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Review of Lecture |

Color-ordered amplitude

AS(Bocnal) =" 3, THTHOTE o)
o€S,/Z,

X A;ree (kg(l) € (1) kg‘(2)j €o(2)s ka(n): Ecr(n))

Color-ordered amplitude — function of momenta & polanizations
alone; nof Bose symmetric
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Spinor-Helicity Representation for Gluons

Gauge bosons also have only + physical polanizations

Elegant — and covanlant — generalization of circular polarization

gt |0k _ g ok
Ej(k:Q):< |f}[ﬁi‘ >’ ‘Sp(kaQ):"( ‘%—"»} >
V2(qk) V2 [k g]
Xu, Zhang, Chang (preprnt 1984); NPB291:392 (1987)
reference momentum q q - k -‘;'é 0

Transverse k -e+ (k,} q) =\

Normalized €T -~ = —1, eT .t =
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Parke-Taylor Equations

For any number of external legs:
A= oF L nt =10,

t =
A2 D =
Mangano, Xu, & Parke, NPB298:653 (1986)

Parke & Taylor, PRL 56:2459 (1986)

Mazxamally helicity-violating or ‘MHV’
Atree(1t, o omy, (ma+ 1)L my, (me+1)7 .., nT) =

4
: (m1ms)
(12)(23)---{((n—1)n)(n1l)
Proven using the Berends—Giele recurrence relations
Berends & Giele, NPB294:700 (1987)
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Gauge-theory amplitude
J Color decomposition & stripping

Color-ordered amplitude: function of 4, and g,
d Spinor-helicity basis

Helicity amplitude: function of spmor products and helicities 1

Spinor products — spinors
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Spinor Variables

From Lorentz vectors to bi-spmors
0 3 1 g
_ p-+p P +ip
—> r= e = ;
Pu Paa =P (pl—sz pO—p3 )
p° — det(p)
p' = Ap —— p = up’u,T, u € SL(2,C)
2%2 complex matrices

with det = 1
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Null momenta p2 =0 = det(p) =0

—

can write it as a bispinor Paa = Ag Ay

phase ambiguity in Ay, Ay (same as seen in spinor products)

For real Minkowski p, take A= Sign(po)x

Invariant tensor €,y
Uga' Ubb' €Eq’b! — det(u) — |

o1ves spinor products

OO IE=Yerr )\ Y
[5"1:‘ 5\2} — 6&55‘%5\3
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Connection to earlier Spiﬂor products

(A1, A2) =(12)
(A1, A2] = —[12]

and spinor-helicity basis

CLAEL

n

(1, A)

}‘a HEL
= e — L

[, 7]
= Amplitudes as functions of spinor vartables Aa s Ag and
helicities =1
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Scaling ot Amplitudes

Suppose we scale the spinors also called ‘phase weight’
Ai — Qi/\i?

—

—1%
/\g — O )\i:

then by explicit computation we see that the MHV amplitude

4
ﬁ‘f?nl @fng (m1msa)

ILjstmy mo0 (12)(23)---((n — 1) n) (n1)
and that more generally

A Ta; M A

AMHV — 4
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For the non-trivial parts of the amplitude, we might as well use

unuformly rescaled spinors = CP?! ‘complex projective space’

Start with C?, and rescale all vectors by a common scale

E= 3

the spinors are then ‘homogeneous’ coordinates on CP!

It we look at each factor in the MHYV amplitude,

| 1
(A1, X2) AL (w1 — wo)

w; = A /A

we see that 1t 1s just a free-tield correlator (Green function) on CP!

This 1s the essence of Nair’s construction of MHV amplitudes as
correlation functions on the lineg’ = CP!
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Gauge-theory amplitude
J Color decomposition & stripping

Color-ordered amplitude: function of 4, and g,
d Spinor-helicity basis

Helicity amplitude: function of spmor products and helicities 1
)

Function of spmor vanables and helicities 1

d Half-Fourier transform

Conjectured support on simple curves in twistor space
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Let’s Travel to Twistor Spacel

It turns out that the natural setting for amplitudes 1s not exactly
spinor space, but something sumilar. The motivation comes from

studying the representation of the contormal algebra.

Halt-Fourter transtorm of spinors: transtorm 5\{15 leave alone )\,

—> Penrose’s original twistor space, real or complex

~ o, .0

Ao — 1 ——, ——

ops O\G

Study amplitudes of definite helicity: introduce homogeneous

> Ha

coordinates Z7 = (Aq, fa)

= CP?or RP (projective) twistor space

Back to momentum space by Fournter-transtorming i
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MHYV Amplitudes in Twistor Space

Wirite out the halt-Fourter transtorm including the eneroy-

momentum coﬂserviﬂg O function

= /H é:‘)ﬂ’z exp[iﬂjdiﬁ@gﬁl(zr@aﬂdﬁvgj)
“? I

/ d*z exp [Ej:r:m )\?5&_‘;]

exp E ’a(ﬂja-l-i‘t?aa/\a))\ } AMHV(AJ)

;f /d4$H
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Result

A(Z) = /d%; H 5>

equation for a line

MHYV amplitudes live on lines in twistor space

Value of the twistor-space amplitude 1s given by a correlation
function on the line
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Analyzing Amplitudes in Twistor Space

Amplitudes in twistor space turn out to be hard to compute

directly. Even with computations in momentum space, the Fourter

transtorms are hard to compute explicitly.

We need other tools to analyze the amplitudes.

Simple ‘algebraic” properties i twistor space — support on CPls or

CP?s — become differential properties 1 momentum space.

Construct difterential operators.
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Equation for a line (CP*): E;JKLZirZ;{Zé{ =
gives us a differential (‘line’) operator in terms of momentum-space

SPINOTS 9 o 5
Fioa = (A1 A — + (A9 A — + (A3 A — .
123 = (A1 2>8)\ (A2 A3z) 3 (A3 A1)

3 1 2

Equation for a plane (CP?): E”KLZ{ZQJZ;{Z&L =0
also gives us a differential (‘plane”) operator

o 0
OAza ONG

K234 = (M /\2> + perms
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Properties

Fijf(pi+p;+p) =0
Fiji f{A+}) =0

Kijim f({Ar}) =0

Thus for example

Iy (my ma)"*
H12)(23) - ((n— 1) n) (n1)

—il
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Beyond MHV

Witten’s proposal: ph/0312171

Fach external particle represented by a point in twistor space

Amplitudes non-vanishing only when points lie on a curve of
degree dand genus g, where
d = # negative helicities — 1 + # loops
- g=# loops; g =0 for tree amplitudes
Integrand on curve supplied by a topological string theory
Obtamn amplitudes by integrating over all possible curves =

modul: space of curves

Can be mterpreted as D, nstantons
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Strings 1 T'wistor Space

« Strning theory can be detined by a two-dimensional field theory
whose fields take values i target space:

— n-dmmensional flat space
— 5-dumensional Anti-de Sitter X 5-sphere
— twistor space: mtrinsically four-dimensional = Topological String Theory

« Spectrum in Twistor space 1s N = 4 supersymmetric multiplet

uon. four fermions. six real scalars
ol , f , al scal

« Gluons and fermions each have two helicity states
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A New Duality

« Strnng Theory Gauge Theory
Topological B-model on CP?I* N =4 SUSY

“Twnstor space’
Witten (2003); Berkowits & Motl; Neitzke & Vafa; Siegel (2004)

wear—wear
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Simple Cases

Amplitudes with all helicities “+’ = degree —1 curves.
No such curves exist, so the amplitudes should vanish.

Corresponds to the first Parke—Taylor equation.

Amplitudes with one ‘-~ helicity = degree-0 curves: points.
Generic external momenta, all external points won’t comncide
(singular configuration, all collinear), = amplitudes must vanish.
Corresponds to the second Parke—Taylor equation.

Amplitudes with two “— helicities (MHV) = degree-1 curves: lines.
All FF operators should annihilate them, and they do.
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Other Cases

Amplitudes with three negative helicities (next-to-MHV) live on

conic sections (quadratic curves)

Amplitudes with four negative helicities (next-to-next-to-MHYV) live

on twisted cubics

Fourter transform back to spmors = differential equations in

conjugate spinors
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Even String Theorists Can Do

_Experiments

Apply F operators to NMHYV (3 — ) amplitudes:

products annihilate them! K annihilates them;

Apply F operators to N°MHV (4 — ) amplitudes:

longer products annihilate them! Products of K annihilate them;

F519F34F345F 451 As(17,27,37,47,5™)

[45]°
12][23][34] [45][51]

F519F534F345F 451

|
-
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A more mnvolved example

Fo12F234F345F561 A6(17,27,37,47,57,67) =0

Don’t try this at home!

Interpretation: twistor-string amplitudes are supported on

intersecting line segments
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Simpler than expected: what does this mean in field theory?
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Cachazo—Svréek—Witten Construction

Cachazo, Svréek, & Witten, th /0403047

- Vertices are off-shell continuations of MHYV amplitudes: every

vertex has two ‘= helicities, and one or more ‘“+° helicities

« Includes a three-point vertex

- Propagators are scalar ones: 7/K?; helicity projector 1s in the

vertices
« Draw all tree diagrams with these vertices and propagator
« Dufferent sets of diagrams for different helicity configurations

« Corresponds to all multiparticle factorizations
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« Seven-point example with three negative helicities
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Next-to-MHYV
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Factorization Properties of Amplitudes

As sums of external momenta approach poles,

p2 = (k’l -+ k2)2 — m?;{

amplitudes factorize

Alfr2 s A (12 X

More generally as

pP=(k1+ - +kn)’—>m

o

2
X

A(l+--+n—...) 2> Ar(14+--+n — X)p2 —

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000
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Factorization in (Gauge Theories

Tree level

o x
=

(k +k, +k )

As (ka 1~ kb ks kc)2 — 0 but Saby Sbey Sac 7L> 0
Sum over helicities of intermediate leg

In massless theories beyond tree level, the situation 1s more

complicated but at tree level 1t works in a standard way
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What Happens 1n the Two-Particle Case?

We would get a three-gluon amplitude on the lett-hand side
But k’% — ="k -I-:l’-}z)g = 2k, - ko
so all nvanants vanish,
kKi-ko=ky-ks=ks -k =0
hence all spinor products vanish
(12) =0, (23) =0, (31)=0
[12] =0, [23]=0, [31]=0

hence the three-point amplitude vanishes
Ag(lj 2 3) =10
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In gauge theortes, 1t holds (at tree level) for #23 but breaks down
tor # =2: A4, = 0 so we get 0/0

However A, only vanishes linearly, so the amplitude 1s not finite

i this limit, but should ~ 1/4, thatis 1/4/s12

This 1s a collznear limait
(kl —I—k’g)g = 2k - ko — 0

—> k1 < ko, t.e., k1 || ko

Combine amplitude with propagator to get a non-vanishing
object
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Two-Particle Case

allb

Collinear limit:  splitting amplitude
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Universal Factorization

Amplitudes have a universal behavior i this limit

tree hae 1.h kal ko
AXC(...,a™,b™,...) —

s i ha 1h t h
) Split™=(a=,8™) AN (. . ., (RatRe)®, - - )
he=o
+ non-singular
Depend on a collinear momentum fraction z

ko = z(kq + kb)), ky = (1 — 2)(kq + k)
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« In this form, a powertful tool tor checking calculations

« As expressed in on-shell recursion relations, a powertul tool for

computing amplitudes
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FExample: Three-Particle Factorization

Consider

—idg(17,27,37,47,5%,6%) =
((23)[56] (17| 14+2+3|47))?
5234523534556561
+({1 2) [45](37|14+2+3(67))?
5345534545561512
L5128 (23)[56] (17|1+2+3|47)(12)[45](37|1+2+3|67)

512523534545556561
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As S193 — (0, 1t's finite: expected because A4(1_,, 2,9, Xi) —0

As S934 — 0, pick up the first term; with K = ko + k3 + k4

(23) (K4 1 [B6](1K)" _
23] s34 $234 (56) s61
4K [K2(23) 1 (1K) (K5)[56]
23] [34] (43) [K'2] ~ s231 (K 5)(56)(61)[16]

[4K]® 1 (1K)°

" 23IB4[K2 " sass  (K5)(56)(61)

1
= A4(2_,3_,4+,K+) X 8_ X A4(1_}(—I{)_,5+,6+)
234
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Splitting Amplitudes

Compute 1t from the three-pomt vertex

2
Split™™¢(a™,b") = —S\/—; (kb €a b Eatb — ka * €bEa * €ab)]

_ 1 [(qb> [ba] (q(a+b)) [q]
sab | (qa) (qb)[(a+b)q]
_{ga)labd] (g (a+D))[q a}]
(qb) (qa)|(a+D)q]

1_1—2: Z




Explicit Values

Split™**(a~,b7) =0

1

Split"*(a™,bT) =

plit_"( ) \/z(l—z) (ab)

Split*™ e (at,b™) = — ia

plit—"{a”, b7) /2 —2) [ab)
(1 —2)°

Split=**(a~,b") = —
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Collinear Factorization at One Loop

1-loop; LC ha 1h kallko
AR e b ) —3

> (split“_ff(ahﬂ BN AL R (et Re) )
h=x%

+ Split' 2% (ahe, M) AT (... ., (ko +ks)"®, .. .))

+ non-singular
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Anomalous Dimensions & Amplitudes

In QCD, one-loop anomalous dimensions of twist-2 operators i
the OPE are related to the tree-level Altarelli-Parnis1 function,

Mellin PR

Twist-2  Transform  Altarelli- Sﬁﬂii?d
Anomalous & Parisi = solittin

Dimension function mrlljl)pﬂimi%e

Relation understood between two-loop anomalous dimensions &
one-loop sphtting amplitudes
DAK & Uwer (2003)
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Recursion Relations

Considered color-ordered amplitude with one leg off-shell,

amputate its polanzation vector

This is the Berends—Giele current J#(1,...,n)

Given by the sum of all (#+1)-point color-ordered diagrams with
legs 1... # on shell

Follow the off-shell line into the sum of diagrams. [tis attached to

either a three- or four—poiﬂt vertex.

Other lines attaching to that vertex are also sums of diagrams with

one leg ott-shell and other on shell, that i1s currents

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



Recursion Relations

Berends & Giele (1988); DAK (1989)

= Polynomuial complexity per helicity

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



; n—1
— ’ ZVBHUAJU(I,...,j)J,\(j_’_l:-”:In)

1,n
n—2 n—1
+>° Y v ILQ,. L)
1=11=5+1

< JA(j+1,...,0J,(1+1,...,n)
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Properties of the Current

Decoupling identity
Reflection identity

Conservation Kiﬂjﬂ(l’ oo ey} =10
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Complex Momenta

ety = k)

For real momenta,

but we can choose these two spinors independently and still have

k>=0

Recall the polarization vector: et o (¢ |v¥|k™)
bute-e =20

Now when two momenta are collinear k- k' = 0

only one of the spinors has to be collinear

(kk'y =0or [kk'| =0 butnot necessarily both
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On-Shell Recursion Relations

Britto, Cachazo, Feng th/0412308; & Witten th/0501052
« Ingredients

» Structure of factorization

» Cauchy’s theorem
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Introducing Complex Momenta

Define a shift 7, [) of spinors by a complex parameter z

7)) = 137) —2ll7),
T = 1)+ 2057

which induces a shift of the external momenta

N L 1 & S 1 -
kY — k?(z)_k-;—§<‘7 iy

i L 2 - ¥ [x=—
B K = R+ G| )

and defines a Z-dependent continuation of the amplitude A(z )
Assume that A(Z) — 0 asz — x©
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A Contour Integral

Consider the contour integral

o AG)

271'?: C <

Determine A(0) 1in terms of other residues

e

Z

AO == D, Res

poles a
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Using Factorization

Other poles 1n Z come from zeros ot z-shifted propagator

denominators

Splits diagram into two parts with Z-dependent momentum flow

Z shifted legs on
—
opposite sides

partitions
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Exactly tactonization limit of Z-dependent amplitude

poles from zeros of
K2 ;.5(2) =K 4 —2(i" | Kas|l7)

That 1s. a pole at 2
» 4P i

Zab —

Residue
f(2) i
R' — A (1 A (1
B8 K2 (o) AplFab) X ger— X ARl ab)

Fat

Notation k = k(2ap)
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On-Shell Recursion Relation
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- Partition P: two or more cyclicly-consecutive momenta contaiming j, such that
complementary set P contains [,

= {Plnpi‘n"':'j:r"';

— {PI,FQ,...,Z}...
PUP = {1,2....,n}

« The recursion relations are then

A?’L(]-‘!""!n) = Z A#P—f—l(k}"]}” )
part;t-:ir;w P
’E- » —h
— A#Pﬂ(k P
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Number of terms ~ H—j| X (n=3)
so best to choose [ and ]' nearby

Complexity still exponential, because shift changes as we descend

the recursion
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Applications
« Very general: relies only on complex analysis + factornization
« HFermionic amplitudes
- Applied to gravity
Bedford, Brandhuber, Spence, & Travaglini (2 /2005)
Cachazo & Svréek (2/2005)

« Massive amplitudes
Badger, Glover, Khoze, Svigéek (4/2005, 7/2005)
Forde & DAK (7/2005)

« Other rational functions
Bern, Bjerrum-Bohr, Dunbar, & Ita (7/2005)
« Connection to Cachazo—Svréek—Witten construction
Risager (8,/2005)
« CSW construction for gravity
Bjerrum-Bohr, Dunbar, Ita, Perkins, & Risager (9/2005)
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