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Tools for Computing Amplitudes

Focus on gauge theorites
...but they are usetul for gravity too

Motivations and connections
— Particle physics
— e¥'=4 supersymmetric gauge theories and AdS/CFT
— Witten’s twistor stoing
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The LHC is coming, the LHC is coming!

- -
LR = !;":_-

Now 450 to 600 days away. ..
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Detector characteristics
Width: 44m

Diameter: 22m
Weight: 7000t

Solenoid CERM AC - ATLAS V1997
Forward Calorimeters
End Cap Toroid

Muon Detectors Electromagnetic Calorimeters

Barrel Toroid Inner Detector . : Shieldin
Hadronic Calorimeters 9
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CDF event

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



CMS
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SU(3)x SU((2)x U(1) Standard Model

Known physics, and background to new physics

Hunting for new physics beyond the Standard Model
Discovery of new physics

Compare measurements to predictions — need to calculate
signals

Expect to confront backgrounds

Backgrounds are large
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Event rates

i1+ b dor
Fartce Fwue

Event production rates at L=10% cm s-! and statistics to tape
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= statistical error negligible after few days!
= dominated by systemalic errors (detector understanding, luminosity, theory)
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Hunting for New Physics

Yesterday’'s new physics 1s tomorrow’s background

To measure new physics, need to understand backgrounds in
detail
Heavy particles decaying into SM or invisible states

— Often high-multiplicity events

— Low multiplicity signals overwhelmed by SM:
Higos — bb— 2 jets

Predicting backgrounds requires precision calculations of known

Standard Model physics
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Complexity 1s due to QCD

Perturbative QCD:
Gluons & quarks — gluons & quarks

Real world:
Hadrons — hadrons with hard physics described by pQCD

Hadrons — jets narvow nearly collimated streams of hadrons
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Jets

« Detined by an expenimental resolution parameter

— mvarant massim ete”

— cone algorithm in hadron colliders: cone size in R = \/(AT,.')2 + (A¢)?

and mimimum E,

—  Apalgorithm: essentially by a relative transverse momentum

] e CDF (Lefevre 2004)
T Y 1374GeY
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In theory, theory and practice are the same. In practice, they are
different — Yoqi Berra
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QCD-Improved Parton Model

X
/ dz,dxy, dPhase f,fy 0ap0(v — Observable)
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The Challenge

« Everything at a hadron collider (signals, backgrounds, luminosity

measurement) involves QCD

. Strong coupling 1s not small: & (M) = 0.12 and running 1s
important
= events have high multiplicity of hard clusters (jets)
= each jet has a hugh multiplicity of hadrons

= higher-order perturbative corrections are important

« Processes can mvolve multiple scales: p(IP) & M,
= need resummation of logarithms

Confinement mntroduces further issues of mapping partons to hadrons, but
for suttably-averaged quantities (mnfrared-safe) avoiding small E scales, this 1s

not a problem {(power corrections)
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Approaches

« General parton-level tixed-order calculations

— Numercal jet programs: general observables

—  Systematic to higher order/high multiplicity in perturbation theory

— Parton-level, approzamate jet algonthm; match detector events only statistically
« Parton showers

—  General observables

— Leading or next-to-leading logs only, approximate for higher order/high

multiphcity

— Can hadronize & lock at detector response event-by-event

 Semu-analytic calculations/resummations

— Speafic observable, for high-value targets
— Checks on general fixed-order calculations
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Preciston Perturbative QCID

Predictions of signals, signals+jets

Predicti t back d
redictions of backgrounds Everything at a hadron

Measurement of luminosity collider involves QCD

Measurement of fundamental parameters (0, 7))
Measurement of electroweak parameters

Extraction of parton distributions — ingredients in any

theoretical prediction
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Leading-Order, Next-to-Leading Order

« L[.O: Basic shapes of distributions

but: ﬂc? q-uaﬂtltah.v:a ]._:)redlc. B Tﬂ.nagtagléa Ei_ixnnhMelnikov, & Petriello
M1SS1Ng sens1t1v1ty to 16 pp = (2.7 )+X at Y=0

« NLQO: First quantitative pre

improved scale depend el e —— —
basic approximation tofg
=
« NNLO: Precision predictii
= Y [y g O N e [ Y g
small scale dependenceliS T
= vs = 14 TeV
better correspondence S M =M,
: o2 MRST2001 pdfs
understanding of theorgkes ——

pp = w, ppp = M
,Hr = L{' #R = .’-l:l .......
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What Contributions Do We Need?

Short-distance matrix elements to 2et production at leading

order: tree level
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« Short-distance matrix elements to 2qet production at next-to-

leading order: tree level + one loop + real emission

5@ >0c
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Real-Emission Singularities

+

e'e —rqqg

Matrix element

(2 - ng)2 +(2 - yﬁg)g
YagYqg

/ dYqqdYgg |-/M|2
Di:ng +y§g <1

Ygg = 0 = Ygg soft
Ygg = 0,yg9 7 0
Yag 7 0,954 =0

[M? o

Integrate

collinear
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« Physical quantities are finite

« Depend on resolution parameter

« Hiniteness thanks to combmation of Kinoshita—Tee—Nauenberg

theorem and factorization
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Scattering matrix element

out (plp? S | kﬁkb)in = asymp <p1p2 o | S | kﬂkb)ﬂs}'mﬂ
Decompose 1t S=1+3T

Scattering

Invanant matrix element o#

(p1p2 -+ | 1T | kaky) = (2m) 8 (ka+ko—P)iM(ka, ks — {py})

Differential cross section

d?’pf 1
do ‘=’
7 T 4E, Ebva—vb|H/ )3 2E;

x (2m)0%(ka + Ky — P)|M(ka, ko = {ps})I”
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I Lorentz-invariant phase—sp ace measure

d3pi 1 d4pi S
/ bl F(p”_/ (2m)* (2'”

6% (p7)

Compute invariant matrix element by crossing

M(ka, ko = {pr}) = M(0 = —ka, —kp, {Pf})

= F Q| Tpa(2a)s(2p)91(21) - -
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Lagrangian

L= % (3 G0 GG‘) (OHG*Y — 0" GH)
N q(ip)g+ GG’ZQ’Y”TG
-

_ gfaba (8uGaV . 81}(}1&,&&) Gin,

2
g abe pcde a bv e ~d
— - fobe felegor G Gr G

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



o

Feynman Rules

: v ab kﬁk”
Pro]_:;jgator (li{e QED) — 2y 3_65 (gﬂy —(1-=¢) 12 )
SO00P
Three-gluon vertex (unlike QED)
P
! k
gf (g (k—p)” + g"*(p—a)" + " (¢—k)"] .
% K
p
Four-gluon vertex (unlke QED)
A H

. 392 [fﬂb&fdce (g,u,pgu,\ . gpAgyp)
§ + f&dﬁ:fbce (g,uug,o}x . g.u)\gpu)
P _{_face‘fde(ggyg)\p . g”pgky)]
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From the Faddeev—Popov tunctional determinant
det 0 - D = [(Dcl||D¢cDexp {—i /E(@‘“’DH)C}
anticommuting scalars or gbaﬂ‘x

(

k2 + ie

Propagator ) ab

coupling to gauge bosons gfabck”
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So What’s Wrong with Feynman Diagrams?

« Huge number of diagrams in calculations of mnterest
- But answers often turn out to be very sumple
- Vertices and propagators mvolve gauge-variant ott-shell states

« Fach diagram 1s not gauge invariant — huge cancellations of

gauge-noninvariant, redundant, parts in the sum over diagrams

Simple results should have a simple derivation — atlr fo Feynman

«  Want approach in terms of physical states only
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Light-Cone Gauge

Only physical (transverse) degrees of treedom propagate

physical projector — two degrees of freedom
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Color Decomposition

Standard Feynman rules = function of momenta, polanzation

vectors €, and color indices

Color structure 1s predictable. Use representation

()
fabc - __2 TI'([Ta, Tb]TC) TI‘(T“’TE"} — sab
to represent each term as a product of traces,

\/_

and the Fierz identity

ax TLianan. T B 3 e
(T )il I(T )1'22: i1 géizl_ﬁéil 15?:22
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To unwind traces

aoc 1
f b fcde — —§TI‘(
1

= —5 TI'(

=

bR

TP )

[ )

| = e
s TR ) (e 1))

Leads to tree-level representation i terms of single traces

A;ree({kij i az}) — gﬂ—Q Z TI-(T'EJ{I)T”’J(E} c Tﬂ*a(ﬂ-})
oc€S,/Zn

AT (ko (1), Eo(1); Ko (2)1 €0 (2); Ko (n)) Ea(mbD

Color-ordered amplitude — tunction of momenta & polanizations
alone; not Bose symmetric
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Symmetry properties

Cyclic symmetry
Afee(1,...,n) = A,(2,...,n,1)

Reflection identity
AY¢(n,...,1) = (-1)"A,(1,...,n)
Panty tlips helicities
A:;II‘EE(]_—-JH - ,?’1‘,_)‘ ) _ [Atree(l)tl ’n}‘” )}T

«  Decoupling equation
A= (012 )+A§_T.El( P2yl AT (120,
AT (L2, pi) =
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Color-Ordered Feynman Rules

1

)
"—-—'[51'52(}61—'&2)'53+52'E3(k2—']€3)'51 +53'El(k3“k1)'52]

V2
2 3
| _ 4
) 1
261'6362'64—5(81'8283'844‘82'8384'81)
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Amplitudes

Functions of momenta £, polarization vectors € for guons;

momenta £, spinor wavetunctions # for termions

Gauge mvariance umplies this 1s a redundant representation:

c— L A4=0
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Spinor Helicity

=) = ug (k) (| = uz (k;) -

Spinor wavetunctions | 7

Introduce spznor products
(13) = (i7li) =
4] = (i"157) = wx (ki) u—(k;)
Explicit representation
(R e
- () == ()

oEidy _ k1 + k2

N
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We then obtain the explicit formule

(i15) = Vki-kj e — ki kj_e'®

idl = (70" = s binkj—e % = ykikie '™ (k] >0)
otherwise [J 1] = SIgn(kEk?) <Zj>*
so that the identity <3J> [j 3} = 2k kj always holds
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Introduce four-component representation

P L,

corresponding to ¥ matrices

o_(0 1 i
’}(_'10'} ’-Y

in order to define spinor strings

(GE |3 & @F|o*|iT)
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Properties of the Spinor Product

Antisymmetry Gir=—=071), 54| = —[¢]]

Gordon identity <‘ii|’}/”‘ii> = Qkf

Charge conjugation <?:_ oyt ‘]_> = <J+| 2o |?’+> :

Hierz identity <i_")’“ j_><p+"’)f‘u' |q+> = 2(“1) [Pj]
1

Projector representation |3i> <ZiJ = 5 (]. Zl '}’5)%3‘

Schoutendentity (3 5) (pq) = (1q) (pJ) + {(ip) {(jq) .

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



4

Spinor-Helicity Representation for Gluons

Gauge bosons also have only + physical polanizations

Elegant — and covanlant — generalization of circular polarization

_ <q_|’}ﬁu ‘k_> - _ <q+"}’u ’k+>
8:(;3,(]) T \/§<q k‘) ? Ey, (k:‘ Q) _" \/E[k q]

Xu, Zhang, Chang (1984)

reference momentum ¢ q-k ;’é 0

Transverse J -+ (k, q) — ()

Normalized et .7 = = eT . g7 =0
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What 1s the sigruficance of ¢7

= k
(k) = S

) _ (a7 kg

V2(q k) (kq)
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Properties of the Spinor-Helicity Basis

Physical-state projector

o o 2 s ku‘|‘k U
N ek et (kg) = Y €5k, 0)e; O (R, @) = —gu+ £ k,u.q
o=% o=x q -
Stmplifications
q . .E:t(kj q) — 0 }

€+(klaQ) ) 8+(k2& Q) — 8_(k11Q) ' 8_(k2aQ) =0,
E+(klaQ) ' 6_(k25k1) =
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HExamples

By explicit calculation (or other arcuments), every term 1n the gluon

tree-level amplitude has at least one factor of Ei * €

1 2 2 3
Look at four-point amplitude M M
4 - 3 1 . i
(a) (b)
4 3

_ ()
Recall three-point color-ordered vertex

—[El'Eg(kl—kg)'E3+€2'53(]{2—kg)'El—FEg'El(kg—kl)'Ez]
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Calculate Azree(lJr} 2+: 3+:. 4+)
choose 1dentical reterence momenta for all lees = all € - € vanish

— amplitude vanishes
Calculate AZI‘EE(]._L :, 2+j 3+}. 4+)

choose reference momenta 4,1,1,1 = all € - £ vanush

— amplitude vanishes
Calculate A®°(17,27,31,47)
choose reference momenta 3,3,2.2

= only nonvarmushing € - £1s €1 - €4

= only &, channel contributes
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e 1gM? — = + .+
V2 519 —2k; - &5 Elu] 2k, - e57€q,

21
B - ) e
512

- (Egem) (e ()
__.a 2)° [34]°

512523
i
~ "123) (34) (41)

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



-

No diagrammatic calculation required for the last helicity amplitude,
t — —
Afree(1= 9+ 3~ 47)
Obtain 1t from the decoupling identity

— ATe(37,17,21,41) — AT°(17,87,2T,41)
(13)° 1 1

24) (“<12> 43) " (32) <41>)

e (13)*

~ "12)(23) (34) (41)

— |
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These forms hold more generally, for larger numbers of external

legs:
tree/1+ o+ HEAT
A” (1 27, m ) =0, Parke-Taylor equations
Ave=(g= or - ont) =10 Mangano, Xu, Parke (1986)
Mazxamally helicity-violating or ‘MHV’
Atree(1t, o omy, (ma+ 1)L my, (me+1)7 .., nT) =

: (m1ma)”*
(12) (23)---((n — 1) n) (n1)

Proven usiﬂg the Berends—Giele recurrence relations
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