, = 0, etc

(K—>7T7T)AI:1/2
(K—>7T7T)AI:3/2

e Al =1 problem (Why j ~ 25)
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Instanton Calculation in Susy QCD

e Strong coulpling (standard) instanton method
ANz )AN(T2) ... AM(2,,)) = const. A®™
L.H.S. = const. = HO\)\) = (A\)"
Require disentangle vac. sum (75, unbroken)

e Weak coupling instanton method (svz)
(i) SQCD with massless (Q,Q)’s

(ii) Flat direction — Compute instanton corrections at large (Q) > A;

A(?)nc—nf)/(nc—nf)
(det QQ)!/(e=s)
(iii) Add W, = mQQ — min. of the pot.

AWUPS) — (n, —ny)

(#)

iv) Decouple the quarks m — oo, A%, = mA*
( ) |y q s Ly
(AN) = A°
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e Numerical discrepancy (“4/5 puzzle”)

e Other methods (Compactification on R} x 8y N =2 SYM and decou-
pling the adjoint scalar) give WCI results

e For SU(n.):
(AN) = e2mik/ne 3, k=12 ...n,

o SU(r+1), SOQ2r +1), USp(2r), SO(2r) SYM: (apart from e>"/7c)

Ta=r+1, 2r—1, r+1, 2r —2,

2 2
<Tr)\2> Az <T1")\2> I C ,
167/ sv(r41) 167/ sor+1)

2 2
<Tr)\2> _giipAd <Tr/\2> — o Ip
167 USp(2r) 167 SO(2r)
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U(1)-Related (Konishi) Anomaly

[
2

—iDQ(QTer) mQQ + TrW we

Im. part of the F-component = Uy(1) anomaly

e In SQCD
7

Tr)\ A

{QaawaQ} mQQ o

e Vacuum alligned with mass perturbatlon
g

<m@QzQz> = <16
cfr. Dashen; (Y);) = =A% (i =u,d, s)

TrA A) (no sum) i=1,...ny

e General chiral gauge th with W(®,)

172 J[V . L aW 2
4D (Pje" D;) = B0, +C(<I>)1672

TeW W (§)

e Check of dynamical calculation (Instantons) and general argument
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e Derivation: &, =i A(z)®; ( A(z) arbitrary ) — Jacobian
D2
4

. . _*2
J = det(dP,/0®,) = det(Z'| eZA(Z)( )|2) = o Trid(z) =0

e Regularize the high eigenvalues by

_ D2 _ D2
Tt iA(z)— ] — lim TrliA(z)e"" (=)
L= D%""VD%" /16

e Acting on _TDZ

1

L =P — §WO‘D& +C"P,+ F,
where .
We = 7 (D*e™Y DY),
1 _ .
CH = 3 o (D% VDY),

F = (D% VD%*")/16.
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o V[ — o0;
/cZ‘LpepQ/M2 ~ M*
each power of L/M? from the exponent; also
(00| DD D?00) +# 0,
only terms quadratic in ;IW°D, contribute = (§)

e Pauli-Villars, Supergraph 1—loop calculation, Point-splitting, BPHZ,
(Clark-Love, Gates-Grisaru-Rocek-Siegel, Piguet-Sibold, Konishi, Konishi-Shizuya); All these meth-

ods in Component formalism

e Functional-integral method particulary elegant for generalization
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Intrilligator, Leigh, Seiberg (’94)
e N =1 Gauge theory G with generic matter ¢; with

Wtree(¢i) — Z gTXT<¢Z>

o Set Wiee(9;) = 0 first. — Flat directions along ¢;. Reinterpret in terms of gauge
invariant composites (as (*) for SQCD).

e Turn on g, and Ay. W,y restricted by
(i) holomorphy (i.e. holomorphic in g,, X,, A. )

(ii) invariance under various symmetries. If some symmetry is broken by W,

it can be regarded as exact, by assigning appropriately the charges to g,, Ay
(iii) Asymptotics

e [n many cases these are sufficient to determine W, ¢, exactly.
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Phases of SQCD; Seiberg duality

e Massless SQCD
— Superpot. (#); Vacuum runaway (n; < n.);
— No generation of superpotential for n; > n,
® Ny =n:
(C.M.S.) detM —BB=0 (%)
(Q.M.S.) detM — BB = A*
e ¢ < p; < 3n. (Conformal window), infrared fixed point (SCFT): de-

scribed either as the original SQCD (with @Q, Q) or as dual SU(n,) =
SU(ny —n.) theory with dual quarks (¢,G, M) (Seiberg, kutasov, Schwimmer, ... )

g(w)

*
gD
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Ny Deg.Freed. Eff. Gauge Group Phase Symmetry

0 (SYM) - - Confinement -

1 < Ny < N, - - no vacua -

N, M,B,B - Confinement U(Ny)

N.+1 M,B.B - Confinement Unbroken
N.+1< Ny < % q,q, M SU(N,) Free-magnetic Unbroken
e < Ny <3N, ¢,G,M or Q,Q SU(N.) or SU(N,) SCFT Unbroken
Ny = 3N, Q.Q SU(N,) SCFT (finite) Unbroken
Ny > 3N, Q,Q SU(N.) Free Electric Unbroken
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