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Unitarnity-Based Method for L.oops

Bern, Dixon, Dunbar, & DAEK,
ph/ 9403226, ph/9409265

1-loop d4_2£€ 2 tree 2 tree
A — Z (2?1_)4_25 /2 Aleft (e_ K)zAright

cuts K?2
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Example: MHYV at One Loop
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The result,

— A1, i,y e, )

X Z Box - 5 (its denominator)

easy 2 1mass

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000

C|+]




-

Have We Seen This Denominator Before?

Consider

<C1_| Ko ‘02_> <‘32_’ Ke,...co ‘cl_> -
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Generalized Unitarity

« Can sew together more than two ~ /w\ P

. ~ ”~
tree amplitudes ~N e

« Corresponds to ‘leading smngularities’

» Isolates contributions of a smaller set

of integrals: only mtegrals with propagators
corresponding to cuts will show up
Bern, Dixon, DAK (1997)

« Example: in triple cut, only boxes and tnangles will contribute
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- Can we 1solate a single integral?

« Quadruple cuts would 1solate a single box

« Can’t do this for one-mass, two-mass, or three-mass boxes

because that would 1solate a three-point amplitude

« Unless...
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Cuts 1n Massless Channels

«  With complex momenta, can form cuts using three-vertices too

+1 .
€l Britto, Cachazo, & Feng, th/0412103

C_';—I

crt+1

= all box coettictents can be computed directly and algebraically,

with no reduction or iﬂtegratioﬂ

e o4 =1 and non-supersymmetric theortes need triangles and

bubbles, tor which integration 1s still needed
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Quadruple Cuts

Work in D=4 for the algebra

d*/
o st e
fz‘?")4 = 123 125

Four degrees of tfreedom & four delta functions

= no integrals lett, only algebra

= tree ptree ptree Agtree
: E, Aa. Ab Ac Ad

= Aolutions
helicities
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MHV

« Coefticient of a specific easy two-mass box: only one solution

will contribute
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I Using momentum conservation
(1™ [ fafl3 |c2)

(e1t| 1o |e2™)

(a-De) 1
((01—1)€4> [51 «‘34] [51 611
our expression becomes

1 (1| fads |ea™ ) (€1 £a) [£2 €3]

AT (1T o en ey e, nT
5 ( J ) 1 21] [c1 £a] [€s c2] [¢z ca]
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— By e s s
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Higher L.oops

« Technology for tinding a set of master ntegrals for any given
process: “integration by parts”, solved using Laporta algorithm

« Butno general basis 1s known

«  So we may have to reconstruct the integrals in addition to

computing their coetticients
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Unitarity-Based Method at Higher
Loops

Loop amplitudes on etther side of the cut

I
I
I
I
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I
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I
=K |

Multi-particle cuts 1n addition to two-particle cuts

I‘I'j

-~
-"I'I"I_?'I—

>

Find integrand/integral with given cuts 1n all channels
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Generalized Cuts

In practice, replace loop amplitudes by their cuts too

2 ——4——F3
[ [

1 : ,’ ,’ 4
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Computing QCD Amplitudes

N =4 = pure QCD + 4 fermions + 3 complex scalars
QCD = =4 + O0N=1 + oA =0

chiral ccalar
multiplet
cuts + cuts + cuts + rational
rational rational A
/"\ /"\ /"\ ][« D:_4—_2$
urntarity
D=4 D=4 D=4
unitarity  unitanty unitarity bootstrap

or
on-shell recursion
relations
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Rational Terms

« At tree level, we used on-shell recursion relations
« We want to do the same thing here
« Need to confront

_ Presence of branch cuts

_ Structure of factonization
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« At tree level,

A (15,2F .. onT) =0

« 'Truein supersymmetric theories at all loop orders
-  Non-vanishing at one loop 1n QCD

« but finite: no possible UV or IR smngularities

« Separate V and F terms

An == T/':-'.i AE‘EE + F n
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Factorization at One Loop
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Collinear Factorization at One Loop

Most general form we can get 1s antisymmetnic + nonsingular:

two independent tensors for splitting amplitude

1
f1(8ap, 2) S—m(ageh ko —eleq - kp + 5(ki — kM )eq - ep)
(k’{; N k?) Ea * kbEb : ku,
Jakah ) == (aven- T )

Second tensor arises only beyond tree level, and only for like

helicities
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- Expliat form of +++ splitting amplitude

1

Spliti—lDDPT scalar(z; GL+, b+) = _48?1-2
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« No general theorems about factorization in complex momenta

« Just proceed

e lLookat=—+...++
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Amplitudes contamn tactors like

limits
Expect also A4S ‘sgbl‘é’éjdiﬂg’ contributions, seen 1n explicit
results ’
‘unreal’ poles
f“‘
Double poles #vith vertex Vs (~|— = +)

Y :
Non-conventional single pole: one finds the double—pole,

multiplied by
Sab Soft(a, (—P,p)~,b) Soft(b+ 1, ﬁ{gja —1)
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On-Shell Recursion at L.oop Level

Bern, Dixon, DAK (1-7/2005)
Finite amplitudes are purely rational

We can obtam simpler forms for known finite amplitudes
(Chalmers, Bern, Dixon, DAK; Mahlon)

These agaiﬂ involve spuric:-us siﬂgularities

Obtamed last of the finite amplitudes: £ fF g7 ... ¢"
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On-Shell Recursion at Loop Level

Bern, Dixon, DAK (1-7/2005)

- Complex shift of momenta (7, [)
Zip e
p; = pi(2) =pj — 57
&y
=P (2) =P + 5

« Behavior as z — o0: require A(z) = 0

,-},H

yH

- Basic complex analysis: treat branch cuts

- Knowledge of complex tactorization:

=
i

— at tree level, tracks known factorization for real momenta

— at loop level, same for multiparticle channels; and — ——+

— Avoid +—++
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Rational Parts of QCD Amplitudes

Start with cut-contaning parts obtained trom unitanity method,

consider same contour mntegral
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Derivation

Constder the contour integral e B

¢ A

Determine A(O) in terms of other poles and branch cuts

d
A(0) = — ™ Disc BA(2)
ol
Rational terms Cut terms
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« Cut terms have spurious smgulanities = rational terms do too

In(sq1/s2)
(81 — 82)°

« = the sum over residues includes spurious singularities, for

which there 1s no factorization theorem at all
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Completing the Cut

« 'To solve this problem, detine a moditied ‘completed’ cut, adding

in rattonal functions to cancel spurious siﬂgularities

In(s1/s9) i 1
(s1 —52)% 81— 89

«  We know these have to be there, because they are generated
together by mtegral reductions

- Spunious singularity 1s unique
- Rational term 1s not, but ditference 1s tree of spurious

singularities
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o This eliminates residues of spurious poles

> é entirely known from tour-dumensional unitanity method
« Assume é(z) — 0 as z —

« Moditied separation
A (2) = ep [C‘(z) +R(2)]

50

Z=Zq A
poles «

A0) = - Res 2L / o Disc gC(2)
Branch <

R(2)
— ) Res—

St
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« Perform integral & residue sum for C

co) = - Z Res O(2) —/ i Disc gC(2)
- —g o B

ranch <

Z

poles «

S0

poles «

Unitanity Method cer
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A Closer Look at L.oop Factorization

Only single poles in splitting amplitudes with cuts (like tree)
Cut terms — cut terms
Rational terms — rational terms

Build up the latter using recursion, analogous to tree level

Cw-5hell Methods fn Fepld Theory, Parma, September 1015, 2000



-

. Recursmn on rational pieces would build up rational terms R,

1ot R

« Recursion gives

t ]
Recursive = Z Res Hadona ( Z 11{38 i

— <o 2

Double-counted: ‘overlap’
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« Subtract off overlap terms

s

Rational|[C(z

<

A(0) =cr [C‘ (0) + Recursive + Z Res

:Za

Compute explicitly from known C-
also have a diagrammatic expression
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Tree-level On-Shell Recursion Relations

Partition P: two or more cyclicly-consecutive momenta containing f, such that
complementary set P contains [,

P = {}:'1:,13'2:,....‘,jj...}.}j_l}j
P = {P,Py....I,... P4},

PUP = {1,2....,n}

|l

On shell

The recursion relations are

An(l,...,n) == Z A#p+1(kp1,...
partiit:izl:lsl:‘
1

X 53 5 X Ayup (K,
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Recursive Diagrams

- E Res fn )zRecursive Diagrams
i

poles &

1 7 ph

3y {R_g)(kpl,...,kj,...,kp_,l,—P )
partitions P

h=2 3

- ﬁ > AtreE( _11251__‘5k}3_13ﬁ—?1)
_I_AtIEL( ;C 1}{}1:)_1.}—??1)
XEXRU)U‘C 11---3];33"'?}5}5_1?}3—;1)
‘|‘A:.=;Iee(kP1ﬁ'"?]%j!”"kp—l’_ﬁh)
iRFaCt ~ 5—h
> - XAtI‘EE(kP, __ k!w"'ﬂkﬁ_l?P E)}
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Five-Point Example

- Lookat F2(17, 2_,3+,4+j5+)

« (Cut terms
1(12)% ((23)[34] (41) + (23)[45](51)) Lo (:42&)
6 (23)(34) (45) (51) S51
1 [34](41) (24) [45] (23) [34] (41) + (23) [45] (5 1)) Le(=22)
3 (34) (45) 851

« have requured large-z behavior

Lo(r) = lln_r?” Ly(r) = Inr —(1(?;:1)13/T)/2
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Five-Point Example

» Lookat F2(17,27, 3F 4T 5+)
»  Recursive diagrams: use [1, 2) shift
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P

(a) Tree vertex A(fE_1 31, — P~ ) vanishes
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(b) Loop vertex R(Q_ e —ﬁ_)v-aﬂishes
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(c) Loop vertex Ry( = P~
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(d) Tree vertex A(i_1 57, PT) vanishes
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(e) Loop vertex R( i—; D ﬁ“L) vanishes
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() Diagram doesn’t vanish

D‘:“ AtlLt(S“"‘ 1-—
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po _ 1 (EP)y 1 3P BPP

3 (51) ((—P)5) s51 [23](34) (4P) [P2)]
1 (17|5)27) 1
3(51)(57[1]27) (51 [15](1*‘\5\2'*)2
(3-|4]|2-) (1 |5(3)
[23](34 (4” |3\2 ) (1~ \5\2 )
1 [24][35)°
3 (34)[12][15][23])
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Five-Point Example (cont.)

‘Overlap’ contributions F¢ (17,27, g4 5+)

Take rational terms in C

e, 1 851 + S23
CRs =

B 6 523551 (551 — 823 )9

5 [34] (41) (24) [45] ((23) [34] (41) + (24) [45] (51))

(34) (51)
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«  Apply shift, extract residues in each “channel™

— o 1[34](41) ((24) +2(14)) [45]
CRs(2) = =5 (34) (45)

(((23) +2(13)) [34] (41) + (24) + 2 (14)) [45] (51))

: (551—823—Z<1_|(3+5)12_>)2

XS51+823—Z<1_|5‘2_>+Z<1_ 3|2_>
23) + 2 (13)D32] (155 1] — 2 [52]D
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‘Overlap’ contributions F¢ (17,27, g4 5+)

1 (12)°(14)[34]

Ol =——
: 6 (15) (23) (34) (45) [23]

o) _ 1{14)[34][35] ((14)[34] — (15)[35])
5 6 (15) (34) (45)[15][23]°
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On-Shell Methods

Physical states

Use of properties of amplitudes as calculational tools
Kinematics: Spinor Helicity Basis < Twistor space

Tree Amplitudes: On-shell Recursion Relations <= Factorization

Loop Amplitudes: Unitanity (SUSY)
Unitarity + On-shell Recursion QCD
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